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Preface

The 12th International Conference on the Principles and Practice of Constraint
Programming (CP 2006) was held in Nantes, France, September 24-29, 2006. In-
formation about the conference can be found on the Web at http://www.sciences.
univ-nantes.fr/cp06/. Information about past conferences in the series can be
found at http://www.cs.ualberta.ca/ ai/cp/.

The CP conference series is the premier international conference on con-
straint programming and is held annually. The conference is concerned with all
aspects of computing with constraints, including: algorithms, applications, envi-
ronments, languages, models and systems. This series of conferences was created
to bring together researchers from different disciplines, interested in high-level
modeling as well as sound and efficient resolution of complex optimization and
satisfaction problems. Based on this interdisciplinary culture, the CP series of
conferences is widely open to different communities of researchers interested
in constraint satisfaction, SAT, mathematical programming, problem modeling,
system design and implementation, etc.

This year, we received 142 submissions. All of the submitted papers received
at least three reviews and were discussed in much detail during an online Pro-
gram Committee meeting. As a result, the Program Committee chose to publish
42 full papers and 21 short papers in the proceedings (the selection rate for this
year is 0.30 for full papers and 0.46 for all accepted contributions). Following
the standard format for CP, the full papers were presented at the conference
in two parallel tracks and the short papers were presented as posters during a
dedicated session. This year, one paper was selected by a subcommittee of the
Program Committee to receive a best paper award. The subcommittee was com-
posed of Francesca Rossi, Mark Wallace and myself. To illustrate the variety of
the topics addressed in the conference, as well as the industrial impact of con-
straint programming, the conference program also included four invited talks by
Shabbir Ahmed, Giuseppe F. Italiano, Jean-Pierre Merlet and Helmut Simonis.
An additional invited talk was given by the recipient of the second “Award for
Research Excellence in Constraint Programming” given by the Association for
Constraint Programming during the conference. Finally, the core of the technical
program included three excellent tutorials: “Soft Constraint Solving” by Javier
Larrosa and Thomas Schiex, “Constraint Satisfaction for Stimuli Generation for
Hardware Verification” by Yehuda Naveh and “Constraint-Based Local Search
in Comet” by Laurent Michel and Pascal Van Hentenryck.

Many other scientific contributions made the program of CP 2006 a rich mix
of tradition and innovation. CP 2006 continued the tradition of the CP doctoral
program, in which PhD students presented their work, listened to tutorials on
career and ethical issues, and discussed their work with senior researchers via
a mentoring scheme. As usual, the Doctoral Program was a big success with
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the participation of 38 young researchers. Also traditional and very important
to demonstrate the practical impact of the field was the systems demonstration
session. Finally, the CP series are now well known for their first day of satellite
workshops, mixing well-established meetings and new scientific events dedicated
to the most recent evolutions of CP. We had ten workshops this year, each with
their own proceedings, and the second solver competition was also organized
during this workshop day.

CP 2006 also hosted for the first time two important events, addressing crucial
aspects of our field: practical impact and future orientations of CP. The first
event, dedicated to CP systems, was CPTools’06, the first international day on
constraint programming tools, organized by Laurent Michel, Christian Schulte
and Pascal Van Hentenryck. One of the main reasons of the success of CP is
the ability of CP systems to address both expressiveness and efficiency issues.
This successful meeting was the perfect place for researchers and practitioners
to exchange on all aspects of system design and usability. The second forum,
organized by Lucas Bordeaux, Barry O’Sullivan and Pascal Van Hentenryck,
was a half-day plenary workshop called “The Next Ten Years of Constraint
Programming.” This event was an important occasion to share ideas on the
future of our discipline during exciting and lively discussion and debates.

On behalf of the CP community, I would like to take this opportunity to
warmly thank the many people who participated by their hard work and constant
commitment to the organization of CP 2006.

My first and warmest thanks are for Narendra Jussien, General Co-chair
of CP 2006, who did an amazing job on the organization front. It was a real
pleasure to work with him on this project. The different organization chairs
were particularly efficient, professional and friendly. Barry O’Sullivan, Workshop
and Tutorial Chair, helped us all along the process and was instrumental in
many aspects of the organization. I want to thank him here warmly for his
efficiency and his patience. Thank you very much to Zeynep Kiziltan and Brahim
Hnich, the Doctoral Program Chairs, for their efficiency and reactivity on this
difficult task. Laurent Michel was Chair for poster and demo presentations and
took care of these important aspects of the conference in a very smooth way.
Many thanks to him. Christian Schulte and Mikael Lagerkvist, Publicity Chairs,
had the crucial mission of advertising the conference. I thank them here very
much for their friendly and competent participation. It was a great pleasure
to work with the CP 2006 Program Committee on the scientific program. The
commitment and reactivity of its members as well as the amazing amount of
work they invested in reviewing and discussing the submitted papers was truly
impressive and I would like to thank them all for their hard work. Thank you
to Francesca Rossi and Mark Wallace for their help on the Best Paper Award
Committee. Locally, nothing could have been done without the commitment
and hard work of the Local Organizing Committee members. Let me warmly
thank here Charlotte, Christophe, Christophe, Frédéric, Guillaume, Hadrien,
Jean-Marie, Marco, Philippe, Romuald, Sophie, Thierry, Thomas and Xavier.
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The final thanks go to the institutions that helped sponsor the conference and
particularly to support the doctoral program and to bring in invited speakers.
These institutions and companies are: the Région des pays de la Loire, Nantes
Métropole, ILOG, the Ecole des Mines de Nantes, the Association for Constraint
Programming, the Cork Constraint Computation Center, the Intelligent Infor-
mation Systems Institute, the Laboratoire d’ Informatique de Nantes Atlantique,
the Université de Nantes, the Conseil Général de Loire Atlantique and the As-
sociation Francaise pour la Programmation par Contraintes.

September 2006 Frédéric Benhamou
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Global Optimization of Probabilistically
Constrained Linear Programs

Shabbir Ahmed

H. Milton Stewart School of Industrial & Systems Engineering
Georgia Institute of Technology
sahmed@isye.gatech.edu

Various applications in reliability and risk management give rise to optimiza-
tion problems where certain constraints involve stochastic parameters and are
required to be satisfied with a pre-specified probability threshold. In this talk
we address such probabilistically constrained linear programs involving stochas-
tic right-hand-sides. These problems involve non-convex feasible sets, and are
extremely difficult to optimize.

In the first part of the talk, we reveal monotonicity properties inherent in
the problem, and exploit these to develop a global optimization algorithm. The
proposed approach is a branch-and-bound algorithm that searches for a global
optimal solution by successively partitioning the non-convex feasible region and
by using bounds on the objective function to fathom inferior partition elements.
This basic algorithm is enhanced by domain reduction and cutting plane strate-
gies to reduce the size of the partition elements and hence tighten bounds. The
algorithm, which requires solving deterministic linear programming subprob-
lems, is proved to converge to a global optimal solution.

In the second part of the talk, we address probabilistically constrained linear
programs under discrete distribution of the right-hand-side parameters. These
problems can be reformulated as mixed integer linear programs. We perform a
detailed polyhedral study of the convex hull of the set of feasible solutions of
such problems, and develop families of strong valid inequalities. In the case of
a single probabilistic constraint, these inequalities suffice to describe the convex
hull of the feasible set. In the general case, the inequalities, when used within
a branch-and-cut scheme, serve to significantly improve relaxation bounds, and
expedite convergence.

The first part of the talk is based on joint work Myun-Seok Cheon and Faiz
Al-Khayyal, and the second part of the talk is based on joint work with James
Luedtke and George Nemhauser.

F. Benhamou (Ed.): CP 2006, LNCS 4204, p. 1, 2006.
© Springer-Verlag Berlin Heidelberg 2006



Algorithms and Constraint Programming*

Fabrizio Grandoni' and Giuseppe F. Italiano?

! Dipartimento di Informatica, Universitd di Roma “La Sapienza”, via Salaria 113,
00198 Roma, Italy
grandoni@di.uniromal.it
2 Dipartimento di Informatica, Sistemi e Produzione, Universita di Roma “Tor
Vergata”, via del Politecnico 1, 00133 Roma, Italy
italiano@disp.uniroma?2.it

Abstract. Constraint Programming is a powerful programming para-
digm with a great impact on a number of important areas such as logic
programming [45], concurrent programming [42], artificial intelligence [12],
and combinatorial optimization [46]. We believe that constraint program-
ming is also arich source of many challenging algorithmic problems, and co-
operations between the constraint programming and the algorithms com-
munities could be beneficial to both areas.

1 Introduction

Given a set of variables X', and a set of constraints C forbidding some partial
assignments of variables, the NP-hard Constraint Satisfaction Problem (CSP) is
to find an assignment of all the variables which satisfies all the constraints [37].

One of the most common ways to solve CSPs is via backtracking: given a
partial assignment of variables, extend it by instantiating some other variable in
a way compatible with the previous assignments. If this is not possible, backtrack
and try a different partial assignment. This standard approach can be improved
in several ways:

e (improved search) instead of backtracking to the previously instantiated
variable, one can backtrack to the variable generating the conflict (backjump-
ing), and try to avoid such conflict later (backchecking and backmarking).

e (domain filtering) consistency properties which feasible assignments need
to satisfy can be used to filter out part of the values in the domains, thus
reducing the search space. This can be done in a preprocessing step, or during
the search, both for specific and for arbitrary sets of constraints.

* This work has been partially supported by the Sixth Framework Programme of
the EU under Contract Number 507613 (Network of Excellence “EuroNGI: Design-
ing and Engineering of the Next Generation Internet”) and by MIUR, the Italian
Ministry of Education, University and Research, under Project ALGO-NEXT (“Al-
gorithms for the Next Generation Internet and Web: Methodologies, Design and
Experiments”).

F. Benhamou (Ed.): CP 2006, LNCS 4204, pp. 2-{I4] 2006.
© Springer-Verlag Berlin Heidelberg 2006



Algorithms and Constraint Programming 3

e (variables/values ordering) The order in which variables and values are
considered during the search can heavily affect the time needed to find a
solution. There are several heuristics to find a convenient, static or dynamic,
ordering of variables and values (fail-first, succeed-first, most-constrained,
etc.).

In this paper we focus on the last two strategies, and we show how algorithmic
techniques can be helpful. In Section [B] we will describe two polynomial-time
filtering algorithms. The first one, which is based on matching, can be used
for filtering of the well-known alldifferent constraint. The second one uses
techniques from dynamic algorithms to speed up the filtering based on inverse-
consistency, a consistency property which can be applied to arbitrary sets of
binary constraints.

In Section Ml we will present an exact (exponential-time) algorithm to solve
any CSP asymptotically faster than with trivial enumeration. As we will see,
the improved running time is heavily based on the way variables and values are
instantiated. However, in this case the approach is not heuristic: the running
time is guaranteed on any instance.

2 Preliminaries

Let X = {z1,x2,...,z,} be aset of n variables. Given z € X, by D(z) we denote
the domain of x. From now on we will assume that each domain is discrete and
finite.

An assignment of a variable x € X is a pair (z,a), with a € D(x), whose
meaning is that z is assigned value a. A constraint C' is a set of assignments of
different variables:

C= {(l‘i(l)a al), (1‘1‘(2),&2) cee (l‘i(h)ﬂh)}.

Constraint C' is said to be satisfied by an assignment of the variables if there exists
one variable x;(;) such that x;;) # a;, and it is said to be violated otherwise.

Remark 1. For ease of presentation, in this paper we use the explicit represen-
tation of constraints above. However, implicit representations are more common
in practice.

Given X and a set C of constraints, the Constraint Satisfaction Problem (CSP)
is to find an assignment of values to variables (solution) such that all the con-
straints are satisfied. We only mention that there are two relevant variants of
this problem:

e list all the solutions;
e find the best solution according to some objective function.

Some of the techniques we are going to describe partially extend to such cases.

A (d,p)-CSP is a CSP where each domain contains at most d values, and each
constraint involves at most p variables. Without loss of generality, we can con-
sider (d,2)-CSPs only (also called binary CSPs), as the following simple lemma
shows.



4 F. Grandoni and G.F. Italiano

Lemma 1. Fach (d,p)-CSP instance can be transformed into an equivalent
(max{d, p},2)-CSP instance in polynomial time.

Proof. Duplicate the variables X and add a variable ¢ for each constraint C' =
{(zi1), 1), (zi2), a2), - . ., (i(ny, an)}, b < p. The domain of ¢ is

D(c) = {(zi1) # a1), (wi2) # a2), ..., (Tin) # an)}-

Intuitively, assigning the value (x;;) # a;) to ¢ means that constraint C is
satisfied thanks to the fact that z;;) # a;. For each such ¢ we also add h
constraints C,Cs, ..., C} of the following form:

Cj = {(Cv (-Ti(j) # aj))v (mi(j)vaj)}'

The intuitive explanation of C; is that it cannot happen that x;;) = a; and,
at the same time, constraint C' is satisfied thanks to the fact that z;(;) # a;. It
is not hard to see that the new problem is satisfiable if and only if the original
problem is. O

Remark 2. Dealing with non-binary constraints directly, without passing
through their binary equivalent, might be convenient in some applications [44].

It is also worth to mention that there is a nice duality between variables and
constraints.

Lemma 2. Fach (d,p)-CSP on n wvariables and m constraints can be trans-
formed in polynomial-time into an equivalent (p,d)-CSP on m variables and n
constraints.

Proof. For each constraint C' = {(z;01),a1), (Ti2),a2) ... (Tin),an)}, b < p,
create a variable ¢ of domain:

D(c) = {(331‘(1) # a1), (331‘(2) # az),. .., (l“z‘(h) #ap)}.

The interpretation of ¢ is as in Lemma [l Now consider any variable = of the
original problem. If there exists a € D(x) such that the assignment (x,a) does
not conflict with any constraint, do not add any constraint for . Note that in
such case, if there is a solution, there is a solution with z = a. Otherwise, for
each i € D(z) = {1,2,...,d(z)}, take a variable ¢; such that (z # i) € D(¢;).
Add the constraint

X =A{(er, (@ # 1)), (c2, (x #2)), .., (Caw), (7 # d(x)))}-

The intuitive explanation of X is that x must take some value in its domain.
It is not hard to see that the original problem is satisfiable if and only if the
original problem is. O

Note that each (d,2)-CSP can be represented via a consistency graph which
has a node for each possible assignment (x,a) and an edge between each pair
of compatible assignments (anti-edges correspond to constraints or to multiple
assignments of the same variable). Any solution corresponds to an n-clique in
such graph (see Figure[I]).
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Fig.1. Example of consistency-graph. A solution is given by the assignments
{(z,2), (y,2),(2,1), (w,2)}. The assignment (z, 1) is arc consistent, while it is not path-
inverse consistent.

3 Polynomial Algorithms and Domain Filtering

An assignment (z,a) is consistent if it belongs to some solution, and inconsis-
tent otherwise. Deciding whether an assignment is inconsistent is an NP-hard
problem (otherwise one could solve CSP in polynomial time [37]). However, it is
sometimes possible to filter out (part of the) inconsistent assignments efficiently.
In this section we give two examples of how algorithmic techniques can be used
in the filtering process. In Section 3] we discuss the filtering of the well-known
(non-binary) alldifferent constraint, which makes use of matching algorithms.
In Section [3:2] we consider the filtering based on £-inverse-consistent, suitable for
any set of binary constraints, and we present a faster algorithm employing stan-
dard techniques from dynamic algorithms.

3.1 Alldifferent Filtering Via Matching

In this paper we focus on binary constraints. However, there are families of non-
binary constraints which appear very frequently in the applications. So it makes
sense to design faster and more accurate filtering algorithms for them.

A relevant example is the alldifferent constraint, which requires that a set
of variables take values different from each other. The alldifferent constraint
is very powerful. For example with only 3 such constraints on a proper set of
variables one can naturally model the well-known n-queens problem: place n
queens on a n X n chessboard such that no two queens threaten each other (a
queen threatens any other queen on the same row, column, diagonal and anti-
diagonal).

The alldifferent constraint has the great advantage that the consistency of
the assignments can be decided in polynomial time, with the following procedure
by Regin [40]. Consider the bipartite graph B, which has the variables on the left
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side, the values on the right side, and one edge between x and a for each possible
assignment (x, a). Without loss of generality, let us assume the values available
are at least as many as the variables (otherwise the problem has trivially no
solution). Then any feasible solution to the original problem corresponds to a
perfect bipartite matching in B, that is a matching where all the variables are
matched. Luckily, we do not need to compute explicitly all the perfect bipartite
matchings to determine whether a given assignment (z,a) belongs to any one
of them. In fact, let M be any perfect bipartite matching. Such matching can
be computed in time O(m/v/n’), where n’ is the number of nodes and m’ the
number of edges of B [29]. Let us direct all the edges in M from right to left,
and all the other edges from left to right. Then an edge (z,a) ¢ M belongs to
some other perfect matching M’ if and only if

e (z,a) belongs to an oriented cycle or
e it belongs to an even-length oriented path, starting in a free node on the
right side.

We can check the two properties above for all the edges in linear time O(n’+m’).
Altogether, we can find the subset of consistent assignments in time O(m/v/n’).

In many applications the variables range over intervals. If such intervals are
very large, the approach above becomes unpractical. However, there is a conve-
nient alternative in such case: computing the largest subinterval for each variable
such that both endpoints correspond to consistent assignments (narrowing of the
intervals). Puget [38] observed that the bipartite graph B corresponding to the
alldifferent constraint is convez if the variables range over intervals. Thus one
can compute a perfect bipartite matching in O(nlogn) time via the matching
algorithm by Glover [25] for convex bipartite graphs. Puget use this observa-
tion to narrow the alldifferent constraint within the same time bound. Later
Mehlhorn and Thiel [34] described an algorithm which takes linear time plus the
time to sort the intervals endpoints. Their algorithm makes use of the union-find
data structure by Gabow and Tarjan [24]. This improves on the result by Puget
in all the cases where sorting can be done in linear time.

3.2 Inverse Consistency and Decremental Clique Problem

Most of the filtering techniques designed for arbitrary binary constraints are
based on some kind of local consistency property P, which all the consistent as-
signments need to satisfy. Enforcing P-consistency is a typical dynamic process:
an assignment (z, a) which is initially P-consistent may become inconsistent be-
cause of the removal of some other assignment (y, b). Thus the same (z, a) might
be checked several times. Using the information gathered during the previous
consistency-checks can speed up the following checks. This is typically what
happens in dynamic algorithms, and so it makes sense trying to apply the tech-
niques developed in that area to speed up the filtering process (for references on
dynamic algorithms, see e.g. [13]).

Maybe the simplest and most studied local consistency property is arc-
consistency [33]. An assignment (z, a) is arc-consistent if, for every other variable y,
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there is at least one assignment (y, b) compatible with (x, a). The assignment (y, b)
is a support for (x, a) on variable y. Clearly, if an assignment is not arc-consistent, it
cannot be consistent (unless x is the unique variable). Arc-consistency can be nat-
urally generalized. An assignment (z, a) is path-inverse consistent [17] if it is arc-
consistent and, for every two other distinct variables y and z, there are assignments
(y,b) and (z, ¢) which are mutually compatible and compatible with (x, a). We say
that {(y,b), (z,¢)} is a support for (z, a) on {y, z} The £-inverse consistency [17] is
the natural generalization of arc-consistency (¢ = 2) and path-inverse consistency
(¢ = 3) to arbitrary (fixed) values of £ < n.

There is a long series of papers on arc-consistency [3J4J53335]. The cur-
rently fastest algorithm has running time O(ed?), where e denotes the num-
ber of distinct pairs of variables involved in some constraint. For long time the
fastest known /-inverse-consistency-based filtering algorithm, for £ > 3, was the
O(en*~2d*) algorithm by Debruyne [10].

Remark 3. The quantity en®—2

of £ pairwise constrained variables, can be replaced by the tighter e
a combinatorial lemma by Erdds [19].

, corresponding to the number of distinct subsets
/2 given by

The algorithm in [I0] is based on a rather simple dynamic strategy to check
whether an assignment is /-inverse consistent. Roughly, the idea is to sort the
candidate supports of any assignment (x, a) on any subset of other (/—1) distinct
variables in an arbitrary way, and then follow such order while searching for
supports for (z,a). Moreover, the last supports found are maintained: this way,
if a support for (z,a) is deleted and a new one is needed, the already discarded
candidates are not reconsidered any more.

The algorithm in [I0] was conjectured to be asymptotically the fastest pos-
sible. In this section we review an asymptotically faster algorithm for ¢ > 3
[27], based on standard techniques from dynamic algorithms. For the sake of
simplicity, let us consider the case of path-inverse-consistency (¢ = 3). The same
approach extends to larger values of £. Consider any triple of pairwise constrained
variables {z,y, 2z}, and let G, , be the graph whose nodes are the assignments
of x, y and z, and whose edges are the pairs of compatible assignments (i.e.
Ggy,y,- is the restriction of the consistency graph to variables z, y, and z). Any
assignment (z,a) is path-inverse-consistent with respect to variables y and z if
and only if (x,a) belongs to at least one triangle of Gy, .. More precisely, the
number of supports for (z,a) on {y,z} is exactly the number of triangles of
Ggy,y,» which contain (z,a).

Thus a natural approach to enforce path-inverse-consistency is to count all
the supports for (z,a) on {y, z} initially, and then update the count each time a
support is deleted. If we scan all the candidate supports, the initial counting costs
O(d?). Since there can be at most O(d) deletions, and listing all the triangles
that contain a given deleted value costs O(d?), the overall cost of this approach
is O(d?). Since the graphs G, are O(e'-?), this approach has cost O(e!®d?),
the same as with Debruyne’s algorithm.

We next show how to speed up both the initial counting and the later updating
by using fast matrix multiplication and lazy updating, two techniques which
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are widely used in dynamic algorithms [T4/T5]. By A we denote the adjacency
matrix of G. Given an assignment ¢ = (z,a), the number of triangles in which
i is contained is t(i) = (1/2)A3[i,]. Hence, as first observed by Itai and Rodeh
[31], the quantities ¢(i)’s can be computed in time O(d“), where w < 2.376 is
fast square matrix multiplication exponent [g].

It remains to show how to maintain the counting under deletion of nodes. We
use the following idea. In time O(d“) we can also compute for each edge {1, j},
the number #(,j) of triangles which contain {7,j}. The number of triangles
t(7) containing ¢ is one half times the sum of the (7, j)’s over all the edges {1, j}
incident to ¢. Now suppose we remove a neighbor j of . Then, in order to update
t(i), it is sufficient to subtract ¢(,7). Suppose that we later remove another
neighbor & of 4. This time subtracting ¢(¢, k) is not correct any more, since we
could subtract the triangle {4, j, k} twice. However, we can subtract ¢(, k) and
then add one if {4, j, k} is a triangle. This argument can be generalized. Suppose
we already deleted a subset of nodes D, and now we wish to delete a neighbor
j of i. Then, in order to update ¢(i), we first subtract ¢(i,j) and then we add
one for each k € D such that {4, j, k} is a triangle. This costs O(]|D|) for each
update. Altogether maintaining the counting costs O(d|D|) per deletion of node.

When |D| becomes too large, say |D| > d€ for some € € (0,1), this approach
is not convenient any more. However in that case we can update all the ¢(i, j)’s,
and empty D. In order to update the ¢(, j)’s, we need to compute all the 2-length
paths passing through a node in D. This costs O(d‘“”(l*e))7 that is the time
to multiply a d x d€ matrix by a d€ x d, where the multiplication is performed
by decomposing the rectangular matrices in square pieces, and using square ma-
trix multiplication. Since we perform such update every d€ deletions, the amor-
tized cost per deletion is O(d?+<(“~3)). Balancing the terms O(d?*<(“=3)) and
O(d'*¢), one obtains an overall O(d'*1/(4=«)) = O(d1%1%) amortized cost per
deletion. Using more sophisticated rectangular matrix multiplication algorithms
[30] the running time can be reduced to O(d?®7). This leads to the following
result.

Theorem 1. Path-inverse consistency can be enforced in time O(e**d?:57).
Remark 4. Depending on the size and density of the matrices involved, it might
be convenient in practice to use matrix-multiplication algorithms different from
the fastest asymptotic ones.

Another important consistency property is maz-restricted path consistency. The
same basic approach as above allows one to reduce the time to enforce max-
restricted path consistency from O(el5d3) [I1] to O(e*d?*>7) [26].

4 Exact Algorithms in Variables/Values Ordering

The classical approach to solve (exactly) NP-hard problems is via heuristics.
Although heuristics are very useful in practice, they suffer from few drawbacks.
First, they do not guarantee worst-case running times (better than the trivial
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bounds). For example, the worst-case running time to solve a (d, 2)-CSP instance
on n variables is (implicitly) assumed to be 2(d™), that is the time bound
achieved with exhaustive search. This can be problematic in critical applica-
tions, where the worst-case running time matters. Moreover, since the relative
performance of heuristics can be assessed only empirically, it is often difficult to
compare different heuristic approaches for the same problem.

A potential way to overcome those limits is offered by the design of exact
algorithms, an area which attracted growing interest in the last decade. The
aim of exact algorithms is to solve NP-hard problems in the minimum possible
(exponential) worst-case running time. Exact algorithms have several merits:

e The measure of performance is theoretically well-defined: comparing different
algorithms is easy.

e The running time is guaranteed on any input, not only on inputs tested
experimentally.

e A reduction of the base of the exponential running time, say, from O(2") to
0(2°9™), increases the size of the instances solvable within a given amount
of time by a constant multiplicative factor; running a given exponential algo-
rithm on a faster computer can enlarge the mentioned size only by a constant
additive factor.

e The design and analysis of exact algorithms leads to a deeper insight in
NP-hard problems, with a positive long-term impact on the applications.

There are exact algorithms faster than trivial approaches for a number of prob-
lems such as: TSP [1828], maximum independent set [T22/41], minimum dom-
inating set [20], coloring [2[7], satisfiability [6l9], maximum cut [47], feedback
vertex set [39], Steiner tree [I6I30], treewidth [23], and many others. For more
references, see e.g. [21I3243/48/49].

To show the potentialities of exact algorithms, we will describe an exact
deterministic algorithm which solves any (d,2)-CSP on n variables in time
O((1 + [d/3]1.3645)™), thus breaking the f2(d™) barrier given by trivial enu-
meration.

In order to achieve such running time, we first describe a faster algorithm to
solve (3,2)-CSPs, and we later show how to use it to speed up the solution of
arbitrary (d, 2)-CSPs. Note that (3,2)-CSP is an interesting problem in its own,
since it includes as special cases important problems like 3-coloring and 3-SAT
via Lemma

We need the following two observations.

Lemma 3. (reduction) [2] Consider a variable x of a (d,2)-CSP such that
|D(z)| < 2. Then there is a polynomial-time computable equivalent (d,2)-CSP
with one less variable.

Proof. If D(z) = {a}, it is sufficient to remove variable x, and each value
conflicting with (z,a) in the domains of the other variables. So, let us assume
D(z) = {a,b}. In such case remove x and add the following set of constraints:
for every (y,a’) conflicting with (z, a) and for every (z,b’) conflicting with (z, b),
y # z, add the constraint {(y, a’), (z,b')}. In fact, setting y = a’ and z = b’ would
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rule out any possible assignment for z. On the other direction, any solution to the
new problem can be extended to a solution for the original problem by assigning
either value a or b to x. U

Lemma 4. (domination) Consider any (d,2)-CSP. Let a,b € D(x), for some
variable x, and let A and B be the set of assignments of other variables conflicting
with (x,a) and (xz,b), respectively. If A C B, then an equivalent CSP is obtained
by removing b from D(x).

Proof. Suppose there is a solution where x = b. Then, by switching x to a, the
solution remains feasible. O

Remark 5. The two properties above cannot be applied if the aim is to compute
all the solutions, or the best solution according to some objective function.

We are now ready to describe our improved algorithm for (3,2)-CSP, which
consists of the following steps.

1. (filtering) Exhaustively apply arc-consistency and domination to reduce
the domains.

2. (base) If there a variable with an empty domain, return no. Otherwise, if
there is at most one variable, return yes.

3. (reduction) If there is a domain D(z) of cardinality at most 2, remove
variable = according to Lemma [3, and branch one the problem obtained.

4. (branch 1) If there is a constraint {(z, a), (v, b)}, where (y, b) is not involved
in other constraints, branch by either selecting a (i.e., restricting D(z) to {a})
or discarding a (i.e., removing a from D(z)).

5. (branch 2) Otherwise, take a pair (x,a) involved in constraints with the
maximum possible number of distinct variables. Branch by either selecting
or discarding a.

By branching on a set of subproblems, we mean solve them recursively, and
return yes if and only if the answer of any one of the subproblems is yes.

Lemma 5. The algorithm above solves any (3,2)-CSP instance in worst-case
time O(1.466™).

Proof. We define an instance ground if the algorithm solves it without branching
on two subproblems (hence in polynomial-time). By P(&X,C) we denote the total
number of ground instances solved to solve a given (3,2)-CSP instance (X,C).
Let P(n) be the maximum of P(X,C) over all the instances on n variables. We
will show that P(n) < 1.4656™. The claim follows by observing that generating
each subproblem costs only polynomial time, excluding the cost of the recursive
calls, and the total number of subproblems generated is within a polynomial
from P(n). Hence the total running time is O(1.4656" n®™M) = O(1.466").

We proceed by induction on n. Trivially, P(0) = P(1) = 1 satisfy the claim.
Now assume the claim is true up to (n — 1) > 1 variables, and consider any
instance (X,C) on n > 2 variables. We distinguish different cases, depending on
the step where the algorithm branches:
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(base). We do not generate any subproblem

P(X,C) <1< 1.4656".

(reduction). We generate exactly one subproblem with one less variable:

P(X,0) < P(n—1) <1.4656" 1 < 1.4656™.

(branch 1). In both subproblems variable z is removed by Step Bl When we
select a, we remove b from D(y) by arc-consistency, and hence variable y by Step
Bl When we discard a, we remove a value ¢ € D(z) \ {b} by dominance, being ¢
dominated by b. So also in that case y is later removed by Step Bl Altogether

P(X,C) < P(n—2)+ P(n—2) <2-1.4656""2 < 1.4656".

(branch 2). By basically the same arguments as above, if (z,a) is involved
in constraints with at least two other variables y and z, when we branch by
discarding a, we remove at least variable x, while when we branch by selecting
a, we remove at least variables x, y and z. Hence

P(X,C) < 1.4656™ 1 +1.4656" % < 1.4656™.

Otherwise, by Steps [l and @ and by a simple case analysis, there must be
a set of 6 constraints involving = and y of the following form: {(x,a), (y,')},
{(@.a), (., {@,0), @)} {(@.0).(5.)} {(@.b),(y.a)}, and {(z,0),
(y,a’)}. When we select a, we remove variable z, values ¥ and ¢’ from D(y)
by arc-consistency, and later variable y by Step Bl When we discard a, we re-
move variable z, value ¢’ by dominance, and later variable y by Step Bl Thus

P(X,C) <2-1.4656™ % < 1.4656".

The claim follows. O

By using similar, but more sophisticated, arguments, Beigel and Eppstein showed
that any (3,2)-CSP on n variables can be solved in worst-case time O(1.36443™)
[2].

Consider now the following algorithm to solve any (d,2)-CSP, which can be
interpreted as a derandomization of a result in [2]. For each variable x, partition
D(x) in [d/3] subsets of cardinality at most 3, and branch by restricting the
domain of x to each one of the mentioned subsets. When all the domains are re-
stricted in that way, solve the instance obtained with the mentioned O(1.36443™)
algorithm for (3,2)-CSP. Return yes if and only if one of the subproblems gen-
erated is feasible.

Theorem 2. Any (d,2)-CSP, d > 3, can be solved in O(a™) worst-case time,
where o = a(d) = min{[d/3]1.3645,1+ |d/3]1.3645}.
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Proof. For the sake of simplicity, assume all the domains have size d. This can be
achieved by adding dummy variables. Consider the algorithm above. Its running
time is trivially

O([d/3]™ 1.36443™n°M) = O([d/3]™ 1.3645™).

When d is not a multiple of 3 a better time bound is achieved by observing that
the partition of each D(x) contains |d/3] sub-domains of size 3, and one sub-
domain of size d (mod 3) € {1,2}. Hence the algorithm generates (7}) problems
containing 7 domains of cardinality at most 2, and n — i domains of cardinality
3. The variables corresponding to the ¢ small domains can be removed without

branching. Hence the running time is

o (:L> [d/3]"71.36443""n M) = O((1 + d/3]1.3645)").

O

Remark 6. A different algorithm is obtained by partitioning the domains in sub-
domains of size 2 instead of 3, and then branching as in the algorithm above.
Since each subproblem created can be solved in polynomial time, the overall
running time is O([d/2]"n®™")). This improves on the previous result for d = 4
and d = 10.
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Robotics is a field in which numerous linear and non linear problems are occur-
ing. The unknowns of these problems have a physical meaning and roboticians
are usually interested only in solutions within restricted bounds. Furthermore
dealing with uncertainties is unavoidable as any robot is a controlled mechan-
ical system with manufacturing and control errors. Hence interval analysis is a
tool of choice for solving many problems in robotics and managing uncertainties
while providing certified answers (the reliability of the result is very often a crit-
ical aspect, for example in medical robotics). In this talk we will exemplify how
interval anlysis may be used to efficently solve systems of equations appearing
in the geometrical modeling of robots, to check the regularity of parametrized
interval matrices that is required for singularity analysis and to design robots
so that their performances will meet pre-defined requirements whatever are the
manufacturing errors of the real robot within reasonable ranges.
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Abstract. In this paper we give an overview of applications of Con-
straint Programming for IP (Internet Protocol) data networks, and dis-
cuss the problem of Resilience Analysis in more detail. In this problem
we try to predict the loading of a network in different failure scenarios,
without knowing end-to-end flow values throughout the network; the in-
ference is based only on observed link traffic values. The related problem
of Traffic Flow Analysis aims to derive a traffic matrix from the observed
link traffic data. This is a severely under-constrained problem, we can
show that the obtained flow values vary widely in different, feasible solu-
tions. Experimental results indicate that using the same data much more
accurate, bounded results can be obtained for Resilience Analysis.

Introduction

In this paper we discuss the use of Constraint Programming (CP) for IP (In-
ternet Protocol) data network applications. The bulk of constraint applications
for networks [40] are in the context of data networks, covering either traditional,
connection oriented networks or packet-switched, routed networks like the Inter-
net. The survey [40] classifies them into a number of different groups:

The first real-world constraint application in this domain was a problem of
application placement for the Ttalian Inter banking network [6], a problem
very closely related to the warehouse location problem [45]32].

In many networks, the task of path placement is to define the route on which a
demand will be sent through the network. This is a fundamental networking
problem, for which many competing CP methods have been proposed. The
models fall into three main sub-classes, link-based models [33][34]3527, 111
12122], path-based models [5l[18,25,26] and node-based models [37].

One possible extension is the use of multiple paths for demands, where the
secondary path is only active when the primary connection has failed [50].
Another possible extension is to add a time dimension, where traffic demands
have given start and end times, and demands compete for network bandwidth
if they overlap in time. This application is called Bandwidth on Demand
[23,28,[437,[37].

In the previous problems, the network structure and capacity was fixed. The
problem of Network Design deals with defining connectivity and finding the
right link capacity to satisfy a projected set of demands [241[51[9,10,41].

F. Benhamou (Ed.): CP 2006, LNCS 4204, pp. 16-28] 2006.
© Springer-Verlag Berlin Heidelberg 2006
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— IP (Internet Protocol) networks usually do not use explicit routes for
traffic demands. Instead, packets are routed based on a distributed shortest
path algorithm. Metric optimization deals with choosing metric weights to
influence the routing in the network and to optimize the network utiliza-
tion [TL2LT6].

— Secondary paths and routing algorithms provide some methods to maintain
network communications in case of element failure. The idea of Bandwidth
Protection offers an alternative, purely local mechanism for improving net-
work resilience [49,[48].

The spread of wireless networks has led to a whole new class of problems, two
examples of the use of CP are shown in [19,38].

2 Flow Analysis and Resilience Analysis

Most of the problems described above assume that there is a well-defined set
of demands, the Traffic Matriz. We know who wants to use the network for
connections between specific points and how much bandwidth they require. For
IP based networks this assumption is, surprisingly, not valid. In an operational,
routed network there is no (simple) way of collecting data about end-to-end
traffic flows, we don’t know who is talking to whom and how much bandwidth
the customers use. The only information we can collect is the overall traffic on
each link e of the network traf(e) and the external traffic entering ext® (i) and
leaving ext®“(j) at nodes i and j of the network. We can try to reconstruct
a traffic matrix from these measurements, this is an active research area called
traffic flow analysis.

2.1 Related Work

Most of the related work is concerned with the identification of the traffic matrix
for all PE (provider edge router) to PE or PoP (Point of presence) to PoP
flows. [21] discuss use cases for this flow analysis and compare different means
of collecting this data. We will concentrate on methods which deduce the traffic
matrix indirectly, without collecting flow data throughout the network. There
are two main directions this work is taking, the tomography method and the
gravity approach.

The tomography approach, pioneered by Vardi [47], is based on a model where
the traffic matrix is deduced from the link traffic. As this problem is under-
constrained, a series of observations are used, assuming that the measurements
are independent and reflect the same traffic matrix. A stochastic algorithm is
used to find the most likely traffic matrix which fits the available data. Slightly
different models and assumptions are used in [46,[44, B[], a survey is given
in [4]. The work in [20] that uses a linear model to calculate a traffic matrix
from the link data observations is the one most closely related to the model
presented here. The use of lower and upper bounds for the flow analysis was
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suggested in [36]. An important requirement for the tomography approach is the
need for a routing model, which understands how traffic is flowing through the
network.

An alternative approach is the gravity model [31], which is based on the traffic
data of the external links only. Based on the assumption that the flow between
two customers is proportional to the product of their input and output traffic
values, we find a traffic matrix which is consistent with all external measure-
ments, but not necessarily with the link loads inside the network. The underly-
ing assumption that customers talk to each other with equal likelihood can be
justified for large ISPs (Internet service provider) with a consistent user base,
but are harder to maintain for enterprise networks or ISPs offering mainly VPN
(virtual private network) connections, where we already know that certain cus-
tomers only talk to a subset of all customers. The gravity model originates in
social sciences, where it is used for example to predict traffic flows in public
transport systems. The data requirements for a gravity model are much more
restricted than for the tomography method, it neither needs a routing model
nor traffic data from the interior of the network. But for the same reason it is
inherently less accurate than the tomography approach.

[54] propose a combination of the gravity based approach and the tomog-
raphy approach, which they validate on parts of the ATT network. For a large
tier-1 service provider the assumptions of the gravity model seem valid, if you
distinguish between end-user connections and peering and up-link lines.

As described in [30], the traffic matrix can be defined at different levels of
network abstractions. Typical variants are customer to customer flows, edge to
edge flows, flows between core routers or aggregated flows, for example between
PoPs. Different levels of abstraction are useful for different use cases, e.g. edge-
to-edge flows for traffic engineering, PoP to PoP flows for capacity planning. In
the context of resilience analysis, we will use edge to edge flows.

[I7] deals with the problem of directly collecting flow data from the net-
work and propose two methods which concentrate on large flows only. It shows
that the current implementation of netflow has significant scaling problems in a
large network. [T4,[15] deal with the problem of sampling of traffic flows and the
resulting inaccuracies.

2.2 Flow Analysis Model

A model for the traffic flow analysis is shown below. We describe the network
as a directed graph G = (N, E) with nodes N and directed edges E. We use
non-negative flow variables Fj; to denote the traffic flow from node 7 to node
j in the network. The [0,1] constants 5 define the routing in the network,
they indicate what fraction of the flow between nodes i and j is routed over
edge e.

Vi,j € N: min /max Fj; 1
J {Fij}/{Fij} ! W)
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st.

Veec E: Z i Fij = trat(e) (2)
i,jEN
Vie N: Z Fij = ext™ (i) (3)
JEN
VieN: Y Fy=ext®(j) (4)
ieN
Fij > 0

For every flow, we try to find a lower and an upper bound as the result of an
optimization run with the objective (). We know that the sum of all flows routed
over an edge is equal to the observed traffic on the edge ([2]), and that the sum
of all flows starting ([B]) or ending (@) in a node must be equal to the observed
external traffic.

2.3 Data

For an evaluation of the model, we use 6 networks from the Rocketfuel project
[29] and one other network topology (dexa) of a global enterprise network. The
networks range from 51 to 315 routers, and also have quite different connectivity.
Table [Il compares the major parameters of the network. Lines are bi-directional
connections between routers, PoPs (Points of presence) indicate places where all
routers for an area are co-located. Connections inside a PoP often are LAN (local
area network) type, whereas connections between PoPs typically are WAN (wide
area network) type and are more expensive. All networks are nearly real-life, the

Table 1. Test networks

Network Routers PoPs Lines Lines/Router

dexa 51 24 59 1.15
as1221 108 57 153 1.41
as1239 315 44 972 3.08
as1755 87 23 161 1.85
as3257 161 49 328 2.03
as3967 79 22 147 1.86
as6461 141 22 374 2.65

topology of the Rocketfuel networks is deduced from data collected remotely
off the actual ISP networks, the dexa network is an operational network. For
the dexa network, we also have actual link speeds and IGP (interior gateway
protocol) metric values, while the metric values for the Rocketfuel networks are
derived from traceroute information and no link speed is available (we assume
the same speed for all link for simplicity). While we can clearly distinguish P
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(core) and PE (edge) routers in the dexa network, we can only do so heuristically
in the other networks.

For the dexa network, we use the actual customer VPN structure, for all other
networks we generate VPNs of different sizes randomly. We then generate for all
networks random traffic flows between the VPN end points, and calculate from
these simulated flows s;; the expected traffic load at each interface. These traffic
loads are consistent with each other and are generated using the same routing
model that is used in the analysis part.

2.4 Traffic Flow Analysis Results

The basic problem with the model above is that it is very under-constrained. We
have |N|? flow variables Fj;, but only |E| + 2|N| constraints. Results from [39]
shown below indicate that the values for the flows can vary in a very wide
interval, with no clear preference for any particular value. It is therefore unclear
how to use the results for answering further questions about the network, for
example how the traffic will change in case of an element failure.

In table 2] we present the sum of all lower bounds as a percentage of the sum

of the simulated flow values (100 % szmlzj% ), as well as the sum of all upper
1,5 T

bounds as a percentage of the sum of the simulated flows (100 % Zé ma:( F” ). A
i,5 513

value of 100% would be the optimal result. We also show the number of objective
functions and the total time (in seconds) to run the test.

Table 2. TFA results

Network Low/Simul High/Simul Obj Time

dexa 0 2310.65 1190 11
as1221 0.09 8398.64 11556 1318
as1239 n/a n/a n/a nj/a
asl755 0.15 6255.31 7482 699
as3257 0.04 12260.03 25760 12389
as3967 0.1 5387.10 6162 500
as6461 0.28 8688.39 19740 8676

We could not obtain a result for network AS1239, but we estimate, based on
a partial result, that a complete analysis would take more than 5 days.

All results are obtained on Linux PCs running ECLiPSe 5.6, using CPLEX
6.5 as the linear solver.

The lower bound tells us how much of the traffic in the network we can asso-
ciate with specific flows between routers, i.e. we know where the traffic originates
and where it ends. The upper bound indicates how uncertain we are about the
exact source and destination. If the number is very high, then many flows may
be the cause of the traffic, and we lack the ability to differentiate between them.
In this particular setting, the results are unimpressive. The lower bounds are
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very close to zero, and the upper bounds over-estimate the simulated flows by a
factor from 23 to 122! This means that we can not pin any traffic on particular
flows and most of the traffic may have been caused by lots of flows between quite
different routers.

Aggregating the flows for a PoP to PoP analysis improves the results, but not
significantly. Table [3] considers flows between pairs of PoPs, which is the sum of
all flows between all routers in either PoP. We can note two points:

Table 3. PoP TFA results

Network Low/Simul High/Simul Obj Time

dexa 0 1068.37 557 5
as1221 0.24 2964.93 3205 424
as1239 0.63 1401.72 1931 101359
as1755 0.66 1263.28 526 103
as3257 0.30 2028.73 2378 2052
as3967 0.1 1209.37 483 90
as6461 1.47 951.41 481 768

— The results are significantly better than for the router to router flow analysis,
but not nearly good enough to identify the flows. The lower bounds are
still very nearly zero, and the upper bounds overestimate the flows in total
between 10 and 30 times.

— The run time is much reduced, since there are far fewer objectives to calcu-
late, but per objective the runtime did slightly increase.

2.5 Resilience Analysis Model

The idea behind resilience analysis is to avoid the generation of the interme-
diate traffic matrix, and to pose questions about the network behavior directly
in the initial model. For example, we may be interested in understanding the
traffic in the network under an element failure and resulting re-routing. The
routing in the normal network operation is denoted with rf;, the routing af-
ter the element failure is given by rf;. The model for resilience analysis below
uses the flow variables Fj; only internally, without trying to deduce particular
values.

Vecec E: min / max ré. F;; 5
IS ;N v )

st.
Veec E: Z i Fij = traf(e) (6)

i,jEN
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VieN: Y F;=ext"(i) (7)
JjEN

VjeN: Z Fyj = ext®(3) (8)
1EN
F;; >0

The objective function (B now tries to find a value the predicted traffic on each
edge in the network under the failure scenario, and finds bounds by running
minimization and maximization optimization queries. The constraints (@], [ and
R) are the same as for the traffic flow analysis.

2.6 Resilience Analysis Results

Results on the resilience analysis are a lot more encouraging as shown in table [l
The entry Low/Simul is calculated as

00 e w15+ By

Do ccE Zi,jeN ok Sij

the value High/Simul is

max .. . on T Fy
(100* ZklEE Zz,]EN ij )

kl -
klEE Zi,jeN Tij * Sij

We also report the number of objective functions (Obj), the total time (Time)
and the number of failure cases (Cases) considered. We identify between 68 and
96% of the simulated traffic volume in the lower bound, and the sum of the
upper bounds over-estimates the simulated traffic by a maximum of 9%.

Table 4. Resilience Analysis

Network Low/Simul High/Simul Obj Time Cases

dexa 68.91 108.25 3503 57 59
as1221 85.75 102.60 14191 2869 153
as1239 92.53 102.64 4499 44205 10
as1755 92.82 105.39 8409 1815 161
as3257 93.69 103.15 31093 39934 328
as3967 91.60 108.79 9090 1635 141
as6461 96.51 103.44 24808 20840 374

Note that we did not run all failure cases on the largest network due to time
limitations.

To check if the results are typical, we repeated the experiments with one
hundred randomly generated data sets for the four smallest networks. In table
we show the average value and its standard deviation for both lower bounds and
upper bounds. Results are quite consistent and confirm our initial values.
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Table 5. Average results (100 runs) for resilience analysis

Network Lower bound/Simul Upper bound/Simul

Average Stdev Average Stdev
dexa 91.50 0.14 108.28 0.16
as1755 88.65 0.11 106.08 0.056
as3967 94.08 0.073 106.88 0.091
as1221 87.34 0.10 102.05 0.025

2.7 Adding Information

One basic limit of the flow analysis is that we have too few constraints for
too many variables. We now add a new data source to the problem, which will
provide us with many additional constraints. In MPLS networks [13], we can
not only use interface traffic counters, but also use counters on each LSP (label
switched path) [42]. For each output interface, we get a counter for each LSP
routed through the interface leading to a destination router. This counter will
give us the sum of all flows to the destination which have been forwarded through
the router, but it does not contain the flow that starts in the router. The MIB
(management information base) also defines LSP counters on all input interfaces,
but these counters are not meaningful on Cisco routers in current IOS versions.
We can define the LSP counters formally with the following definition.

Definition 1. The constant vl is the (consistent) LSP counter volume on the
directed link e from mode k to node I for all flows with destination node j which
are forwarded on the link. The counter does not include the flow that originates
in node k.

This naturally leads to the next constraint, which links a sum of flow variables
to the counter value.

Constraint 1. The constraint states that the sum of all flows through a link
towards a destination is equal to the LSP counter for that destination on the
link.
V jeENe=(kl)eE: >  rfxFy;=u]
i€N,i£k

The exact number of non-trivial constraints of this form depends on the topol-
ogy, but usually is O(n?). This means that the problem is much more tightly
constrained, and the results of the flow analysis should improve dramatically.

Table [6l shows the results of the experiments for traffic flow analysis. The lower
bounds now range from 10 to 30 % of the simulated flows, the upper bounds
range between 2.5 and 10 times the simulated flows. This is much better than
before (see table ), but still quite disappointing. The run times decreased a lot
as well, adding more constraints helped the problem solving.

We also repeated the experiments for the PoP flow analysis. Table [7] shows
the result. For some networks (dexa and AS1755) the results are nearly usable,
but in general they are still not good enough to identify the flow values.
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Table 6. TFA results with LSP counters

Network Low/Simul High/Simul

dexa

asl1221
as1239
as1755
as3257
as3967
as6461

30.35

9.94
10.74
25.29
23.77
24.47
19.43

Obj Time

249.71 1190 7
685.37 11556 885
1151.03 98910 72461
269.30 7482 397
425.67 25760 5121
300.17 6162 275
477.44 19740 2683

Table 7. PoP TFA results with LSP counters

Network Low/Simul High/Simul Obj Time

dexa

asl221
as1239
as1755
as3257
as3967
as6461

If we add LSP counter constraints to the model, then the results for resilience
analysis are even more impressive. The lower bounds in table R reach 97 to 99.44
% of the simulated values, and the sum of the upper bounds is 101.33 % of the
simulated values in the worst case. Also note that again the execution times
decrease when we add the LSP counter constraints to the model, by more than

60.62
28.49
33.36
50.33
36.82
40.72
34.05

a factor of 10 for the largest network.

145.85 557 3
499.16 3205 271
211.84 1931 2569
169.37 526 46
249.16 2378 640
182.97 483 36
210.93 481 136

Table 8. Resilience Analysis with LSP counters

Network Low/Simul High/Simul Obj Time Cases

dexa

asl1221
as1239
as1755
as3257
as3967
as6461

Again we check the results for the 4 smallest networks by generating one
hundred data sets and recording average percentage and standard deviation for
the sums of the lower bounds and the sums of the upper bounds compared to the
simulated link traffic values in all single-node failure cases as shown in table [

97.76
98.15
99.37
99.28
99.41
98.88
99.44

101.33 3503 36
100.69 14191 1840
100.38 4499 3974
100.66 8409 964
100.44 31093 13381
101.00 9090 819
100.52 24808 8006

59
153

10
161
328
147
374



Constraint Based Resilience Analysis 25

Table 9. Average results (100 runs) for resilience analysis with LSP counters

Network Lower bound/Simul Upper bound/Simul

Average Stdev Average Stdev
dexa 99.60 0.029 100.33 0.025
as1755 99.31 0.016 100.63 0.015
as3967 99.41 0.014 100.61 0.014
asl1221 98.10 0.025 100.57 0.010

The results indicate that the resilience analysis with LSP counters is able
to predict the link load in the network very accurately. In a similar way, other
information can be added, for example partial netflow results for selected routers,
bounds obtained from specific applications or from the VPN structure. In each
case, the added information adds constraints to the problem, tightening the
bounds obtained from the model. Since we obtain both lower and upper bounds,
we can also easily decide how much additional data is required. Once the bounds
are close enough, we can stop adding more information, thereby reducing the
data collection overhead.

2.8 Discussion

In the presentation above, we have oversimplified the use of the actual traffic
measurements. The models as shown only work if a consistent snapshot of all
values can be collected. In practice, this poses significant problems. If the data
are not collected for exactly the same time periods, then inconsistencies may
occur. There are further problems caused by queues in the routers and bugs in
implementing data collection facilities in devices of multiple vendors. The data
collection process itself uses unreliable communications (UDP) so that some
measurements may be lost due to dropped packets. One approach to overcoming
these issues is the use of a separate error correction model, which tries to correct
values before feeding them into the models above. Another, shown in [52[5T.53]
deals with the problem by integrating incomplete and inconsistent data into the
constraint solving process.

References

1. F. Ajili, R. Rodosek, and A. Eremin. A branch-price-and-propagate approach for
optimising IGP weight setting subject to unique shortest paths. In Proceedings of
the 20th Annual ACM Symposium on Applied Computing (ACM SAC ’05), Santa
Fe, New Mexico, March 2005.

2. F. Ajili, R. Rodosek, and A. Eremin. A scalable tabu search algorithm for optimis-
ing IGP routing. In 2nd International Network Optimization Conference (INOC
"05), pages 348-354, March 2005.

3. J. Cao, D. Davis, S. Vander Weil, and B. Yu. Time-varying network tomography.
Journal of the American Statistical Association, 2000.



26

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

H. Simonis

R. Castro, M. Coates, G. Liang, R. Nowak, and B. Yu. Network tomography:
Recent developments, 2003.

A. Chabrier. Heuristic branch-and-price-and-cut to solve a network design problem.
In Integration of AI and OR Techniques in Constraint Programming for Combina-
torial Optimization Problems CP-AI-OR 03, Montreal, Canada, May 2003.

. C. Chiopris and M. Fabris. Optimal management of a large computer network with

CHIP. In 2nd Conf Practical Applications of Prolog, London, UK, April 1994.

Y. Chu and Q. Xia. Bandwidth-on-demand problem and temporal decomposition.
In 2nd International Network Optimization Conference (INOC "05), pages 542-550,
Lisbon, Portugal, March 2005.

M. Coates, A. Hero, R. Nowak, and B. Yu. Internet tomography. IEEE Signal
Processing Magazine, May 2002.

W. Cronholm and F. Ajili. Strong cost-based filtering for Lagrange decomposition
applied to network design. In M. Wallace, editor, 10th International Conference
on Principles and Practice of Constraint Programming (CP 2004), pages 726-730,
Toronto, Canada, 2004. Springer-Verlag.

W. Cronholm and F. Ajili. Hybrid branch-and-price for multicast network design.
In 2nd International Network Optimization Conference (INOC "05), pages 796-802,
Lisbon, Portugal, March 2005.

W. Cronholm, W. Ouaja, and F. Ajili. Strengthening optimality reasoning for a
network routing application. In 4th International Workshop on Cooperative Solvers
in Constraint Programming (CoSolv ’04), Toronto, Canada, September 2004.

W. Cronholm, W. Ouaja, and F. Ajili. Strong reduced cost fixing in network
routing. In 2nd International Network Optimization Conference (INOC ’05), pages
688-694, Lisbon, Portugal, March 2005.

B. Davie and Y. Rekhter. MPLS: Technology and Applications. Morgan Kauffmann
Publishers, 2000.

N. Duffield, C. Lund, and M. Thorup. Charging from sampled network usage. In
SIGCOMM Internet Measurement workshop, November 2001.

N. G. Duffield and M. Grossglauser. Trajectory sampling for direct traffic obser-
vation. IEEE/ACM Transactions on Networking, pages 226-237, June 2001.

A. Eremin, F. Ajili, and R. Rodosek. A set-based approach to the optimal IGP
weight setting problem. In 2nd International Network Optimization Conference
(INOC ’05), pages 386-392, Lisbon, Portugal, March 2005.

C. Estan and G. Varghese. New directions in traffic measurement and accounting.
In SIGCOMM2002, September 2002.

C. Frei and B. Faltings. Resource allocation in networks using abstraction and
constraint satisfaction techniques. In Principles and Practice of Constraint Pro-
graming - CP 1999, Alexandria, Virginia, October 1999.

T. Fruehwirth and P. Brisset. Optimal placement of base stations in wireless
indoor telecommunication. In Principles and Practice of Constraint Programing -
CP 1998, Pisa, Italy, October 1998.

O. Goldschmidt. ISP backbone traffic inference methods to support traffic engi-
neering. In Internet Statistics and Metrics Analysis (ISMA) Workshop, San Diego,
CA, December 2000.

M. Grossglauser and J. Rexford. Passive traffic measurement for IP operations.
Technical report, ATT, 2001.

O. Kamarainen and H. El Sakkout. Local probing applied to network routing. In
Integration of AI and OR Techniques in Constraint Programming for Combinato-
rial Optimization Problems CP-AI-OR 04, Nice, France, April 2004.



23

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.
37.

38.

39.

40.

Constraint Based Resilience Analysis 27

M. Lauvergne, P. David, and P. Bauzimault. Connections reservation with rerout-
ing for ATM networks: A hybrid approach with constraints. In P. Van Hentenryck,
editor, Principles and Practice of Constraint Programing - CP 2002, Cornell Uni-
versity, Ithaca, N.Y., September 2002.

C. Le Pape, L. Perron, J. Regin, and P. Shaw. Robust and parallel solving of a
network design problem. In P. Van Hentenryck, editor, Principles and Practice
of Constraint Programing - CP 2002, Cornell University, Ithaca, N.Y., September
2002.

J. Lever. A local search/constraint propagation hybrid for a network routing prob-
lem. In The 17th International FLAIRS Conference (FLAIRS-2004), Miami Beach,
Florida, May 2004.

J. Lever. A local search/constraint propagation hybrid for a network routing prob-
lem. International Journal on Artificial Intelligence Tools, 14(1-2):43-60, 2005.
V. Liatsos, S. Novello, and H. El Sakkout. A probe backtrack search algorithm for
network routing. In Proceedings of the Third International Workshop on Cooper-
ative Solvers in Constraint Programming, CoSolv’03, Kinsale, Ireland, September
2003.

S. Loudni, P. David, and P. Boizumault. On-line resource allocation for ATM
networks with rerouting. In Integration of AI and OR Techniques in Constraint
Programming for Combinatorial Optimization Problems CP-AI-OR 03, Montreal,
Canada, May 2003.

R. Mahajan, N. Spring, D. Wetherall, and T. Anderson. Inferring link weights
using end-to-end measurements. In IMW2002, 2002.

A. Medina, C. Fraleigh, N. Taft, S. Bhattacharyya, and C. Diot. A taxonomy of
IP traffic matrices. In Workshop on Scalability and Traffic Control in IP Networks
at the SPIE ITCOM+OPTICOMM 2002 Conference, Boston, MA, June 2002.

A. Medina, N. Taft, K. Salamatian, S. Bhattacharyya, and C. Diot. Traffic matrices
estimation: Existing techniques and new directions. In ACM SIGCOMM2002,
Pittsburgh, PA, August 2002.

L. Michel and P. Van Hentenryck. A simple tabu search for warehouse location.
FEuropean Journal on Operations Research, pages 576-591, 2004.

W. Ouaja and B. Richards. A hybrid solver for optimal routing of bandwidth-
guaranteed traffic. In INOC2003, pages 441-447, 2003.

W. Ouaja and B. Richards. A hybrid multicommodity routing algorithm for traffic
engineering. Networks, 43(3):125-140, 2004.

W. Ouaja and E. B. Richards. Hybrid Lagrangian relaxation for bandwidth-
constrained routing: Knapsack decomposition. In 20th Annual ACM Symposium
on Applied Computing (ACM SAC ’05), pages 383-387, Santa Fe, New Mexico,
March 2005.

R. Rodosek and B. Richards. RiskWise constraint model. Internal Note, 2000.

L. Ros, T. Creemers, E. Tourouta, and J. Riera. A global constraint model for
integrated routeing and scheduling on a transmission network. In 7th International
Conference on Information Networks, Systems and Technologies, Minsk, October
2001.

Y. Shang, M. Fromherz, Y. Zhang, and L. S. Crawford. Constraint-based routing
for ad-hoc networks. In IEEFE Int. Conf. on Information Technology: Research and
Education (ITRE 2003), pages 306-310, Newark, NJ, USA, August 2003.

H. Simonis. Resilience analysis in MPLS networks. Technical report, Parc Tech-
nologies Ltd, 2003.

H. Simonis. Constraint applications in networks. In F. Rossi, P. van Beek, and
T. Walsh, editors, Handbook of Constraint Programming, chapter 25. Elsevier, 2006.



28

41

42.

43.

44.

45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

H. Simonis

B. M. Smith. Symmetry and search in a network design problem. In Roman Bartdk
and Michela Milano, editors, CPAIOR, volume 3524 of Lecture Notes in Computer
Science, pages 336-350. Springer, 2005.

C. Srinivasan, A. Viswanathan, and T. D. Nadeau. Multiprotocol label switching
(MPLS) label switching router (LSR) management information base. Technical
report, IETF, October 2003. draft-ietf-mpls-lsr-mib-13.txt.

J. Symes. Bandwidth-on-demand services using MPLS-TE. In MPLS World
Congress 2004, Paris, France, February 2004.

Y. Tsang, M. Coates, and R. Nowak. Passive network tomography using EM
algorithms. In IEEE Conf Acoust. Speech and Signal Proc, May 2001.

P. Van Hentenryck and J.P. Carillon. Generality versus specificity: An experience
with Al and OR techniques. In AAAI pages 660664, 1988.

R. Vanderbei and J. Iannone. An EM approach to OD matrix estimation. Technical
Report SOR, 94-04, Princeton University, 1994.

Y. Vardi. Network tomography: Estimating source-destination traffic intensities
from link data. Journal of the American Statistical Association, pages 365-377,
1996.

Q. Xija. Traffic diversion problem: Reformulation and new solutions. In 2nd In-
ternational Network Optimization Conference (INOC ’05), pages 235-241, Lisbon,
Portugal, March 2005.

Q. Xia, A. Eremin, and M. Wallace. Problem decomposition for traffic diversions.
In Integration of AI and OR Techniques in Constraint Programming for Combina-
torial Optimization Problems CP-AI-OR 2004, pages 348-363, Nice, France, April
2004.

Q. Xia and H. Simonis. Primary/secondary path generation problem: Reformula-
tion, solutions and comparisons. In 4th International Conference on Networking,
Reunion Island, France, 2005. Springer Verlag.

N. Yorke-Smith. Reliable Constraint Reasoning with Uncertain Data. PhD thesis,
IC-Parc, Imperial College London, University of London, June 2004.

N. Yorke-Smith and C. Gervet. On constraint problems with incomplete or er-
roneuos data. In P. Van Hentenryck, editor, Principles and Practice of Constraint
Programing - CP 2002, Cornell University, [thaca, N.Y., September 2002.

N. Yorke-Smith and C. Gervet. Tight and tractable reformulations for uncertain
CSPs. In CP 04 Workshop on Modelling and Reformulating Constraint Satisfac-
tion Problems, Toronto, Canada, September 2004.

Y. Zhang, M. Roughan, N.G. Duffield, and A. Greenberg. Fast accurate com-
putation of large-scale IP traffic matrices from link loads. In ACM Sigmetrics,
2003.



Infinite Qualitative Simulations
by Means of Constraint Programming

Krzysztof R. Apt}? and Sebastian Brand?®

L' CWI, P.O. Box 94079, 1090 GB Amsterdam, The Netherlands
2 University of Amsterdam, The Netherlands
3 NICTA, Victoria Research Lab, Melbourne, Australia

Abstract. We introduce a constraint-based framework for studying in-
finite qualitative simulations concerned with contingencies such as time,
space, shape, size, abstracted into a finite set of qualitative relations. To
define the simulations we combine constraints that formalize the back-
ground knowledge concerned with qualitative reasoning with appropriate
inter-state constraints that are formulated using linear temporal logic.

We implemented this approach in a constraint programming system
(ECL'PS®) by drawing on the ideas from bounded model checking. The
implementation became realistic only after several rounds of optimiza-
tions and experimentation with various heuristics.

The resulting system allows us to test and modify the problem spec-
ifications in a straightforward way and to combine various knowledge
aspects. To demonstrate the expressiveness and simplicity of this ap-
proach we discuss in detail two examples: a navigation problem and a
simulation of juggling.

1 Introduction

1.1 Background

Qualitative reasoning was introduced in Al to abstract from numeric quan-
tities, such as the precise time of an event, or the location or trajectory of an
object in space, and to reason instead on the level of appropriate abstractions.
Two different forms of qualitative reasoning were studied. The first one is con-
cerned with reasoning about continuous change in physical systems, monitoring
streams of observations and simulating behaviours, to name a few applications.
The main techniques used are qualitative differential equations, constraint prop-
agation and discrete state graphs. For a thorough introduction see [I5].

The second form of qualitative reasoning focuses on the study of contingen-
cies such as time, space, shape, size, directions, through an abstraction of the
quantitative information into a finite set of qualitative relations. One then relies
on complete knowledge about the interrelationship between these qualitative re-
lations. This approach is exemplified by temporal reasoning due to [I], spatial
reasoning introduced in [10] and [I9], reasoning about cardinal directions (such
as North, Northwest); see, e.g., [I7], etc.
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In this paper we study the second form of qualitative reasoning. Our aim is to
show how infinite qualitative simulations can be naturally formalized by means
of temporal logic and constraint satisfaction problems. Our approach allows us to
use generic constraint programming systems rather than specialized qualitative
reasoning systems. By a qualitative simulation we mean a reasoning about
possible evolutions in time of models capturing qualitative information. One
assumes that time is discrete and that only changes adhering to some desired
format occur at each stage. Qualitative simulation in the first framework is
discussed in [I6], while qualitative spatial simulation is considered in [9].

1.2 Approach

In the traditional constraint-based approach to qualitative reasoning the qualita-
tive relations (for example overlap) are represented as constraints over variables
with infinite domains (for example closed subsets of R?) and path-consistency
is used as the constraint propagation; see, e.g., [11].

In our approach we represent qualitative relations as variables. This allows us
to trade path-consistency for hyper-arc consistency which is directly available in
most constraint programming systems, and to combine in a simple way various
theories constituting the background knowledge. In turn, the domain specific
knowledge about simulations is formulated using the linear temporal logic. These
temporal formulas are subsequently translated into constraints.

Standard techniques of constraint programming combined with techniques
from bounded model checking can then be used to generate simulations. To
support this claim, we implemented this approach in the constraint programming
system ECL’PS¢. However, this approach became realistic only after fine-tuning
of the translation of temporal formulas to constraints and a judicious choice of
branching strategy and constraint propagation. To show its usefulness we discuss
in detail two case studies. In each of them the solutions were successfully found
by our implementation, though for different problems different heuristic had to
be used.

The program is easy to use and to interact with. In fact, in some of the case
studies we found by analyzing the generated solutions that the specifications were
incomplete. In each case, thanks to the fact that the domain specific knowledge is
formulated using temporal logic formulas, we could add the missing specifications
in a straightforward way.

1.3 Structure of the Paper

In Section @ we discuss examples of qualitative reasoning and in Section[3explain
our formalization of the qualitative reasoning by means of constraints. Next, in
Section M we deal with qualitative simulations by introducing inter-state con-
straints which connect different stages of simulation and determine which sce-
narios are allowed. These constraints are defined using linear temporal logic.
Their semantics is defined employing the concept of a cyclic path borrowed from
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the bounded model checking approach (see [5]) for testing validity of temporal
formulas.

In Section Al we explain how the inter-state constraints are translated to con-
straints of the underlying background knowledge. Next, in Section [f] we discuss
technical issues pertaining to our implementation that generates infinite quali-
tative simulations. In the subsequent two sections we report on our case studies.
Finally, in Section [ we discuss the related work.

2 Qualitative Reasoning: Setup and Examples

As already said, in qualitative reasoning, one abstracts from the numeric quan-
tities and reasons instead on the level of their abstractions. These abstractions
are provided in the form of a finite set of qualitative relations, which should
be contrasted with the infinite set of possibilities available at the numeric level.
After determining the ‘background knowledge’ about these qualitative relations
we can derive conclusions on an abstract level that would be difficult to achieve
on the numeric level. The following three examples illustrate the matters.

Ezample 1 (Region Connection Calculus). The qualitative spatial reasoning with
topology introduced in [I9] and [I0] is concerned with the following set of qual-
itative relations:

RCC8 := {disjoint, meet, overlap, equal, covers, contains, covered-by, inside}.

The objects under consideration are here spatial regions, and each region pair is
in precisely one RCC8 relation; see Fig. 11

The background knowledge in this
case is the set of possible relation

triples pertaining to triples of re- @ e ™ @
-

gions. For example, the relation triple

(meet, meet, meet) is possible since @ Q &) equal
there exist three regions pairwise gigoint Meet overlap covers contain
touching each other. In contrast, the
triple (inside, inside, disjoint) is im-
possible since for any three regions
A, B,C, if A is inside B and B is
inside C, then A cannot be disjoint with C. The set of possible triples is called
the composition table; it is presented in the above two papers. In total, the
table lists 193 relation triples.

covered-by inside

Fig. 1. The eight RCC8 relations

Ezxample 2 (Cardinal Directions). Qualitative reasoning dealing with relative di-
rectional information about point objects can be formalized using the set of
cardinal directions

Dir := {N, NE, E, SE,S, SW, W, NW, EQ},
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that consists of the wind rose directions together with the identity relation de-
noted by EQ; see [12]. The composition table for this form of qualitative reasoning
is provided in [I7].

Ezample 3 (Relative Size). Qualitative reasoning about relative size of objects
is captured by the relations in the set

Size := {<,=,>}.
The corresponding composition table is given in [13].

Other examples of qualitative reasoning deal with shape, directional infor-
mation about regions or cyclic ordering of orientations. In some of them the
qualitative relations are non-binary and the background knowledge is more com-
plex than the composition table. To simplify the exposition we assume in the
following binary qualitative relations.

3 Formalization of Qualitative Reasoning

In what follows we follow the standard terminology of constraint programming.
So by a constraint on a sequence x1,...,x,;, of variables with respective do-
mains dom(z1), ..., dom(x,,) we mean a subset of dom(x1) X --- X dom(zy,).
A constraint satisfaction problem (CSP) consists of a finite sequence of
variables X with respective domains and a finite set of constraints, each on a
subsequence of X. A solution to a CSP is an assignment of values to its variables
from their domains that satisfies all constraints.

We study here CSPs with finite domains and solve them using a top-down
search interleaved with constraint propagation. In our implementation we use
a heuristics-controlled domain partitioning as the branching strategy and
hyper-arc consistency of [18] as the constraint propagation.

We formalize the qualitative reasoning within the CSP framework as follows.
We assume a finite set of objects O, a finite set of binary qualitative relations Q
and a ternary relation C'T representing the composition table. Each qualitative
relation between objects is modelled as a constraint variable the domain of which
is a subset of Q. We stipulate such a relation variable for each ordered pair of
objects and organize these variables in an array Rel which we call a qualitative
array.

For each triple a, b, ¢ of elements of O we have then a ternary constraint comp
on the corresponding variables:

comp(Rel[a, b], Relb,c], Rella,c]) :=
CT N (dom(Rel[a,b]) x dom(Rel[b,c]) x dom(Rella,c])).

To assume internal integrity of this approach we also adopt for each ordered
pair a,b of elements of O, the binary constraint conv(Rel[a,b], Rel[b,a]) that
represents the converse relation table, and postulate that Rella,a] = equal for
alla € O.

We call these constraints integrity constraints.
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4 Specifying Simulations Using Temporal Logic

In our framework we assume a conceptual neighbourhood between the qual-
itative relations. This is a binary relation neighbour between the elements
of the relation set Q describing which atomic changes in the qualitative re-
lations are admissible. So only ‘smooth’ transitions are allowed. For exam-
ple, in the case of the Region Connection Calculus from Example [ the
relation between two regions can change from disjoint to overlap only indi-
rectly via meet. The neighbourhood relation for RCC8 has 22 elements such
as (disjoint, meet), (meet, meet), (meet, overlap) and their converses and is shown
in Fig.

We assume here that objects can
change size during the simulation. If we covered-by
wish to disallow this possibility, then the @ inside
pairs (equal, covered-by), (equal, covers), Q
(equal, inside), (equal, contains) and their 8 @ equal
converses should be excluded from the
conceptual neighbourhood relation.

In what follows we represent each stage
t of a simulation by a CSP P; uniquely de- covers
termined by a qualitative array @; and its
integrity constraints. Here t is a variable
ranging over the set of natural numbers
that represents discrete time. Instead of
Q+la, b] we also write Q[a, b, t], as in fact we deal with a ternary array.

The stages are linked by tnter-state constraints that determine which sce-
narios are allowed. The inter-state constraints always include constraints stipu-
lating that the atomic changes respect the conceptual neighbourhood relation.
Other inter-state constraints are problem dependent.

A qualitative simulation corresponds then to a CSP consisting of stages all of
which satisfy the integrity constraints and the problem dependent constraints,
and such that the inter-state constraints are satisfied. To describe the inter-state
constraints we use atomic formulas of the form

Q[avb} €ER, Q[aab] ¢ R, Q[a’b] =q, Q[a’b] 7é q,

where R C Q and ¢ € Q. As the latter three forms reduce to the first one, we
deal with the first form only.

We employ a propositional linear temporal logic with four temporal opera-
tors, & (eventually), O (next time), O (from now on) and U (until), and with
the usual connectives. We use bounded quantification as abbreviations, e.g.,
@(01) V...V ¢(or) abbreviates to JA € {o1,...,0k}. (A).

Given a finite set of temporal formulas formalizing the inter-state constraints
we wish then to exhibit a simulation in the form of an infinite sequence of ‘atomic’
transitions which satisfies these formulas and respects the integrity constraints.
In the Section [ we explain how each temporal formula is translated into a
sequence of constraints.

meet overla

d'SJO'nt contalns

Fig. 2. The RCC8 neighbourhood rela-
tion
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e —> 0 —> —_— 0 —> —_— e

Q1 Q2 Qe Qx

Fig.3. A (k — £)-loop

Paths and loops. We now proceed by explaining the meaning of a temporal
formula ¢ with respect to an arbitrary infinite sequence of qualitative arrays,

W::Q17Q27"'?

that we call a path. Our goal is to implement this semantics, so we proceed in
two stages:

— First we provide a definition with respect to an arbitrary path.
— Then we limit our attention to specific types of paths, which are unfoldings
of a loop.

In effect, we use here the approach employed in bounded model checking; see [5].
Additionally, to implement this approach in a simple way, we use a recursive
definition of meaning of the temporal operators instead of the inductive one.

We write =, ¢ to express that ¢ holds along the path 7. We say then that =
satisfies ¢. Given 7 := (1, @2, ... we denote by m; the subpath Q;, Qiy1,.. ..
Hence 7 = w. The semantics is defined in the standard way, with the exception
that the atomic formulas refer to qualitative arrays. The semantics of connec-
tives is defined independently of the temporal aspect of the formula. For other
formulas we proceed by recursion as follows:

Ern Qla,b) € R if Qla,b,i] € R;

., O if Friv @5

Er O¢ if Er ¢ and =, Ol¢;

Er o if Er ¢ or Er OOg;
FrxUg if Fr¢or ErxAO(xU o).

Next, we limit our attention to paths that are loops. Following [5] we call a
path 7 := Q1,Qa2,... a (k — £)-loop if

T=wu-v" with w:=Q1,...,Qr1 and v:=Q,...,Qx;

see Fig. Bl By a general result, see [5], for every temporal formula ¢ if a path
exists that satisfies it, then a loop path exists that satisfies ¢. This is exploited
by our algorithm. Given a finite set of temporal formulas @ it tries to find a path
T = @Q1,Q2, ... consisting of qualitative arrays that satisfies all formulas in @,
by repeatedly trying to construct an infinite (k — ¢)-loop. Each such (k — ¢)-loop
can be finitely represented using k qualitative arrays. The algorithm is discussed
in Section [6l
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5 Temporal Formulas as Constraints

A temporal formula restricts the sequence of qualitative arrays at consecutive
stages (time instances). We now show how to translate these formulas to con-
straints in a generic target constraint language. The translation is based on un-
ravelling the temporal operators into primitive Boolean constraints and primitive
constraints accessing the qualitative arrays. Furthermore, we discuss a variation
of this translation that retains more structure of the formula, using non-Boolean
array constraints.

We assume that the target constraint language has primitive Boolean con-
straints and reified versions of simple comparison and arithmetic constraints.
(Recall that a reified constraint generalizes its base constraint by associating
with it a Boolean variable reflecting its truth.)

Paths with and without loops. Both finite and infinite paths can be accommo-
dated within one constraint model. To this end, we view a finite sequence of
qualitative arrays together with their integrity constraints as a single CSP. The
sequence @1, ..., Qk can represent both

an infinite path 7 = (Q1,...,Qr—1) - (Q¢, ..., Qr)*, for some £ > 1 and k > ¢,
or a finite path 7 = Q1, ..., Qk.

To distinguish between these cases, we interpret ¢ as a constraint variable. We
define £ = k+1 to mean that there is no loop, so we have dom(¢) = {1, ..., k+1}.
A new placeholder array Q1 is appended to the sequence of qualitative arrays,
without integrity constraints except the neighbourhood constraints connecting
it to Q. Finally, possible looping is realized by conditional equality constraints

(t=j) — (Qj = Qr+1)

for all j € {1,...,k}. Here Q, = Qg is an equality between qualitative arrays,
i.e., the conjunction of equalities between the corresponding array elements.

Translation into constraints. We denote by cons($,4) = b the sequence of con-

straints representing the fact that formula ¢ has the truth value b on the path

;. The translation of a formula ¢ on @1, ..., Qy is initiated with cons(¢,1) = 1.
We define the constraint translation inductively as follows.

Atomic formulas:
cons(true,i) = b translates to b = 1;
cons(Qlai,az] € R,i) =b translates to  Qla1,a2,i =¢q,(q € R) =b.

Connectives:

cons(—¢,i) =b translates to  (—b') = b, cons(¢,i) = b';

other connectives are translated analogously.
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Formula O¢: The next-time operator takes potential loops into account.

cons(O¢,i) =b  translates to

if ¢ < k then
cons(¢p,i+ 1) =0,

if = k then
{=k+1—-0b=0,

<k —b=Njeqr,.. 1y (L =7 — cons(d,])).

Formula <¢: We translate ¢ by unravelling its recursive definition ¢ v O,
It suffices to do so a finite number nynraver Of steps beyond the current state,
namely the number of steps to reach the loop, max(0, ¢ — i), plus the length
of the loop, k — £. A subsequent unravelling step is unneeded as it would
reach an already visited state. We find

Nunravel = k — min(¢, 4).

This equation is a simplification in that ¢ is assumed constant. For a variable
£, we ‘pessimistically’ replace £ here by the least value in its domain, min ().

Formulas [1¢ and ¢ U 1: These formulas are processed analogously to <.

The result of translating a formula is a set of primitive reified Boolean con-
straints and accesses to the qualitative arrays at certain times.

Translation using array constraints. Unravelling the temporal operators leads
to a creation of several identical copies of subformulas. In the case of the ¢ tem-
poral operator where the subformulas in essence are connected disjunctively, we
can do better by translating differently. The idea is to push disjunctive informa-
tion inside the variable domains. We use array constraints, which treat array
lookups such as © = Alyi,...,ys] as a constraint on the variables x,y1,...,yn
and the (possibly variable) elements of the array A. Array constraints generalize
the classic element constraint.

Since we introduce new constraint variables when translating <¢ using array
constraints, one needs to be careful when <¢ occurs in the scope of a negation.
Constraint variables are implicitly existentially quantified, therefore negation
cannot be implemented by a simple inversion of truth values. We address this
difficulty by first transforming a formula into a negation normal form, using the
standard equivalences of propositional and temporal logic.

The constraint translations using array constraints (where different from
above) follow. The crucial difference to the unravelling translation is that here i
is a constraint variable.

Formula <$¢: A fresh variable j ranging over state indices is introduced, mark-
ing the state at which ¢ is examined. The first possible state is the current
position or the loop start, whichever is earlier. Both ¢ and i are constraint
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variables, therefore their least possible values min (), min(i), respectively,
are considered.

cons(Cp,i) = b translates to  new j with dom(j) = {1 .k},
min(min(¢), min(i)) < j,
cons(¢p,j) =b.

Formula O¢: This case is equivalent to the previous translation of O¢, but
we now need to treat ¢ as a variable. So both “if ... then” and — are now
implemented by Boolean constraints.

6 Implementation

Given a qualitative simulation problem formalized by means of integrity con-
straints and inter-state constraints formulated as temporal formulas, our pro-
gram generates a solution if one exists or reports a failure. During its execution
a sequence of CSPs is repeatedly constructed, starting with a single CSP that is
repeatedly step-wise extended. The number of steps that need to be considered
to conclude failure depends on the temporal formulas and is finite [5]. The se-
quence of CSPs can be viewed as a single finite CSP consisting of finite domain
variables and constraints of a standard type and thus is each time solvable by
generic constraint programming systems. The top-down search is implemented
by means of a regular backtrack search algorithm based on a variable domain
splitting and combined with constraint propagation.

The variable domain splitting is controlled by domain-specific heuristics if
available. We make use of the specialized reasoning techniques due to [20] for
RCC8 and due to [I7] for the cardinal directions. In these studies maximal
tractable subclasses of the respective calculi are identified and corresponding
polynomial decision procedures for non-temporal qualitative problems are dis-
cussed. In our terminology, if the domain of each relation variable in a qualita-
tive array belongs to a certain class, then a certain sequence of domain split-
tings intertwined with constraint propagation finds a solving instantiation of the
variables without backtracking if one exists. However, here we deal with a more
complex set-up: sequences of qualitative arrays together with arbitrary temporal
constraints connecting them. These techniques can then still serve as heuristics.
We use them in our implementation to split the variable domains in such a
way that one of the subdomains belongs to a maximal tractable subclass of the
respective calculus.

We implemented the algorithm and both translations of temporal formulas to
constraints in the ECL*PS® constraint programming system [22]. The resulting
program is about 2000 lines of code. We used as constraint propagation hyper-
arc consistency algorithms directly available in ECL’PS® in its fd and propia
libraries and for array constraints through the implementation discussed in [6].
In the translations of the temporal formulas, following the insight from bounded
model checking, redundancy in the resulting generation of constraints is reduced
by sharing subformulas.
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7 Case Study 1: Navigation

Consider a ship and three buoys forming a triangle. The problem is to generate
a cyclic route of the ship around the buoys. We reason qualitatively with the

cardinal directions of Example

— First, we postulate that all objects occupy different positions:

OVa,be O.a#b — Qla,b] #EQ.

— Without loss of generality we assume that the buoy positions are given by
O0Q[buoy,, buoy,| = NW, O Q[buoy,,, buoy,| = SW, O Q[buoy,, buoy,.] = NW

and assume that the initial position of the ship is south of buoy c:

Q[ship, buoy ] = S.

— To ensure that the ship follows the required path around the buoys we stip-

ulate:

O (Q[ship, buoy ] =S —  <(Qlship, buoy,] =W A
<& (Qlship, buoy,] =N A

<& (Q[ship, buoy,] = E A
O (Q[ship, buay ] = S))))).

In this way we enforce an infinite circling of the ship around the buoys.

When fed with the above constraints our
program generated the infinite path formed
by the cycle through thirteen positions de-
picted in Fig. @ The positions required to be
visited are marked by bold circles. Each of
them can be reached from the previous one
through an atomic change in one or more
qualitative relations between the ship and
the buoys. One hour running time was not
enough to succeed with the generic first-fail
heuristic, but it took only 20's to find the cy-
cle using the Dir-specific heuristic. The array
constraint translation reduced this slightly
to 15s.

The cycle found is a shortest cycle sat-
isfying the specifications. Note that other,

Fig. 4. Navigation path

longer cycles exist as well. For example, when starting in position 1 the ship can
first move to an ‘intermediate’ position between positions 1 and 2, characterized

by:

Q[ship, buoy,] = SW, Q[ship, buoy,] = SE, Q[ship, buoy;] = SE.

We also examined a variant of this problem in which two ships are required
to circle around the buoys while remaining in the N or NW relation w.r.t. each
other. In this case the shortest cycle consisted of fifteen positions.
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8 Case Study 2: Simulating of Juggling

Next, we consider a qualitative formalization of juggling. We view it as a pro-
cess having an initialization phase followed by a proper juggling phase which is
repeated. As such it fits well our qualitative simulation framework.

We consider two kinds of objects: the hands and the balls. For the sake of
simplicity, we only distinguish the qualitative relations ‘together’, between a
ball and a hand that holds it or between two touching balls, and ‘apart’. This
allows us to view the juggling domain as an instance of an existing topological
framework: we identify ‘together’ and ‘apart’ with the relations meet and disjoint
of the RCC8 calculus.

In our concrete study, we assume a single juggler (with two hands) and three
balls. We aim to recreate the three-ball-cascade, see [I4], p. 8]. So we have five
objects:

O := Hands U Balls,
Hands := {left-hand, right-hand},
Balls :== { ball; | i € {1,2,3} }.
The constraints are as follows.

— We only represent the relations of being ‘together’ or ‘apart’:

OVz,y € O. (x £y — Q[z,y] € {meet, disjoint}).

The hands are always apart:
O Q[left-hand, right-hand] = disjoint.

A ball is never in both hands at the same time:

OVb € Balls. = (Qleft-hand, b] = meet A Q[right-hand, b] = meet) .

From some state onwards, at any time instance at most one ball is in any
hand:

OO (Vb € Balls. Vh € Hands. Q[b, h] = meet —
Vby € Balls. b # by — Yhe € Hands. Q[ba, he] = disjoint).
— Two balls touch if and only if they are in the same hand:

O (Vb1,b2 € Balls. by # by —
(Q[b1,b2] = meet — 3Ih € Hands. (Q[h,b1] = meet A Q[h, ba] = meet))).
— A ball thrown from one hand remains in the air until it lands in the other
hand:
O (Vb € Balls. Vhy, hy € Hands. hy # ha A Q[h1,b] = meet —
Q[h1,b] = meet U (Q[hq,b] = disjoint A Qhe, b] = disjoint A
(Q[h1,b] = disjoint U Q[ha,b] = meet))).
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— A ball in the air will land before any other ball that is currently in a hand,

l (Vh1, ho € Hands. Vb1, by € Balls. Q[hl, bﬂ = disjoint A Q[h27 bg} = meet —
Qlha, bz] = meet U ((Vh € Hands. Q[h, by] = disjoint)
U (3h € Hands. Q[h,b1] = meet))).

— No two balls are thrown at the same time:

O (Vbl,bg € Balls. by 75 by — Vhl,hz € Hands.
=(Q[b1, hi] = meet A O Q[by, hy] = disjoint A
Q[bg, hg} = meet AO Q[bg7 hg] = disjoint)).

— A hand can interact with only one ball at a time:

LIVh € Hands. Yby € Balls.
(Q[h,b1] = meet A O Q[h,b;] = disjoint V
Q[h,b1] = disjoint A O Ql[h, b1] = meet) —
Vby € Balls. by # by —
(Q[h, ba] = meet — O Q[h, by] = meet) A
(Q[h, bs] = disjoint — O Q[h, by] = disjoint).

Initially balls 1 and 2 are in the left hand, while ball 3 is in the right hand:
Qlleft-hand, ball;] = meet, Q[left-hand, balls] = meet, Q[right-hand, balls] = meet.

Note that the constraints enforce that the juggling continues forever. Our
program finds an infinite simulation in the form of a path [1..2][3..8]*; see Fig.[5l
The running time was roughly 100s using the generic first-fail heuristic; the
RCC8-specific heuristic, resulting in 43 min, was not useful.

We stress the fact that the complete specification of this problem is not
straightforward. In fact, the interaction with our program revealed that the
initial specification was incomplete. This led us to the introduction of the last
constraint.

@ 0|0 Q| O Q0 ®

State 1 State 2 State 3 State 4 State 5 State 6 State 7 State 8

Fig. 5. Simulation of Juggling
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Aspect Integration: Adding Cardinal Directions

The compositional nature of the ‘relations as variables’ approach makes it easy
to integrate several spatial aspects (e.g., topology and size, direction, shape etc.)
in one model. For the non-temporal case, we argued in [7] that the background
knowledge on linking different aspects can be viewed as just another integrity
constraint. Here we show that also qualitative simulation and aspect integration
combine easily, by extending the juggling example with the cardinal directions.

As the subject of this paper is modelling and solving, not the actual inter-
aspect background knowledge, we only explain the integration of the three rela-
tions meet, disjoint, equal with the cardinal directions Dir. We simply add

link(Q[a, b], Qbir[a,b]) := (Qla,b] = equal) — (Qpi[a,b] = EQ)

as the aspect linking constraint. It refers to the two respective qualitative arrays
and is stated for all spatial objects a,b. We add the following domain-specific
requirements to our specification of juggling:

Qoir[left-hand, right-hand] = W;

OVb € Balls. Yh € Hands. Q[b, h] = meet — Qpir[b, h] = N;

OVb € Balls. Q[b, left-hand] = disjoint A Q[b, right-hand] = disjoint —
Qpir[b, left-hand] # N A Qpir|b, right-hand] # N.

We state thus that a ball in a hand is ‘above’ that hand, and that a ball is not
thrown straight upwards.

This simple augmentation of the juggling domain with directions yields the
same first simulation as in the single-aspect case, but now with the RCC8 and
Dir components. The ball/hand relation just alternates between N and NW (or
NE).

We emphasize that it was straightforward to extend our implementation to
achieve the integration of two aspects. The constraint propagation for the link
constraints is achieved by the same generic hyper-arc consistency algorithm used
for the single-aspect integrity constraints. This is in contrast to the ‘relations
as constraints’ approach which requires new aspect integration algorithms; see,
e.g., the bipath-consistency algorithm of [13].

9 Conclusions

Related Work. The most common approach to qualitative simulation is the
one discussed in [I5, Chapter 5]. For a recent overview see [10]. It is based on a
qualitative differential equation model (QDE) in which one abstracts from the
usual differential equations by reasoning about a finite set of symbolic values
(called landmark values). The resulting algorithm, called QSIM, constructs the
tree of possible evolutions by repeatedly constructing the successor states. Dur-
ing this process CSPs are generated and solved. This approach is best suited to
simulate the evolution of physical systems.
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Our approach is inspired by the qualitative spatial simulation studied in [9],
the main features of which are captured by the composition table and the neigh-
bourhood relation discussed in Example[Il The distinction between the integrity
and inter-state constraints is introduced there; however, the latter only link con-
secutive states in the simulation. As a result, our case studies are beyond their
reach. Our experience with our program moreover suggests that the algorithm
of [9] may not be a realistic basis for an efficient qualitative reasoning system.

To our knowledge the ‘(qualitative) relations as variables’ approach to mod-
elling qualitative reasoning was first used in [2I], to deal with the qualitative
temporal reasoning due to [I]. In [20] this approach is used in an argument to
establish the quality of a generator of random scenarios, whilst the main part of
this paper uses the customary ‘relations as constraints’ approach. In [2 pages
30-33] we applied the ‘relations as variables’ approach to model a qualitative
spatial reasoning problem. In [7] we used it to deal in a simple way with aspect
integration and in [3] to study qualitative planning problems.

In [8] various semantics for a programming language that combines temporal
logic operators with constraint logic programming are studied. Finally, in the
TLPLAN system of [4] temporal logic is used to support the construction of
control rules that guide plan search. The planning system is based on an incre-
mental forward-search, so the temporal formulas are unfolded one step at a time,
in contrast to the translation into constraints in our constraint-based system.

Summary. We introduced a constraint-based framework for describing infi-
nite qualitative simulations. Simulations are formalized by means of inter-state
constraints that are defined using linear temporal logic. This results in a high
degree of expressiveness. These constraints are translated into a generic tar-
get constraint language. The qualitative relations are represented as domains of
constraint variables. This makes the considered CSPs finite, allows one to use
hyper-arc consistency as constraint propagation, and to integrate various knowl-
edge aspects in a straightforward way by simply adding linking constraints.

We implemented this approach in a generic constraint programming system,
ECL*PS¢, using techniques from bounded model checking and by experimenting
with various heuristics. The resulting system is conceptually simple and easy to
use and allows for a straightforward modification of the problem specifications.
We substantiated these claims by means of two detailed case studies.
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Abstract. The Stochastic CSP (SCSP) is a framework recently intro-
duced by Walsh to capture combinatorial decision problems that involve
uncertainty and probabilities. The SCSP extends the classical CSP by
including both decision variables, that an agent can set, and stochastic
variables that follow a probability distribution and can model uncer-
tain events beyond the agent’s control. So far, two approaches to solving
SCSPs have been proposed; backtracking-based procedures that extend
standard methods from CSPs, and scenario-based methods that solve
SCSPs by reducing them to a sequence of CSPs. In this paper we further
investigate the former approach. We first identify and correct a flaw in
the forward checking (FC) procedure proposed by Walsh. We also extend
FC to better take advantage of probabilities and thus achieve stronger
pruning. Then we define arc consistency for SCSPs and introduce an arc
consistency algorithm that can handle constraints of any arity.

1 Introduction

Representation and reasoning with uncertainty is an important issue in con-
straint programming since uncertainty is inherent in many real combinatorial
problems. To model such problems, many extensions of the classical CSP have
been proposed (see [9] for a detailed review). The Stochastic CSP (SCSP) is a
framework that can be used to model combinatorial decision problems involv-
ing uncertainty and probabilities recently introduced by Walsh [10]. The SCSP
extends the classical CSP by including both decision variables, that an agent
can set, and stochastic variables that follow a probability distribution and can
model uncertain events beyond the agent’s control. The SCSP framework is in-
spired by the stochastic satisfiability problem [6] and combines some of the best
features of traditional constraint satisfaction, stochastic integer programming,
and stochastic satisfiability.

The expressional power of the SCSP can help us model situations where there
are probabilistic estimations about various uncertain actions and events, such
as stock market prices, user preferences, product demands, weather conditions,
etc. For example, in industrial planning and scheduling, we need to cope with
uncertainty in future product demands. As a second example, interactive config-
uration requires us to anticipate variability in the users’ preferences. As a final
example, when investing in the stock market, we must deal with uncertainty in
the future price of stocks.

F. Benhamou (Ed.): CP 2006, LNCS 4204, pp. 44-58] 2006.
© Springer-Verlag Berlin Heidelberg 2006



Algorithms for Stochastic CSPs 45

SCSPs have recently been introduced and only a few solution methods have
been proposed. In the initial paper, Walsh described a chronological backtracking
and a forward checking procedure for binary problems [10]. These are extensions
of the corresponding algorithms for CSPs that explore the space of policies in a
SCSP. Alternatively, scenario-based methods, which solve a SCSP by reducing
it to a sequence of CSPs, were introduced in [7]. This approach carries certain
advantages compared to algorithms that operate on the space of policies. Most
significantly, it can exploit existing advanced CSP solvers, without requiring
the implementation of (potentially complicated) specialized search and propaga-
tion techniques. As a consequence, this approach is not limited to binary prob-
lems. However, the number of scenarios in a SCSP grows exponentially with
the number of stages in the problem. Therefore, the scenario-based approach
may not be applicable in problems with many stochastic variables and many
stages.

In this paper we develop algorithms for SCSPs following the initially proposed
approach based on the exploration of the policy space. We first identify and cor-
rect a flaw in the forward checking (FC) procedure proposed by Walsh. We also
extend FC to take better advantage of probabilities and thus achieve stronger
pruning. Then we define arc consistency (AC) for SCSPs and introduce an AC
algorithm that can handle constraints of any arity. This allows us to implement
a MAC algorithm that can operate on non-binary problems. Finally, we present
some preliminary experimental results.

2 Stochastic Constraint Satisfaction

In this section we review the necessary definitions on SCSPs given in [10] and
[7]. A stochastic constraint satisfaction problem (SCSP) is a 6-tuple< X, S, D,
P,C,0 > where X is a sequence of n variables, S is the subset of X which are
stochastic variables, D is a mapping from X to domains, P is a mapping from
S to probability distributions for the domains of the stochastic variables, C'is a
set of e constraints over X, and @ is a mapping from constraints to threshold
probabilities in the interval [0, 1]. Each constraint is defined by a subset of the
variables in X and an, extensionally or intensionally specified, relation giving the
allowed tuples of values for the variables in the constraint. A hard constraint,
which must be always satisfied, has an associated threshold 1, while a “chance
constraint” ¢;, which may only be satisfied in some of the possible worlds, is
associated with a threshold 6; € [0, 1]. This means that the constraint must be
satisfied in at least a fraction 6; of the worlds.

For the purposes of this paper, we will follow [10] and assume that the problem
consists only of a single global chance constraint which is the conjunction of all
constraints in the problem. This global constraint must be satisfied in at least a
fraction 6 of the possible worlds. We will also assume that the stochastic variables
are independent (as in [T0]). This assumption limits the applicability of the SCSP
framework but it can be lifted, as in other frameworks for uncertainty handling,
such as fuzzy and possibilistic CSPs [4].
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We will sometimes denote decision variables by xd; and stochastic variables
by xs;. Accordingly, the sets of decision and stochastic variables in the problem
will be denoted by Xd and Xs respectively. The domain of a variable z; will be
denoted by D(x;), and the variables that participate in a constraint ¢; will be
denoted by var(c;). We assume that in each constraint ¢; the variables in var(c;)
are sorted according to their order in X.

The backtracking algorithms of [I0] explore the space of policies in a SCSP. A
policy is a tree with nodes labelled with value assignments to variables, starting
with the values of the first variable in X labelling the children of the root, and
ending with the values of the last variable in X labelling the leaves. A variable
whose next variable in X is a decision one corresponds to a node with a single
child, while a variable whose next variable in X is a stochastic one corresponds
to a node that has one child for every possible value of the following stochastic
variable. Leaf nodes take value 1 if the assignment of values to variables along
the path to the root satisfies all the constraints and 0 otherwise. Each path
to a leaf node in a policy represents a different possible scenario (set of values
for the stochastic variables) and the values given to decision variables in this
scenario. Each scenario has an associated probability; if xs; is the i-th stochastic
variable in a path to the root, v; is the value given to xs; in this scenario, and
prob(zs; < wv;) is the probability that xs; = v;, then the probability of this
scenario is: [ [, prob(zs; < v;).

The satisfaction of a policy is the sum of the leaf values weighted by their
probabilities. A policy satisfies the constraints iff its satisfaction is at least 6. In
this case we say that the policy is satisfying. A SCSP is satisfiable iff it has a
satisfying policy. The optimal satisfaction of a SCSP is the maximum satisfaction
of all policies. Given a SCSP, two basic reasoning tasks are to determine if the
satisfaction is at least 6 and to determine the maximum satisfaction.

The simplest possible SCSP is a one-stage SCSP in which all of the decision
variables are set before the stochastic variables. This models situations in which
we must act now, trying to plan our actions in such a way that the constraints
are satisfied (as much as possible) for whatever outcome of the later uncertain
events. Alternatively, we may demand that the stochastic variables are set before
the decision variables. A one stage SCSP is satisfiable iff there exist values for
the decision variables so that, given random values for the stochastic variables,
the constraints are satisfied in at least the given fraction of worlds. In a two
stage SCSP, there are two sets (blocks) of decision variables, Xd; and Xdsz, and
two sets of stochastic variables, X s; and X ss. The aim is to find values for the
variables in Xd;, so that given random values for X s;, we can find values for
Xds, so that given random values for Xss, the constraints are satisfied in at
least the given fraction of worlds. An m stage SCSP is defined in an analogous
way to one and two stage SCSPs.

SCSPs are closely related to quantified CSPs (QCSPs). A QCSP can be viewed
as a SCSP where existential and universal variables correspond to decision and
stochastic variables, respectively. In such a SCSP, all values of the stochastic
variables have equal probability and the satisfaction threshold is 1.
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3 Forward Checking

Forward Checking for SCSPs was introduced in [I0] as an extension of the cor-
responding algorithm for CSPs. We first review this algorithm and show that it
suffers from a flaw. We then show how this flaw can be corrected and how FC
can be enhanced to achieve stronger pruning.

Figure [I] depicts the FC procedure of [I0]. FC instantiates the variables in the
order they appear in X. On meeting a decision variable, FC tries each value in
its domain in turn. The maximum value is returned to the previous recursive
call. On meeting a stochastic variable, FC tries each value in turn, and returns
the sum of all the answers to the subproblems weighted by the probabilities of
their occurrence. On instantiating a decision or stochastic variable, FC checks
forward and prunes values from the domains of future variables which break
constraints. If the instantiation of a decision or stochastic variable breaks a con-
straint, the algorithm returns 0. If all variables are instantiated without breaking
any constraint, FC returns 1.

Procedure FC(z,0;, 6) function check(z; «— v;,0;)
if i > n then return 1 for k:=i+1ton
0:=0 dwo := true
for each v; € D(z;) for each v; € D(zy)
if prune(i,j) = 0 then if prune(k,l) = 0 then
if check(z; < vj,6;) then if inconsistent(z; < v;, zr < v;) then
if z; € Xs then prune(k,l) :== ¢
p := prob(z; <« vj) if x1, € Xs then
G =q—p Qk = qk - prob(zy < vi)
0:=0+pxFC(i+1,(0:-0-¢;) /p,(0n-0) /p)  if q& < 6; then return false
restore(7) else dwo := false
if 0 4+ q¢; < 0; then return §  if dwo then return false
if & > 0;, then return 6 return true
else
0 := max(0, FC(i + 1, max(0, 6;),04))
restore(7)

if 0 > 0, then return 0
else restore(i)
return 6

Fig. 1. The FC algorithm of [10]

In Figure[l] a 2-dimensional array prune(i, j) is used to record the depth at which
the value v; € D(z;) is removed by forward checking. Each stochastic variable
xs; has an upper bound, ¢;, on the probability that the values left in D(zs;) can
contribute to a solution. This is initially set to 1. The upper and lower bounds, 6},
and 6; are used to prune search. By setting §; = 0, = 6, we can determine if the
optimal satisfaction is at least 6. By setting ; = 0 and 6;, = 1, we can determine
the optimal satisfaction.
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The calculation of these bounds in recursive calls is done as follows. Suppose
that the current assignment to a stochastic variable returns a satisfaction of 6.
We can ignore other values for this variable if 6 4+ px 6y > 6},. That is, if 69> (6},-
0)/p. This gives the upper bound in the recursive call to FC on a stochastic
variable. Alternatively, we cannot hope to satisfy the constraints adequately if
0 4+ px Oo+q; < 0; as ¢; is the maximum that the remaining values can contribute
to the satisfaction. That is, if 69<(6;-6-¢;)/p. This gives the lower bound in the
recursive call to FC on a stochastic variable. Finally, suppose that the current
assignment to a decision variable returns a satisfaction of 6. If this is more
than 6;, then any other values must exceed 6 to be part of a better policy.
Hence, we can replace the lower bound in the recursive call to FC on a decision
variable by max(6, 6;). Procedure restore, which is not shown, is called when a
tried assignment is rejected and when a backtrack occurs, to restore values that
have been removed from future variables and reset the value of ¢; for stochastic
variables.

Checking forwards fails if any variable has a domain wipeout (dwo), or (cru-
cially) if a stochastic variable has so many values removed that we cannot hope
to satisfy the constraints. When forward checking removes some value v; from
xs;, FC reduces ¢; by prob(zs; < v;), the probability that xs; takes the value
vj. This reduction on ¢; is undone on backtracking. If FC ever reduces g; to less
than 6;, it backtracks as it is impossible to set xs; and satisfy the constraints
adequately.

3.1 A Flaw in FC

As the next example shows, this last claim can be problematic. When the current
variable is a stochastic one, there are cases where, even if g; is reduced to less
than 6;, the algorithm should continue going forward instead of backtracking
because the satisfaction of the future subproblem may contribute to the total
satisfaction. The example considers the case where we look for the maximum
satisfaction.

Example 1. Consider a problem consisting of one decision variable xzd; and
two stochastic variables xsg, xss, all with {0,1} domains. The probabilities
of the values are shown in Figure 2h where the search tree for the problem
is depicted. There is a constraint between xd; and xse disallowing the tuple
<xdy; « 0,x80 «— 1>. There is also a constraint between zs, and zs3 disal-
lowing the tuple <xsy « 1,xs3 «— 0>. Assume that we seek the maximum
satisfaction of the problem. That is, initially §; = 0 and 6;, = 1.

FC will first instantiate xd; to 0 and forward check this assignment. As a
result, value 1 of xsy will be deleted and the dashed nodes will be pruned.
Then the algorithm will explore the non-pruned subtree below xd; «— 0 and
eventually will backtrack to xd;. At this point 6 will be 0.5 (i.e. the satisfaction
of the explored subtree). Now when FC moves forward to instantiate xsq, 0; will
be set to max(6;,0)=max(0,0.5)=0.5. The subtree below xss < 0, weighted by
prob(zss <« 0), gives 0.5 satisfaction. When assigning 1 to xss, check will return
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false because value 0 of xs3 will be removed and the remaining probability in
the domain of zs3 will be 0.4<#;. Therefore, FC will backtrack and terminate,
incorrectly returning 0.5 as the maximum satisfaction. Clearly, the maximum
satisfaction, which is achieved by the policy depicted with bold edges, is 0.7.

a) b)
Fig. 2. Search trees of Examples [Tl and

Function check correctly returns a failure when the current variable is a de-
cision one and for some future stochastic variable xs; forward checking reduces
q; below 6;. In this case, there is not point in exploring the subtree below the
current assignment. However, when the current variable is a stochastic one and
for some future stochastic variable, ¢; falls below #;, it is not certain that the
currently explored policy cannot yield satisfaction greater than the threshold.
What we need is a way to determine if the maximum satisfaction offered by the
current stochastic variable is enough to lift the total satisfaction over the lower
satisfaction bound or not. Therefore, we need to take into account the following
quantities: 1) the already computed satisfaction of the previously assigned values
of the current variable, 2) the maximum satisfaction of the subtree below the
current assignment, 3) the sum of the probabilities of the following values of the
current variable (i.e. the maximum satisfaction that they can contribute). If the
sum of these quantities is lower than ; then the current assignment can be safely
rejected. Otherwise, we must continue expanding it. This idea is formulated in
more detail further below, after we describe a simple way to enhance the pruning
power of FC.

3.2 Improving FC

We can save search effort by performing stronger pruning inside function check.
When making forward checks and removing values from future stochastic vari-
ables, the FC algorithm of [I0] exploits only a “local” view of the future problem.
But as values are removed from future stochastic variables, the maximum pos-
sible satisfaction of the current assignment is reduced. FC fails to exploit this
because it considers value removals from any future stochastic variable as “inde-
pendent” of value removals from other future stochastic variables. However, it is
possible that enough values are removed from a number of stochastic variables so
that the maximum possible satisfaction of the current assignment cannot exceed
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;. The maximum possible satisfaction of an assignment v; to the current vari-
able x; is equal to [[)_,,, 'f:’g””s)' prob(xs « v;) (weighted by the probability
of x; « wvj; if ; is stochastic), where only values that have not been pruned
are considered. In words, we sum the probabilities of the remaining values for
all future stochastic variables and multiply the sums. Before explaining how we
can exploit this, we present an example that demonstrates the savings in search

effort that can be achieved through such reasoning.

Example 2. Consider a problem consisting of one decision variable xzd; and
two stochastic variables xsg, xss, all with {0,1} domains. The probabilities
of the values are shown in Figure @b where the search tree of the problem
is depicted. There is a constraint between xd; and zss disallowing the tu-
ples <xd; «— 0,xs2 «— 0> and <xzd; <« 1,zs9 < 0>. There is also a con-
straint between xd; and xss disallowing the tuples <zd; < 0,xs3 < 1> and
<xzdy «— 1,zs3 < 1>. Assume that we are looking for the maximum satisfaction.

FC will first instantiate xd; to 0 and forward check this assignment. As a re-
sult, values 0 and 1 will be removed from the D(xs2) and D(zs3) respectively.
Since g2 and g3 do not fall below 6;, the algorithm will continue to make the
instantiations sy < 1 and xss «— 0. After backtracking to xzdy, the current sat-
isfaction @ for xzd; will be 0.64. Now FC will instantiate xd; to 1, forward check
the assignment, remove values 0 and 1 from the domains of xs, and xss, and
proceed to instantiate the stochastic variables. Similarly as before, the satisfac-
tion of assignment xd; <« 1 will be 0.64. Therefore, FC will return the maximum
satisfaction among the values of xd;y, which is 0.64. To find this, FC needs to visit
six nodes in the search tree (the gray nodes in Figure 2b).

Consider again the point when after the satisfaction of assignment xd; « 0
has been computed, the algorithm instantiates xd; to 1. Forward checking re-
moves values 0 and 1 from D(xss) and D(xs3) respectively, and as a result the
maximum possible satisfaction of assignment xd; « 1 is equal to prob(xss «—
1)xprob(xzss < 0) = 0.64. This is not greater than the satisfaction of assign-
ment xzdy < 0, and therefore, the algorithm need not proceed to instantiate the
stochastic variables. Since there is no other value in D(zd;), we can determine
that the satisfaction of the problem is 0.64. In this way, the problem is solved
visiting four instead of six nodes.

Figure [ depicts the improved check function of FC. The identified flaw is cor-
rected in lines 10-13 where we differentiate between the case where the current
variable is a stochastic one and the case where it is a decision one. In both cases
we first compute (;; the maximum satisfaction that the current assignment can
yield. This is computed as the product of the sums of probabilities of the values
that are left in the domains of the future stochastic variables. In this way we
get a better estimation of the maximum satisfaction that the current assignment
can provide and the efficiency of the algorithm, compared to the version given in
[10], is improved. Note that ¢; is computed each time FC has filtered the domain
of a future variable. Alternatively, we can compute it once after FC has finished
with all future variables. In this case we can save repeating some computations
but may perform redundant consistency checks.
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function check(z; «— vy, gi, 01,0)
gi = gi - prob(z; < vj)
for k:=i+1ton
dwo := true
for each v; € D(z)
if prune(k,!) = 0 then
if inconsistent(z; «— v;, zy < v;) then
prune(k,l) :==1
if z;, € Xs then
Gi=1Ilis Itling)\ prob(zs < vy)
if z; € Xs then
if ¢; x prob(x; < v;) + 0 + ¢; < 0; then return false
else
13: if (; < 6; then return false
14: else dwo := false
15:  if dwo then return false
16: return true

—_ =
e

Fig. 3. The improved check function of FC

If the current variable is a decision one and (; falls below 8; then we return false
as is is not possible to extend the current assignment in a way that the threshold
is satisfied. If the current variable is a stochastic one then we multiply (; with
the probability of the current assignment, add the satisfaction () yielded by
previously tried assignments to the current variable, add the sum of probabilities
(¢;) of the remaining values for the current variable, and compare the resulting
quantity with 6;. If it is lower then we return fail because we know that there is
no way to extend the current assignment, so that the threshold is satisfied, even
if the current assignment and the remaining assignments to the current variable
yield the maximum possible satisfaction.

4 Arc Consistency

Arc consistency (AC) is an important concept in CSPs since it is the basis of
constraint propagation in most CSP solvers. In this section we first define AC for
SCSPs and then describe an AC algorithm for SCSPs that can handle constraints
of any arity. We show that, apart from the case of domain wipeout, failure can
also be determined when enough values are removed from stochastic variables.
We also introduce a specialized pruning rule that can be used to remove values
from certain decision variables.

Before defining AC, we give a definition of consistency for values of decision
variables. To do this, we adjust the corresponding definitions for QCSPs given
in [23]. Intuitively, a value v € D(zd;) is inconsistent if the assignment zd; — v
cannot participate in any satisfying policy.

Definition 1. A value v € D(xd;) is consistent iff there is a satisfying policy,
in which one scenario at least, includes the assignment x; < v.
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Given the above definition, determining the consistency of a value involves find-
ing all solutions (satisfying policies) to a SCSP. The definition of AC and the
development of relevant filtering algorithms can hopefully help us perform prun-
ing by local reasoning. We first give some necessary notation. Given a SCSP
A=< X,5D,P,C,0 > we denote by A, the SCSP in which only one con-
straint ¢; € C is considered, i.e. the SCSP < X, S, D, P, ¢;,0; >. T[x;] gives the
value that variable x; takes in tuple 7. A tuple of assignments 7 is valid if none of
the values in 7 has been removed from the domain of the corresponding variable.
A tuple 7 of a constraint ¢; supports a value v € z; iff 7[z;] = v, 7 is valid, and
7 is allowed by c;.

Definition 2. A value v € D(zd;) is arc consistent iff, for every constraint
c; € C, v is consistent in A.,. A value v € D(xs;) is arc consistent iff, for every
constraint c; € C, there is a tuple that supports it. A SCSP is arc consistent iff
all values of all variables are arc consistent.

Note that we differentiate between decision and stochastic variables. The defini-
tion of AC for values of decision variables subsumes the classical AC definition
(which is used for values of stochastic variables). The above definition covers
the general case where they may be multiple chance constraints. But in the
problems considered here, where there is only a single global chance constraint,
determining if a given SCSP is AC is a task just as hard as solving it. This is
analogous to achieving AC in a classical CSP where all constraints are combined
in a conjunction.

In the following we describe an algorithm that is not complete (i.e. it does not
compute the AC-closure of a given SCSP) but can achieve pruning of some arc
inconsistent values through local reasoning, and therefore in some cases detect
arc inconsistency. In addition, the algorithm can determine failure if the maxi-
mum possible satisfaction falls below 6; because of deletions from the domains
of stochastic variables. The AC algorithm we use as basis is GAC2001/3.1 [1].
This is a coarse-grained (G)AC algorithm that does not require complicated data
structures, while it achieves an optimal worst-case time complexity in its binary
version. In addition to these features, GAC2001/3.1 facilitates the implementa-
tion of a specialized pruning rule that can remove arc inconsistent values from
certain decision variables through local reasoning. The motivation for this rule
is demonstrated in the following example.

Ezample 3. Consider a problem consisting of two decision variables xd; and xds
and two stochastic variables xsg, xs4, all with {0, 1} domains. The probabilities
of the values are shown in Figure Ml where the search tree of the problem is
depicted. There is a ternary constraint ¢; with var(c;) = {xda, xss, xs4} which
disallows tuples <zdy < 0,83 < 0,254 +— 0> and <zds « 0,xs3 «— 1,x53 «—
1>. Assume that we are trying to determine if the satisfaction is at least 0.6.
It is easy to see that any policy which includes assignment xzdy «— 0 can-
not achieve more than 0.5 satisfaction since assigning 0 to zdy leaves {xs; «—
0,284 «— 1} and {xs3 < 1,zs4 < 0} as the only possible sets of assignments for
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Fig. 4. Search tree of Example Bl

variables xs3 and xs4, and these together yield 0.5 satisfaction. Therefore, we
can safely prune the search tree by deleting value 0 of xzdy prior to search.

We can generalize the idea illustrated in the example to the case where we reach a
block of consecutive decision variables during search. Then if we identify certain
values of these variables that, if assigned, result in policies which cannot yield
satisfaction more than the current lower bound 6;, then we know that these values
are arc inconsistent and can thus prune them. We have incorporated this idea in
the AC algorithm described below. Similar reasoning can be applied on decision
variables further down in the variable sequence (i.e. not in the current block).
However, identifying arc inconsistent values for such variables is an expensive
process since it requires search.

Our algorithm for arc consistency in SCSPs is shown in Figure [l Before
explaining the algorithm we give some necessary notation and definitions.

— We assume that the tuples in each constraint are ordered according to the
lexicographic ordering. In the while loop of line 26, NIL denotes that all
tuples in a constraint have been searched.

— As in GAC2001/3.1, Last((x;,v),c;) is the most recently discovered tuple
in ¢; that supports value v € D(x;), where x; € var(c;). Initially, each
Last((z;,v), ¢;) is set to 0. ¢ var denotes the currently instantiated variable.
If the algorithm is used for preprocessing, ¢ var is 0.

— When we say that “variable x; belongs to the current stage in X” we mean
that ¢ var is a decision variable and x; belongs to the same block of variables
as ¢ var. In case Stochastic AC is used for preprocessing, we say “variable
x; belongs to the first stage in X” meaning that the first block of variables
in X is composed of decision variables and x; belongs to this block.

— 0(z;,v),¢; holds the maximum satisfaction that can be achieved by the possible
assignments of the stochastic variables after decision variable x; in var(c;)
if value v is given to z;. This is calculated by summing the probabilities of
the tuples that support z; < v in ¢;. In this context, the probability of a
tuple T =<...,z; < v,...> is the product of the probabilities of the values
that the stochastic variables after x; take in 7.

Stochastic AC uses a queue (or stack) of variable-constraint pairs. Essentially
it operates in a similar way to GAC2001/3.1 with additional fail detection and
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function Stochastic_AC(c_var, 6;)

11 Q«— {mi, cjle; € C,zy € var(c;)}

2: if cvar = 0 then

3: for each (z;,cj)|z; € var(c;),z; € Xd and Iz, € Xs,m > i and z, € var(c;)
4: for each v € D(x;)

5: 9(zi,u),cj «—0

6: for r=Last((xs, v), ¢;) to last tuple in ¢;

7 if 7[z;] = v and 7 is valid and 7 is allowed by ¢; then

8: 0, — quf;fiﬂ)‘ prob(zs « 7[xs])

9: G(Ei,v),c]- — e(xi,v),cj' + 0T

10: if x; belongs to the first stage in X and e(zi,v%c]' < 6; then
11: remove v from D(z;)

12: if D(z;) is wiped out then return false

13: while @ not empty do

14:  select and remove a pair (z;, ¢;) from Q

15:  fail < false

16:  if Revise(z;, ¢j, c-var, 0; fail)

17: if fail=true or a domain is wiped out then return false
18: Q — QN{(zk,cmlem € Cyzi,xr € var(em),m # j,i # k}
19: return true

function Revise(z;, ¢;, c_var, 6;,fail)

20: DELETION « FALSE

21: for each value v € D(z;)

22:  if Last((z;,v), ¢;) is not valid then

23: if z; € Xd and 3z, € Xs,m > i and 2, € var(c;) then
24: e(zi,v),c_j — e(a;,',,'u),Cj - eLast((z,',,v),CJ)

25: T « next tuple in the lexicographic ordering

26: while 7 # NIL

27: if 7[x;] = v and 7 is allowed by ¢; then

28: if 7 is valid then break

29: else if z; € Xd and 3z, € Xs,m > i and zy, € var(c;) then
30: e(zi,u),cj — e(z,,v),cj -0,

31: T «— next tuple in the lexicographic ordering

32: if z;, c.var € Xd and z; belongs to the current stage in X and 9(“,”),@] < 6; then
33: remove v from D(z;)

34: DELETION « TRUE

35: else if 7 # NIL then

36: Last((z,v),¢;) < T

37: else

38: remove v from D(x;)

39: ifz; € Xs

40: o= Hg:c,var+l ngzm prob(zs < vt)

41: if (; < 0, then

42: fail « true

43: return true

44: DELETION «— TRUE

45: return DELETION

Fig. 5. An arc consistency algorithm for stochastic CSPs
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pruning operations to account for the stochastic nature of the problem. Initially,
all variable-constraint pairs (x;, ¢;), where z; € var(c;), are inserted in Q). Then,
a preprocessing step, which implements the pruning rule described above, takes
place (lines 2-12). For every decision variable z; and any constraint ¢; where
x; participates, such that the constraint includes stochastic variables after x; in
vars(c;) (this is tested in line 3), we iterate through the available values in D(z;).
For each such value v we compute the maximum satisfaction 6, ., that the
stochastic variables after x; in vars(c;) can yield, under the assumption that z;
is given value v. This is computed as the sum of satisfaction for all sub-tuples
that support x; «— v in ¢;. The satisfaction of a sub-tuple is simply the product
of probabilities for the values of the stochastic variables after x; < v in the
tuple (line 8). In case x; belongs to the first stage in the problem and 0(,, ..,
is less than 6; then we know that the assignment z; « v cannot be part of a
policy with satisfaction greater than ¢; and therefore v is removed from D(z;).
If no domain wipeout is detected then the algorithm proceeds with the main
propagation phase.

During this phase pairs (z;,c;) are removed from @ and function Revise is
called to look for supports for the values of x; in ¢;. For each value v € D(z;)
we first check if Last((z;,v),¢;) is still valid. If it is we proceed with the next
value. Otherwise we search c;’s tuples until one that supports v is found or
there are no more tuples (lines 25-31). In the former case, Last((z;,v),¢;) is
updated accordingly (line 36). In the latter case, v is removed from D(x;) (line
38). If z; is a decision variable then 0(2:,v),c; 15 Teduced while the search for a
support in ¢; proceeds. This is done as follows: Whenever a tuple 7 that was
previously a support for z; < v in ¢; but is no longer one (because it is no
longer valid) is encountered, 64, ..., is reduced by 6, (lines 24,30). As in the
preprocessing phase, 0, is computed as the product of probabilities for the values
of the stochastic variables after z; «— v in 7. If 64, ) ., falls below 6;, the current
variable is a decision one and x; belongs to the same stage as it, then v is removed
from D(z;) (lines 32,33).

If a value of a stochastic variable is removed then we check if the remaining
values in the domains of the future stochastic variables can contribute enough to
the satisfaction of the problem so that the lower bound is met. This is done in a
way similar to the improved function check of FC. That is, by comparing quantity
| ) S DIl brob(zs «— vr) to 6;. If it is lower then the algorithm returns
failure as the threshold cannot be met. If this occurs during search then the
currently explored policy should be abandoned and a new one should be tried.

The Pruning Rule for Binary Constraints. Pruning of decision variables
that belong to the current decision stage can be made stronger when dealing with
binary constraints. For each binary constraint c;, where var(c;) = {zd;, zs;},

and each value v € D(xd;), we can calculate the maximum possible satisfaction
|D(@s)]

t=Last((zd;,v),zs;)’
t and v are compatible. In this case Last((xd;,v),zs;) is the most recently dis-

covered value in D(zs;) that supports v. Therefore, the maximum satisfaction

of assignment wd; < v on constraint ¢; as 0(z4; v),zs, = s.t.
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of assignment xd; < v is the product of 0,4, v),zs, for all constraints c;, where
var(cj) = {xd;,zs;} and zs; is after zd; in the variable sequence. By compar-
ing this quantity with 6; (lines 10 and 32), we can exploit the probabilities of
future stochastic variables in a more “global” way, as in the enhancement of FC
described in Section [B] and thus stronger pruning can be achieved.

Note that a similar, but more involved, enhancement is possible for non-
binary constraints but in that case we have to be careful about future stochastic
variables that appear in multiple constraints involving xd;. When calculating
the maximum possible satisfaction we have to make sure that the probabilities
of the values of each such stochastic variable are taken into account only once.
When dealing with binary constraints no such issue arises, assuming that each
stochastic variable can participate in at most one constraint with xd;.

We now analyze the time complexity of algorithm Stochastic AC. We assume
that the maximum domain size is D and the maximum constraint arity is k.

Proposition 1. The worst-case time complexity of Stochastic AC is
O(enk?Dk+1),

Proof. The preprocessing phase of lines 2-12 is executed for decision variables.
For every constraint c; that includes a decision variable z; and at least one later
stochastic variable, we go through all values in D(x;). For each such value v,
we iterate through the, at most, D*~! tuples that include assignment x; «— v.
Assuming that the calculation of the product of probabilities requires O(k) oper-
ations, the complexity of the preprocessing phase is O(eDkD*~'k)=0(ek?D").

In the main propagation phase there are at most kD calls to Revise for any
constraint c¢;, one for every deletion of a value from the k variables in var(c;). In
the body of Revise (called for x; € var(c;)) there is a cost of O(kD*~1) to search
for supporting tuples for the values of z; (see [I] for details). The complexity of
the pruning rule for decision variables is constant. The failure detection process
of lines 35-39 costs O(nD) in the worst case. Therefore, the asymptotic cost of
one call to Revise is O(kD*"'nD)=0(nkDF). Since there can be kD calls to
Revise for each of the e constraints, and the use of Last((xz;, v), ¢;) ensures that
in all calls the search for support for v € D(z;) on ¢; will never check a tuple
more than once, the complexity of Stochastic AC is O(enk2D*+1) O

Since the preprocessing phase alone costs O(ek?D*), we may want to be selective
in the constraints on which the pruning rule is applied, based on properties such
as arity and domain size of the variables involved.

The space complexity of the algorithm is determined by the data structures
required to store Last((w;,v),¢;) and 64, +).c,- Both need O(ekD) space, so this
is the space complexity of Stochastic AC. However, this may rise to O(enkD)
when Stochastic AC is maintained during search and no advanced mechanism
is used to restore the Last((w,v),c;) and 0y, 1), structures upon failed in-
stantiations and backtracks. This may be too expensive in large problems but
it is always possible to reduce the memory requirements by dropping structures
Last((zi,v),¢;) and 64, ..., and reverting to a (G)AC-3-type of processing.
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5 Experiments

We ran some preliminary experiments on randomly generated binary SCSPs. The
best algorithm was the improved version of FC coupled with AC preprocessing.
AC appears to be advantageous when used for preprocessing, but MAC is slower
than FC on these problems. To generate random SCSPs we used a model with
four parameters: the number of variables n, the uniform domain size d, the
constraint density p (as a fraction of the total possible constraints), and the
constraint tightness ¢ (as a fraction of the total possible allowed tuples). The
probabilities of the values for the stochastic variables were randomly distributed.
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Fig. 6. AC+FC on random problems

Figure [6] demonstrates average results (over 50 instances) from SCSPs where
n =20,d=3,p=0.1, and ¢ is varying from 0.1 to 0.9 in steps of 0.1. We show
the cpu time (in seconds) and node visits required by FC with AC preprocessing
to find the maximum satisfaction. The curve entitled “l-stage” corresponds to
one-stage problems where 10 decision variables are followed by 10 stochastic
ones, while the curve entitled “alternating” corresponds to problems where there
is an alternation of decision and stochastic variables in the sequence. As we can
see, both types of problems give similar results. When there are few allowed
combinations of values per constraint, problems are easy as the algorithm quickly
determines that most policies are not satisfying. When there are many allowed
combinations of values per constraint, problems are much harder since there are
many satisfying policies, and as a result, a larger part of the search tree must
be searched to find the maximum satisfaction.

6 Conclusion and Future Work

We developed algorithms for SCSPs based on the exploration of the policy space.
We first identified and corrected a flaw in the FC procedure proposed by Walsh.
We also extended FC to better take advantage of probabilities and thus achieve
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stronger pruning. Then we defined AC for SCSPs and introduced an AC algo-
rithm that can handle constraints of any arity. We ran some preliminary exper-
iments, but further experimentation is necessary to evaluate the practical value
for the proposed algorithms.

In the future we intend to further enhance the backtracking algorithms pre-
sented here, both in terms of efficiency (e.g. by adding capabilities such as back-
jumping), and in terms of applicability (e.g. by extending them to deal with
multiple chance constraints, joint probabilities for stochastic variables and opti-
mization problems). Also we plan to investigate alternative approaches to solving
stochastic CSPs. In particular, techniques adapted from stochastic programming
[8] and on-line optimization [0]. Some techniques of this kind have been already
successfully developed in [7].
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Abstract. This article presents a generic filtering scheme, based on the graph de-
scription of global constraints. This description is defined by a network of binary
constraints and a list of elementary graph properties: each solution of the global
constraint corresponds to a subgraph of the initial network, retaining only the sat-
isfied binary constraints, and which fulfills all the graph properties. The graph-
based filtering identifies the arcs of the network that belong or not to the solution
subgraphs. The objective is to build, besides a catalog of global constraints, also
a list of systematic filtering rules based on a limited set of graph properties. We
illustrate this principle on some common graph properties and provide computa-
tional experiments of the effective filtering on the group constraint.

1 Introduction

The global constraint catalog [3]] provides the description of hundreds of global con-
straints in terms of graph properties: The solutions of a global constraint are identified
to the subgraphs of one initial digraph sharing several graph properties. Existing graph
properties use a small set of graph parameters such as the number of vertices, or arcs,
or the number of connected components(cc).The most common graph parameters were
considered in [6]. It showed how to estimate, from the initial digraph, the lower and
upper values of a parameter in the possible solution subgraphs. Those bounds supply
necessary conditions of feasibility for almost any global constraint.

This article goes one step further by introducing systematic filtering rules for those
global constraints. The initial digraph describing a global constraint is indeed a network
of constraints on pairs of variables. To each complete instantiation of the variables cor-
responds a final subgraph obtained by removing from the initial digraph all the arcs (i.e.,
the binary constraints) that are not satisfied. Since solution(s) of the global constraint
correspond to final subgraphs fulfilling a given set of graph properties, filtering consists
in identifying and dropping elements of the initial digraph that do not belong to such
subgraphs, or to force those elements that belong to any solution subgraphs.

A first way to achieve this identification might be to use shaving [[11]]. That is, fix the
status of an arc or a vertex, and check if it leads to a contradiction. Since this is very
costly in practice, we present in this article another way to proceed. The filtering rules
proposed thereafter apply whenever a graph parameter is set to one of its bounds.

Last, the global constraints can be partitioned wrt. the class that their associated final
digraphs belongs to. Taking into account a given graph class leads to a better estimation
of the graph parameter bounds and then a more effective filtering.

F. Benhamou (Ed.): CP 2006, LNCS 4204, pp. 59-{74] 2006.
(© Springer-Verlag Berlin Heidelberg 2006
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The article is organized as follows: Section P recalls the graph-based description of
global constraints and introduces a corresponding reformulation. Section [3] sets up a
list of notations in order to formalize the systematic graph-based filtering. Section [4]
presents the filtering rules related to the bounds of some graph parameters. Section
shows how the graph-based filtering relates to existing ad-hoc filtering for some global
constraints. Section [@] illustrates how refining the filtering according to a given graph
class and provides computational results on the group constraint, which belongs to the
pat h wi t h | oops graph class.

2 Graph-Based Description of Global Constraints

2.1 Graph-Based Description

Let C(V4,...,Vp,21,...,2,) be a global constraint with domain variabled] Vi,...,
Vp, and domain or set variabled] x1,...,Tn. When it exists, a graph-based description
of C'is given by one (or several) network(s) Gr = (X, Er ) of binary constraints over
X = {x1,...,x,} in association with a set GPr = {Prop; Vi |l = 1,...,p} of
graph properties and, optionally, a graph class cg, where:

— The constraints defining the digraph Gz = (X, Er) share the same semantic (typ-
ically it is an equality, an inequality or a disequality). Let x; Rz denote the so-
called arc constraint between the ordered pair of variables (z;,zx) € Ex (or the
unary constraint if j = k).

— P; op; Vi expresses a graph property comparing the value of a graph parameter
P, to the value of variable V;. The comparison operator op; is either >, <, =, or
#. Among the most usual graph parameters P;, let NARC denote the number of
arcs of a graph, NVERTEX the number of vertices, NCC the number of cc,
MIN NCC and MAX NCC the numbers of vertices of the smallest and the
largest cc respectively.

— cg corresponds to recurring graph classes that show up for different global con-
straints. For example, we consider graphs in the classes acycl i ¢, symetri c,
bi partite.

Gr is called the initial digraph. When all variables z are instantiated, the subgraph
of G'r, obtained by removing all arcs corresponding to unsatisfied constraints x;Rxy,
as well as all vertices becoming isolated, is called a final digraph (associated to the
instantiation) and is denoted by G = (X, Ey).

The relation between C' and its graph-based description is stated as follows:

Definition 1. A complete assignment of variables V1, ...,Vp,1,..., Ty is a solution
of C iff the final digraph associated to the assignment of x1, . .., X, satisfies all graph
properties Py op; Vi in GPx and belongs to the graph class cr.

' A domain variable D is a variable ranging over a finite set of integers dom(D). min(D) and
max (D) respectively denote the minimum and maximum values in dom(D).

2 A set variable S is a variable that will be assigned to a finite set of integer values. Its domain
is specified by its lower bound S, and its upper bound S, and contains all sets that contain .S
and are contained in S.
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Example 1. Consider the proper forest(NTREE, VER) constraint introduced in [3].
It receives a domain variable NTREE and a digraph G described by a collection of n
vertices VER: each vertex is labelled by an integer between 1 and n and is represented
by a set variable whose lower and upper bounds are the sets of the labels of respectively
its mandatory neighbors and its mandatory or potential neighbors in G. This constraint
partitions the vertices of GG into a set of vertex-disjoint proper trees (i.e., trees with at
least two vertices each).

Part (A) of Figure [[lillustrates such a digraph G, where solid arrows depict manda-
tory arcs and dashed arrows depict potential arcs. Part (B) of the figure shows a pos-
sible solution on this digraph with three proper trees. In the graph-based descrip-
tion of proper forest, the initial digraph corresponds exactly to G and has no
loop. Any final digraph G contains all the mandatory arcs of G and belongs to the
symmret ri ¢ graph class Moreover G ¢ has to fulfill the following graph properties:
NVERTEX = n (since it is a vertex partitioning problem, Gy contains all the ver-
tices of ), NARC = 2 (n — NTREE) (2 since Gy is symmetric, and n — NTREE since
we have NTREE acyclic connected digraphs) and NCC = NTREE.

®© 6 66— O
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Fig. 1. (A) A digraph and (B) a solution with three proper trees for the proper forest constraint

2.2 Graph-Based Reformulation

According to Definition[Il any global constraint C(V4,. .., V,, 21, ..., 2,) holding a
graph-based description can be reformulated as follows:

Proposition 1. Define additional variables attached to each constraint network Gr =
(X, ER): to each vertex x; and to each arc eji, of Gr correspond 0-1 variables respec-
tively denoted vertex ; and arcji,. Vertex and Arc denote these sets of variables. Last,
let Gy denote the subgraph of Gr, whose vertices and arcs correspond to the variables
vertex; and arc;y, set to 1. Then constraint C holds iff the following constraints hold:

arc;r =1 & xRz, Vejr € BEr (1)

vertez; = min(1, Z{k | e;n€ER} TCk + Z{k | en;€BR} arcy;), Vz; € X (2)
ctrp, (Vertex, Are, P), V(P op; Vi) € GPr 3)

Constraint @) is satisfied when P, is equal to the value of the corresponding parameter Py in Gy.
PiopVi, V(P op Vi) € GPx @)

ctrey, (Vertex, Arc) Q)

Graph-class constraint (3) is sarisfied if G belongs to the graph class cr.

SA digraph is symmetric iff, if there is an arc from w to v, there is also an arc from v to w.
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Example 2. Consider again the proper forest constraint previously introduced.
Since its final digraph is symmetric and does not contain isolated vertices, the graph-
class constraint () is the conjunction of the following constraints: arcj, = arcy; for
each arc e, and vertezr; = min(1,2-> ¢ | ejkeER}arcjk) for each vertex x; in Gr.

Filtering domains of variables V' and x according to C' can be achieved by enforcing
alternatively, and for each constraint network Gz, the five sets of constraints of this re-
formulation. Enforcing constraints (1), (), @) and (3) is mostly trivial since these con-
straints are elementary arithmetic constraints. The generic graph-based filtering mainly
lies then on maintaining consistency according to constraints (3, from the arc and
vertex variables to the bounds of the graph parameter variables P, and conversely.
In [6] it was presented, for some usual graph parameters, how to estimate their minimal
(F,) and maximal (FP;) values in the final digraphs G ¢, given the current state of the arcs
and vertices of Gx. Section ] shows how in turn, the status of some arcs and vertices
can be determined according to a graph parameter variable when it is set to one of its
extreme values (i.e. dom(P;) = {P;} or dom(P;) = {P,}).

Hence, the approach relies on identifying the possible final digraphs in G that min-
imize or maximize a given graph parameter. Any final digraph contains (resp. does not
contain) the arcs and vertices corresponding to arc and vertez variables fixed to 1 (resp.
to 0). Since it has no isolated vertices, we assume that the normalization constraints ()
are enforced before estimating a graph parameter. Section [6] shows how refining this
estimation when the final digraphs must belong to a given graph class, by also first
enforcing constraints (3.

Since the proposed reformulation allows to model a lot of global constraints for
which enforcing AC is known to be impossible (e.g. nvalue) we cannot expect to get
AC in general. Even with a complete characterization of all feasible values of a graph
parameter and of all corresponding unfeasible arcs (arcs that do not belong to final
digraphs satisfying a parameter value), we cannot enforce AC in general because of
the inter-dependency of constraints () : the arc variables are not independent of each
other.

3 Notations for a Systematic Filtering

As for the graph-based description of any global constraint, we aim at providing a cat-
alog of generic filtering rules related to the bounds of graph parameters. In order to
formalize this, we first need to introduce a number of notations.

Let G be an initial digraph associated to the graph-based description of a global
constraint. The current domains of variables arc and vertex of the reformulation cor-
respond to a unique partitioning of the arc and vertex sets of G'z, denoted as follows:

Notation 1. A vertex x; or an arc ejy, of GR is either true (T), false (F'), or undeter-
mined (U) whether the corresponding variable vertex ; or arcjy, is fixed to 1, fixed to 0
oryet unfixed (with domain {0, 1} ). This leads to the partitioning of the vertex set of Gr
into X7 U X U Xy and to the partitioning of the edge set of G into ET U Er U Ey.
For two distinct elements Q and R in {T,U, F}, let Xqr denote the vertex subset
Xo U XRg, and Eqp denote the arc subset Eq U ER.



Graph Properties Based Filtering 63

Once the normalization constraints are enforced, subgraph (X, Er) is well defined
and is included in any final digraph. (Xry, E7y) is also a subgraph of G, called the
intermediate digraph, and any final digraph is derived from this by turning each U-arc
and U-vertex into T or ' We aim at identifying the final digraphs in which a graph
parameter P reaches its lower value P or its upper value P. An estimated bound is
said to be sharp if for any intermediate digraph, there exists at least one final digraph
where the parameter takes this value. To estimate these bounds, we deal with different
digraphs derived from the intermediate digraph:

Notation 2. For any subsets Q, R and S of {T,U, F'}, Xg and X g are vertex subsets
and ER is an arc subset of the initial digraph, and:

— Xq,r (resp. Xq,—R) denotes the set of vertices in Xq that are extremities of at
least one arc (resp. no arc) in ER.

- Xq,Rr,s (resp. Xq r,—s) denotes the set of vertices in Xq g that are linked to at
least one vertex (resp. to no vertex) in X g by an arc in ERy.

- X@,~R,s (resp. Xq —Rr,—s) denotes the set of vertices in Xq g that are linked to
at least one vertex (resp. to no vertex) in Xg by an arc in Ery.

— ER g is the set of arcs in ER that are incident on at least one vertex in Xg.

— ER,,s is the set of arcs in ER that are incident on one vertex in X¢ and on one
vertex in Xg.

Notation 3. Given a digraph G and subsets X of vertices and & of arcs:

- 5)(/1’, &) denotes the induced subgraph of G containing all vertices in X and all
arcs of € having their two extremities in X.

- G (X, &) denotes the corresponding undirected graph: to one edge (u,v) corre-
sponds at least one arc (or loop) (u,v) or (v, u) in 5(26, ).

— cc(G) denotes the set of cc of G and ccicona)(G) denotes the subset of cc that
satisfy a given condition cond.

Notation 4. ﬁrem denotes the (undirected) induced subgraph of <6)()(TU7 Ey) ob-

tained by removing all vertices present in ccjg,|>1](G (X1, ET)) and then by remov-
ing all vertices becoming isolated in the remaining undirected graph.

Last, we recall some graph theoretic terms:

Definition 2. — A matching of an undirected graph G is a subset of edges, excluding

loops, such that no two edges have a vertex in common. A maximum matching is

a matching of maximum cardinality. 1(G) denotes the cardinality of a maximum

matching of G. If loops are allowed in the matching then it is called a [-matching
and the maximum cardinality of an l-matching in G is denoted by 1;(G).

— Given a bipartite graph G((Y, Z), E), a hitting set of G((Y, Z), E) is a subset Z'

of Z such that for any vertex y € Y there exists an edge in E connecting y to a
vertex in Z'. h(G) denotes the cardinality of a minimum hitting set of G.

* In the context of CP(Graph) [9], these two digraphs respectively correspond to the lower and
upper bounds of a graph variable. Note that, as a consequence, our approach can easily be
adapted to providing a generic filtering for CP(Graph).
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4 Filtering from Bounds of Graph Parameters

This section illustrates on the examples of NVERTEX and NCC, how to filter
according to a graph-parameter constraint ctrp, ( Vertex, Arc, P;) (Constraint () of
Proposition[T)). Table [Tl first recalls the generic formula to estimate the bounds of these
two parameters according to the current instantiation of Verter and Arc. These results
were previously given in [6]. All these bounds are sharp. Then we present a reverse fil-
tering when dom(P) = {P} or dom(P) = {P}. The next rules allow to determine the
status of U-vertices and U -arcs of the intermediate digraph whenever any final digraph
must contain exactly the minimal or the maximal number of vertices or of cc.

Table 1. Bounds of the different graph parameters

Graph parameters Bound Graph parameters Bound
- =
NVERTEX X7 |+ h(G (Xp,~7,~7> XU,~1,7) Bu,7))  NCC  eeqxp1>1)(C Xy, Ery))l

NVERTEX |Xpy| NCC ‘C"[\ET\zl](a(XT’ Er)| + 1y (G rem)

4.1 Filtering from NVERTEX

NVERTEX is equal to the current number of T-vertices, | X/, plus the minimum
number of U-vertices that should be turned into 7T'-vertices to avoid isolated T'-vertices.
This estimation is based on the computation of the cardinality of a minimum hitting set.

Theorem 1. [fdom(NVERTEX) = {NVERTEX} then

1. Any U-vertex in Xy, ~1 -1 is turned into an F-vertex.

2. Any U-vertex in Xy —7 1 that does not belong to any minimum hitting set of ﬁ
(X711, Xvu,~7,1), EUT) is turned into an F-vertex (notably if it is not linked
to any vertex in X 1 -1).

3. Any U-vertex in Xy that belongs to all minimum hitting sets of (5)
(X1,~1~71, Xv,~11), EU T) is turned into a T-vertex.

4. Forall edges e = (u,v) such thatw € X 1 1 andv € Xy, 7,71, if all minimum
hitting sets are such that v is the only vertex that can be associated with u, and if a
unique arc corresponds to e in E’)((XTﬁTﬁT7 Xv,—r.1), Eur), then this arc can
be turned into a T-arc.

Example 3. Part (A) of Figure Plillustrates Theorem[I] according to the hypothesis that
the final digraph should not contain more than 7 vertices The U-vertices 1 and 10 are
turned into F'-vertices according to Item 1. Since they do not belong to any minimum
hitting set, the U-vertices 4, 5 and 12 are turned into F'-vertices according to Item 2.
Since the U-vertex 9 belongs to all minimum hitting sets, it is turned into a T'-vertex
according to Item 3. Last, the U-arc (8,9) is turned into a T-arc according to Item 4.
Part (B) depicts the corresponding graph ?((XTﬁTﬁp Xv,—~r71), Eur) used for
computing the cardinality of a minimum hitting set (represented by thick lines).

5 As in Figure [l solid arrows/circles depict T-arcs/vertices and dashed arrows/circles depict
U-arcs/vertices in the intermediate digraph.
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Fig. 2. Filtering according to NVERTEX: Illustration of Theorems [[](A, B) and @ (C)

Since Theorem[T]involves computing the cardinality of a minimum hitting set, which is
exponential, we provide a weaker form of Theorem [l

Corollary 1. If dom(NVERTEX) = {|X1|} then any U-vertex is turned into a
F-vertex.

4.2 Filtering from NVERTEX

NVERTEX corresponds to final digraphs derived ﬁ(XTU,ETU) by turning all
U-vertices into T'.

Theorem 2. If dom(NVERTEX) = {NVERTEX} then any U-vertex of
>
G (Xru, ETv) is turned into a T-vertex.

Example 4. Part (C) of Figure Plillustrates Theorem[2l according to the hypothesis that
the final digraph should contain at least 5 vertices. Theorem[2l turns all U-vertices into
T-vertices.

4.3 Filtering from NCC

The minimal number of cc in any final digraph is equal to the number of cc in the
intermediate digraph that contain at least one 7T-vertex.

Theorem 3. [fdom(NCC) = {NCC} then

1. Any U-arc or U-vertex of any cc in |ccj x ;. |—o] (5)()(TU7 Erv))| is turned into an
F-arc or an F-vertex. -

2. Any U-vertex that is an articulation point of G (Xpy, E1u) such that its removal
disconnects two T (-_v}ertice is turned into a T-vertex.

3. Foranyedge e of G (Xru, Ery) that is a bridge such that its removal disconnects
two T-vertices, if a unique U-arc in E’YXTU7 Ery) corresponds to e then this
U-arc is turned into a T-arc.

% The two T-vertices do not belong any more to the same cc.
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Fig. 3. Filtering according to NCC: Illustration of Theorem [3]

Example 5. Part (A) of Figure [3 illustrates Theorem [3 according to the hypothe-

sis that the final digraph should contain no more than one cc. Part (B) represents
>

the undirected graph G (X7, Ery ), where grey vertices correspond to articulation

points and thick lines correspond to bridges. Since ET’>(XTU7 E7y) contains one sin-
gle cc involving T'-vertices, the precondition of Theorem [3| holds and we get the

following filtering: Since the cc of E’)(XTU7ETU) with vertices {4,9} belongs to

cc[|XT|:o]((—¥>(XTU, Ery)), then, from Item 1, U-vertices 4 and 9 as well as U-arcs
(4,4) and (9, 4) are respectively turned into F'-vertices and F-arcs. From Item 2, the

>
two U-vertices 7 and 8, which are articulation points of G (X7, Ery) belonging
to an elementary chain between two T'-vertices (3 and 6), are turned into 7'-vertices.

From Item 3, among the 3 bridges of <6)(XTU, E7y) belonging to an elementary chain
between two T-vertices (3 and 6), (3,8) and (7,6) are turned into T-arcs since their

respective counterparts (8, 3) and (6, 7) do not belong to 5)(XTU, Ery).

4.4 Filtering from NCC

NCC is equal to the current number of cc of 5)(XT, E7r) containing at least one
T-arc (that is, |ccp| g, |>1] (5)(XT7 E7))]) plus the cardinality of a maximum matching
11 ( G rem ), which is the maximum possible number of new cc that could be present in a
final digraph stemming from G (X7, Ery), in addition to [ce z, 51 (G (X1, Er))].
Then all U-arcs (and U-vertices) that may reduce the number of cc if they would belong
to the final digraph have to be turned into F'-arcs (and F'-vertices).

Theorem 4. [f dom(NCC) = {NCC} then

1. Any U-arc ofa(XT, Ery) joining two T-vertices belonging to two distinct cc in
CCl|Ep|>1] (E’)(XT7 Er)) is turned into an F-arc.
2. Forany edge in G rem that does not belong to any maximum l-matching of G rems
the corresponding U -arc(s) are turned into F-arcs. .
3. Any U-arc e = (u,v) such that u belongs to a cc in cc|g,>1](G (X1, Er)) and v
is saturated in ev ery maximum [-matchings of ?mm is turned mto an F-arc.

4. Any U-vertex of G rem belonging to all maximum l-matchings of G rem 1S turned
into a T-vertex. -
5. For all edges e belonging to all maximum l-matchings of G rem, if a unique U-arc

=S
in G(Xru, Evy) corresponds to e then this arc is turned into a T-arc.
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Fig. 4. Filtering according to NCC: Illustration of Theorem []

> >
6. Any U-vertex of G ren, that does not belong to any maximum l-matching of G rem
is turned into an F-vertex.

Example 6. Part (A) of Figure M illustrates Theorem Ml according to the hypothesis
that the final digraph should contain at least 6 cc. ccy Elel](a(XTa Er)) consists
of the following two cc, respectively corresponding to the sets of vertices {2, 3} and
{4,5,6}. Part (B) illustrates the corresponding undirected graph ﬁrem, where thick
lines correspond to a maximum /-matching of cardinality 4, and grey vertices are ver-
tices that are saturated in all maximum /-matchings. Since the precondition NCC =
|cc[|ET|21](a(XT, Er))| + m(ﬁmm) = 6 of Theoremd holds, Items 1, 2 and 3 re-
spectively turn the U-arcs of {(4, 3)}, of {(9,7), (9, 10), (10,9)} and of {(4,8), (7,5)}
into F-arcs. Item 4 turns the U-vertices {8, 13} into T-vertices. Finally, Item 5 turns
the U-arcs {(7,8), (9,9)} into T-arcs.

4.5 Complexity Results

Table [2| provides complexity results for the triggering conditions as well as for each
item of the theorems that were previously introduced. Most of these items correspond

Table 2. Complexity of each theorem. m and n respectively denote the number of arcs and the
number of vertices in the intermediate digraph.

Theorem Parts | C i Graph Related Problems
Theorem 1
® Triggering |NP-hard [10] | cardinality of a minimum hitting set
® Item | O(m) iterating through the arcs
e Items 2,4 [NP-hard ? identifying vertices that do not belong to any minimum hitting set
e Item3 NP-hard ? identifying vertices that belong to every minimum hitting set
Corollary 1
e Triggering [O(n) iterating through the vertices
e Item | O(n) iterating through the vertices
Theorem 2
e Triggering |O(n) iterating through the vertices
e ltem | O(n) iterating through the vertices
Theorem 3
® Triggering |O(n) iterating through the vertices
e Item | O(m) iterating through the arcs
e ltems23 |O(m) depth first search
Theorem 4
o Triggering | O (/7)) | maximum cardinality matching [12]
e Item | O(m) computing the cc
e Items 2,5,6 | O (m - m) |identifying edges that do not belong to any maximum cardinality matching [14]
e Items34 |O(m) identifying vertices that are saturated in every maximum cardinality matching [5]
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directly to an existing graph problem that we mention in the third column of the ta-
ble. The complexity stated for each item of a theorem assumes that the corresponding
triggering condition was already computed: for instance, assuming that a maximum car-
dinality matching was already computed, identifying vertices that are saturated in every
maximum cardinality matching is linear in the number of edges of the graph [3].

5 Relating to Ad-Hoc Filtering

At this point one may wonder whether our generic graph-based filtering is not too the-
oretical in order to have any practical interest. We show that we can obtain rational
reconstructions of several ad-hoc algorithms that were constructed for specific global
constraints. For this purpose, we consider the proper forest constraint introduced in
Example [Tl A specialized filtering algorithm was recently proposed in 051 1t is made
up from the following steps:

1. Renormalize G (Xru, ETv) according to the fact that the final digraph has to be symmetric.
2. Check the feasibility of the proper forest constraint:

(a) The intermediate digraph has no isolated vertex.

(b) There is no cycle made up from 7'-arcs.

(c) NTREE has at least one value in [MINTREE, MAXTREE| where MINTREE is the number of
cc of the intermediate digraph and MAXTREE is the number of cc of (_j(X 7, ET) plus the
cardinality of a maximum cardinality matching in the subgraph induced by the vertices
that are not linked to any 7'-vertices.

Every U-arc that would create a cycle of T-vertices, is turned into an F'-arc.
4. The minimum and maximum values of NTREE are respectively adjusted to MINTREE and
MAXTREE. _

5. When NTREE is fixed to MINTREE all U-arcs corresponding to bridges of G (Xru, ETv) are

turned into 7'-arcs.

6. When NTREE is fixed to MAXTREE each U-arc (u,v) satisfying one of the following condi-

tions is turned into an F'-arc:
(a) Both u and v belong to two distinct cc of E‘)(XT, Er) involving more than one vertex.
(b) (u,v) does not belong to any maximum matching in the subgraph induced by the ver-
tices that are not extremities of any 7'-arc.
(c) w is the extremity of a T-arc and v is saturated in every maximum matching in the
subgraph induced by the vertices that are not linked to any 7'-vertices.
7. Every U-arc involving a source or a sink is turned into a 7T'-arc.

e

By considering the generic graph-based reformulation of Proposition[T] on the graph
property NTREE = INCC we retrieve almost all the steps of the previous algorithm
(except steps 2(b) and 3, which come from the invariant NARC = 2 - (n — NCC)
linking the two graph parameters NARC and NCC):

— Ttem 1 corresponds to posting the graph-class constraints (3) (in the context of
proper forest, the final digraph has to be symmetric).
— Item 2(a) corresponds to posting the normalization constraints (2]).

" In [I] we retrieve the filtering algorithm of the among constraint proposed by Bessiére et al.
in [7].
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— Item 2(c) corresponds to checking the graph property constraint NCC = NTREE ).
MINTREE and MAXTREE respectively correspond to the general lower and upper
bounds of NCC given in Table[I]land deduced from constraint (3)).

— Item 4 is the propagation induced by the graph property constraint ().

— Item 5 and Item 6 correspond to the propagation of constraint (3) on the graph
parameter NCC: Item 35 is the specialization of Theorem [l namely its third item
(since the first two items of Theorem[3] are irrelevant because 5’(}( v, Ery) does
not contain any U-vertex). Item 6 corresponds to Theorem 4l

— Item 7 corresponds to the propagation of graph-class constraint (), which avoids
creating isolated vertices in the symmetric graph (see Example[2)).

6 Specializing the Filtering According to Graph Classes

Quite often the final digraph of a global constraint has a regular structure inherited
from the initial digraph or stemming from some property of the arc constraint. This
translates as extra elementary constraints, the graph-class constraints (3)), in the graph-
based reformulation of the global constraint. Enforcing these constraints before eval-
vating the graph parameter bounds in the intermediate digraph allows to refine the
bound formula of Table [Il and the bound-based filtering (Section M), both in terms of
sharpness and of algorithmic complexity. This section illustrates this principle on the
pat h wi t h | oops graph class for the four graph parameters NVERTEX, NCC,
MIN NCC, and MAX NCC. The filtering is then experimentally evaluated on the
example of the group constraint, which belongs to the pat h wi t h | oops graph class
and which involves these four parameters in its graph-based description.

6.1 Thepath wi t h | oops Graph Class

The pat h wi t h | oops graph class groups together global constraints with the fol-
lowing graph-based description:

— The initial digraph uses the PATH and the LOOP arc generators. It consists of
a sequence of vertices X = {z1,...,2,} with one arc (z;,z;11) € Eg, j €
{1,...,n — 1}, for each pair of consecutive vertices, and one loop (z;,z;) € Er,
j €{1,...,n}, oneach vertex (see Part (A) of Figure[3).

— Inany final digraph, each remaining vertex has its loop and two consecutive vertices
remain linked by an arc (see Part (B) of Figure[3). These conditions correspond to
the following graph-class constraints in the reformulation of Proposition [T}

verter; = arcj (6) min(vertezr j, vertexrji1) = arc; j41 (7)

Among the global constraints belonging to the pat h wi t h | oops graph class, the
catalog mentions for example group [8] and stretch [13]]. Such constraints enforce
sequences of variables to satisfy given patterns.

Example 7. Consider the group (NGROUP, MIN SIZE, MAX SIZE, MIN DIST,
MAX DIST, NVAL, VARIABLES, VALUES) constraint, where the first six parameters
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are domain variables, while VARIABLES is a sequence of n domain variables and
VALUES a finite set of integers.

Let x5, xiq1,...,%; (1 < ¢ < j < n) be consecutive variables of the sequence
VARIABLES such that all the following conditions simultaneously apply: (1) all vari-
ables x;, ..., x; take their value in the set of values VALUES, (2) either ¢ = 1, or x;_1
does not take a value in VALUES, (3) either j = n, or ;41 does not take a value in
VALUES. We call such a set of variables a group. The constraint group is fulfilled if
all the following conditions hold: (7) there are exactly NGROUP groups of variables, (i)
MIN SIZE and MAX SIZE are the number of variables of the smallest and largest groups,
(4i7) MIN DIST and MAX DIST are the minimum and maximum number of variables be-
tween two consecutive groups or between one border and one group, (iv) NVAL is the
number of variables taking their value in the set VALUES.

For instance, group(2,2,4,1,2,6,(0,0,1,3,0,2,2,2,3),{1,2,3}) holds since the
sequence (0,0, 1,3,0,2,2,2,3) contains 2 groups (1, 3) and (2, 2, 2, 3) of nonzero val-
ues of size 2 and 4, 2 groups (0, 0) and (0) of zeros, and 6 nonzero values. The graph-
based description of the group constraint uses two graph constraints which respec-
tively mention the graph properties NCC = NGROUP, MIN NCC = MIN SIZE,
MAX NCC = MAX SIZE, NVERTEX = NVAL and MIN NCC = MIN DIST,
MAX NCC = MAX DIST. Figure[Aldepicts the initial digraph as well as the two final
digraphs associated to the two graph constraints of the example given for the group
constraint.

® SRS

© @ .G @

Fig. 5. Initial (A) and final digraphs (B,C) of group

6.2 Bounds and Filtering for the pat h wi t h | oops Graph Class

The pat h wi t h | oops properties highlight well the interest of specializing the pa-
rameter bound formula and the filtering rules. Firstly, in this context, the path struc-
ture of the considered digraphs naturally makes the different algorithms polynomial.
The status of vertices and arcs can be determined and fixed during filtering in linear
time by just following the path from vertex x; to vertex x,. Secondly, some general
bounds are not sharp anymore in this context because of the additional graph-class
constraints. Refining those bounds then leads to a more accurate filtering. Consider
for example bound NVERTEX = |Xpy|. In the general case, there exists a final
digraph with a number of vertices equal to | Xr7| because all U-vertices in the interme-
diate digraph can be turned into T-vertices. Since constraints (7) forbid two U-vertices
linked by an F'-arc to both be turned into 7'-vertices, bound NVERTEX can be re-
fined in the pat h wi t h | oops context to |Xy| — ZiECC(ﬁ(XU,EF)) |-|vert26w(l)|J.
This means that in any subpaths made of U-vertices and F'-arcs, only one vertex out of
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Table 3. Bounds of the graph parameters in the context of pat h wi t h | oops

Graph parameters Bound
NVERTEX Xl
tex (i
NVERTEX IXTyl 7Zi€cc(8(XU EF))L‘WT zw(l)IJ
,
.
NCC ‘CCHXlel](G<XTU’ETU))‘
NCC lee(G (Xp, BEp))|+
. r |lvertex(i)| 1+
i€ xy =01 C XU EUur)) 2
crtex(i)|
¥ -  lver I+
1€CC[‘XU,U,T|=1](G<XU’EUF)) 2
crtex(i)|
5 _ (rlver 1o
i€ee)xy ypl=2(¢ XU Bur) 2
MIN NCC
if| X =0 0
i1 Xp| > 1A Xyl > 11
if | Xp| 2 1A | X g7l =0 rniniecc(a»(XT B |vertex(i)|
MIN NCC
i1 Xp| > 1 min - |vertex(i)| — e
i€ee) xp) 211 (¢ Xy, ETy))
if | Xp| =0 maxiecc(a(XTU Eru)) |lvertex(i)|
MAX N a crtex (i
cc mEX, (@ (X Ep)) |vertex(i)|
MAX NCC ma |vertex(i)|

x —
icce(G( Xy ,ETy))

two may belong to a final digraph maximizing NVERTEX. Lastly, the graph-class
constraints allow to simplify some bounds that are sharp both in the general and the
pat h wi t h | oops contexts. For example, general bound NVERTEX = | X7| +
h(ﬁ((XTﬁTﬁT, Xv,~71), Eyr)) remains sharp for the pat h wi t h | oops graph
class. Yet here, X 7 —p is empty since constraints (6) enforce each T-vertex to be
an extremity of at least one 7T'-arc (its loop). Hence, the formula can be simplified to
NVERTEX = | X| by removing the term involving the computation of the cardinal
of a minimum hitting set. The same arguments hold for the three other graph parameters
involved in the description of the group constraint.

Table summarizes the bounds of these graph parameters in the
pat h wi t h | oops graph class. Note that all these bounds can be evaluated in
O(n) time by iterating once through the n vertices of the initial digraph. Furthermore
all the bounds are sharp when considering the graph-class constraints. As in the general
case, they are derived by considering those final digraphs that minimize or maximize
the corresponding graph parameter. Again identifying U-arcs and U -vertices belonging
or not to these digraphs yields filtering rules that apply to the intermediate digraph
when a given bound has to be reached.

For example, any final digraph G, having exactly NVERTEX vertices can
be defined from the intermediate digraph as follows: (i) any U-vertex in Xy p

8 By convention in these formulas, a maximum value over the empty set is zero. In the formula
for MIN NCC, e = 1 if there exist two adjacent (linked by an F'-arc) cc of minimum size

in CCl|Xr|>1] (8(XTU, ETU)), ¢ = 0 otherwise.
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Fig. 6. Initial (A) and final digraphs (B) when filtering from dom(NVERTEX) = 8

belongs to Gy, and (ii) if a cc C of (_}z(XU,EF) has an odd number of vertices
Tpi1,Tpi2,- - Lptlvertex(c)|» then only vertices zp40,1 (i € [1, flvert;w(c)lﬂ)
in C belong to Gy. Hence, filtering when condition dom(NVERTEX) =
{NVERTEX]} holds consists in turning the pre-cited U-vertices of the intermediate
digraph to T'-vertices and all other vertices in a cc C to F'-vertices.

Example 8. Figure [0 illustrates filtering according to the hypothesis that the final di-
graph should contain 8 vertices. The two cc of C_}’)(X v, Er) respectively correspond
to the vertex sets {3,4,5,6,7} and {9,10,11,12}. The bound NVERTEX is then
equal to 12— [ 5| — [ | = 8. On one hand, since the first cc contains an odd number of
vertices, then vertices 3, 5, 7 are turned into T'-vertices and vertices 4, 6 are turned into
F-vertices. On the other hand, since the second cc contains an even number of vertices
nothing can be deduced about their status. Finally all vertices of Xy p = {1,2,8} are
turned into T'-vertices.

We derived similar filtering rules corresponding to the bounds of Table [3l Details can
be found in [1]]. Note that they can be implemented in O(m) by iterating once through
the m variables of the initial digraph.

6.3 Performance

In order to evaluate the effectiveness of graph-based filtering, we performed two ex-
periments, generating random instances of the gr oup constraint. VARl ABLES was
chosen as a sequence of n domain variables ranging over [0, 1], and VALUES as the
singleton set {1}. A constraint instance was generated by setting the initial domain of
each domain variable to a randomly chosen interval. Furthermore, with 10% probabil-
ity, each variable in VARI ABLES was randomly fixed. The experiments compare the
effect of graph-based filtering with the approach of constructing an automaton for each
graph characteristic and by reformulating that automaton as a conjunction of constraints
as described in [2]]. We call this approach automata-based filtering. For both methods,
graph invariants, providing auxiliary constraints [4]], were also posted.

In the first experiment, we computed the number of labeling choices made during
search for all solutions for n = 10. In the second experiment, we computed the num-
ber of labeling choices made during search for the first solution for n = 20. We chose
to count labeling choices as opposed to measuring runtime, as a fair runtime compar-
ison would require a more polished implementation of graph-based filtering than we
currently have. Note however that all filtering rules run in O(n) time. The results are
presented in two scatter plots in Figure[Zl Each point represents a random instance, its
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Fig. 7. Scatter plots of random instances. Left: comparing labeling choices for finding all solu-
tions. Right: comparing labeling choices for finding the first solution.

X (resp. Y) coordinate corresponding to automata-based (resp. graph-based) filtering.
Feasible and infeasible instances are distinguished in the plots.

From these experiments, we observe that most of the time, but not always, the graph-
based method dominates the automata-based one. One would expect domination, as the
graph method reasons about arc variables in addition to vertex variables. The graph
method is currently limited by our approach to only apply the filtering when a graph
parameter reaches one of its bounds. We observe no significant difference between the
patterns for feasible vs. infeasible instances.

7 Conclusion

This article provided a first generic filtering scheme stemming from lower and upper
bounds for common graph parameters used in the graph-based reformulation of global
constraints. Moreover, it shows how we could retrieve most parts of an existing spe-
cialized filtering algorithm solely from the graph-based description. Our experiments
on the example of the pat h wi t h | oops graph class point to an enhancement of the
approach: filtering before a graph parameter reaches one of its bounds.
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Abstract. A wide range of counting and occurrence constraints can be
specified with just two global primitives: the RANGE constraint, which
computes the range of values used by a sequence of variables, and the
ROOTS constraint, which computes the variables mapping onto a set of
values. We focus here on the ROOTS constraint. We show that prop-
agating the ROOTS constraint completely is intractable. We therefore
propose a decomposition which can be used to propagate the constraint
in linear time. Interestingly, for all uses of the ROOTS constraint we have
met, this decomposition does not destroy the global nature of the con-
straint as we still prune all possible values. In addition, even when the
ROOTS constraint is intractable to propagate completely, we can enforce
bound consistency in linear time simply by enforcing bound consistency
on the decomposition. Finally, we show that specifying counting and oc-
currence constraints using ROOTS is effective and efficient in practice on
two benchmark problems from CSPLib.

1 Introduction

Global constraints on the occurrence of particular values (occurrence constraints)
or on the number of values or variables satisfying some condition (counting
constraints) occur in many real world problems. They are especially useful in
problems involving resources. For instance, if values represent resources, we may
wish to count the number of occurrences of the different values used. Many global
constraints proposed in the past are counting and occurrence constraints (see,
for example, [I3BUT4TI4]). Bessiere et al. showed [5] that many such constraints
can be specified with two new global constraints, ROOTS and RANGE, together
with some simple elementary constraints like subset and set cardinality.

As we show here, specifying a global constraint using ROoTs and RANGE is
also in many cases a way to provide an efficient propagator. There are three pos-
sible situations. In the first, we do not lose the “global” nature of our counting
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or occurrence constraint by specifying it with RooTs and RANGE. The global
nature of the RooTs and RANGE constraint is enough to capture the global
nature of the given counting or occurrence constraint, and propagation is not
hindered. In the second situation, completely propagating the counting or oc-
currence constraint is NP-hard. We must accept some loss of globality if we are
to make propagation tractable. Using RoOoTs and RANGE is then one means to
propagate the counting or occurrence constraint partially. In the third situation,
the global constraint can be propagated completely in polynomial time but us-
ing RooTs and RANGE hinders propagation. In this case, we need to develop a
specialized propagation algorithm.

In [7], we focused on the RANGE constraint. This paper therefore concen-
trates on the ROOTS constraint. We prove that it is intractable to propagate
the ROOTS constraint completely. We therefore propose a decomposition of the
ROOTS constraint that can propagate it partially in linear time. This decompo-
sition does not destroy the global nature of the ROOTS constraint as in many
situations met in practice, it prunes all possible values. This decomposition can
also easily be incorporated into a new constraint toolkit. We show experimen-
tally the efficiency of using the ROOTS constraint on two real world problems
from CSPLib. The rest of the paper is organised as follows. Section [ gives the
formal background. Section Bl gives many examples of counting and occurrence
constraints that can be specified using the ROOTS constraint. In Section d we
give a complete theoretical analysis of the ROOTS constraint and our decomposi-
tion of it. In Section 5] we discuss implementation details. Experimental results
are presented in Section [6 Finally, we end with conclusions.

2 Formal Background

A constraint satisfaction problem consists of a set of variables, each with a finite
domain of values, and a set of constraints specifying allowed combinations of
values for subsets of variables. We use capitals for variables (e.g. X, Y and 5),
and lower case for values (e.g. v and w). We write D(X) for the domain of a
variable X. For totally ordered domains, we write min(X) and maz(X) for the
minimum and maximum values. A solution is an assignment of values to the
variables satisfying the constraints. A variable is ground when it is assigned a
value. We consider both integer and set variables. A set variable S is represented
by its lower bound [b(.S) which contains the definite elements and an upper bound
ub(S) which also contains the potential elements.

Constraint solvers typically explore partial assignments enforcing a local con-
sistency property using either specialized or general purpose propagation algo-
rithms. Given a constraint C, a bound support on C' is a tuple that assigns to
each integer variable a value between its minimum and maximum, and to each
set variable a set between its lower and upper bounds which satisfies C. A bound
support in which each integer variable is assigned a value in its domain is called
a hybrid support. If C' involves only integer variables, a hybrid support is a sup-
port. A constraint C' is bound consistent (BC) iff for each integer variable X,
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its minimum and maximum values belong to a bound support, and for each set
variable S;, the values in ub(S;) belong to S; in at least one bound support and
the values in 1b(S;) belong to S; in all bound supports. A constraint C' is hybrid
consistent (HC') iff for each integer variable X;, every value in D(X;) belongs
to a hybrid support, and for each set variable S;, the values in ub(S;) belong to
S; in at least one hybrid support, and the values in (b(S;) belong to S; in all
hybrid supports. A constraint C involving only integer variables is generalized
arc consistent (GAQ) iff for each variable X;, every value in D(X;) belongs to
a support. If all variables in C' are integer variables, hybrid consistency reduces
to generalized arc-consistency, and if all variables in C are set variables, hybrid
consistency reduces to bound consistency.

To illustrate these concepts, consider the constraint C'(X7, Xo,S) that holds
iff the set variable S is assigned exactly the values used by the integer variables
X1 and X5. Let D(X;) = {1,3}, D(X2) = {2,4}, Ib(S) = {2} and ub(S) =
{1,2,3,4}. BC does not remove any value since all domains are already bound
consistent. On the other hand, HC removes 4 from D(X3) and from ub(S) as
there does not exist any tuple satisfying C' in which X5 does not take value 2.
Note that as BC deals with bounds, value 2 was considered as possible for X;.

3 Counting and Occurrence Constraints

Counting constraints limit the number of values or variables satisfying some con-
dition (e.g. the global cardinality constraint [I4] counts the number of variables
using particular values). Occurrence constraints limit the occurrence of partic-
ular values (e.g. the all different constraint [13] ensures no value occurs twice).
We previously showed [5] that many counting and occurrence constraints can be
decomposed into two new global constraints, RANGE and ROOTS, together with
simple non-global constraints over integer variables (like X < m) and simple
non-global constraints over set variables (like S; C Ss or |S| = k). We focus here
on the ROOTS constraint. Given a sequence of variables X; to X,,, the RooTs
constraint holds iff a set variable S is the set of indices of variables which map
to a value belonging to a second set variable, T'.

Roots([X1,....X,],S\T) it S={i| X; €T}

Note that elements in 7" may not be used by any integer variable X;. For example,
RooTts([1,3,1,2,3],5,T) is satisfied by S = {1,3} and T = {1}, S = {4} and
T =1{2,7}, 0or S ={2,4,5} and T = {2,3,8}. We now list some of the uses of
the ROOTS constraint for specifying other more complex global constraints.

3.1 AMONG Constraint

The AMONG constraint was introduced in CHIP to model resource allocation
problems like car sequencing [3]. It counts the number of variables using values
from a given set. AMONG([X1,..., Xy, [d1,...,dn], N) holds if N = |{i | X; €
{d1,...,dm}}|- It can be decomposed using a ROOTS constraint:



78 C. Bessiere et al.

AMONG([X1,...,Xn],[d1,...,dn], N) iff
RooTs([X1,...,Xn],S,{d1,...,dn}) AN |S|=N

GAC on AMONG is equivalent to HC on this decomposition [5]. As we show later,
since the third argument of ROOTS is ground, we can achieve HC on the ROoOTS
constraint in linear time. We note that ROOTS is more than a set version of
AMONG. With AMONG, we just count the number of variables using particular
values. However, with ROOTS, we collect the set of variables using particular
values. As we see later, having this set and not just its cardinality permits us to
specify global constraints like COMMON which go beyond what can be expressed
with AMONG.

3.2 CouNT Constraint

The COUNT constraint [2] is closely related to the AMONG constraint. The COUNT
constraint permits us to constrain the number of variables using a particular value.
More precisely, COUNT([X1, ..., Xn],d,0op, N) where op € {<,> <,>, = #}
holdsiff [{i | X; = d}| op N. The ATMOST and ATLEAST constraints are instances
of COUNT where op € {<,>}. The COUNT constraint can be decomposed into a
ROOTS constraint:

Count([X1,...,X,],d,op,N) iff
Roots([X1,...,X,],5,{d}) & |S| op N

This decomposition does not hinder propagation and, as we will show later, it
takes linear time to enforce HC on such an instance of the ROOTS constraint.

3.3 DoMAIN Constraint

We may wish to channel between a variable and a sequence of 0/1 variables repre-
senting the possible values taken by the variable. The DOMAIN(X, [X1, ..., X))
constraint introduced in [I2] ensures X =1 iff X; = 1. This can be decomposed
into a ROOTS constraint:

DoMAIN(X, [X1,..., X,,]) iff

RooTs([X1,...,Xm], S, {1} & |S|=1& X €S
Enforcing HC on this specification again takes linear time and it is equivalent
to enforcing GAC on the original global DOMAIN constraint.

3.4 LINKSET2BOOLEANS Constraint

We may also wish to channel between a set variable and a sequence of 0/1 vari-
ables representing the characteristic function of this set. The global constraint
LINKSET2BOOLEANS(S, [ X1, ..., X)) introduced in [2] ensures i € Siff X; = 1.
This can also be decomposed into a ROOTS constraint:

LINKSET2BOOLEANS(S, [X1, ..., Xn]) iff
RooTs([X1,...,Xn],S,{1})
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Enforcing HC (or BC) on this specification again takes linear time and it is
equivalent to enforcing HC (or BC) on the original global LINKSET2BOOLEANS
constraint.

3.5 Gcce Constraint

The global cardinality constraint [14] constrains the number of times values are
used. We consider a generalization in which the number of occurrences of a value
is an integer variable. That is, Gco([Xy,...,X,],[d1,...,dn],[O1,-..,0m))
holds iff |{i | X; = d;}| = O; for all j. Such a GCC constraint can be decomposed
into a set of ROOTS constraints:

Goe([Xq, ..., Xl [d1y -+, dm], [O1, - ., Op)) iff
Vj . ROOTS([Xl,...,Xn],Sj,{dj}) & |S]‘ = Oj

Enforcing GAC on such a generalized GCC constraint is NP-hard, but we can
enforce GAC on the X; and BC on the O; in polynomial time using a specialized
algorithm [I1]. This is more than is achieved in general by enforcing HC on the
specification using RooTs [5].

3.6 CoMMON Constraint

A generalization of the AMONG and ALLDIFFERENT constraints introduced in [2]
is the COMMON constraint. COMMON(N, M, [X1, ..., X,],[Y1,...,Yn]) ensures
N=|{i| X;=Y;}|and M = |{j | X; =Y;}|. That is, N variables in X;,..., X,
take values in common with Yi,...,Y,, and M variables in Y7,...,Y,, take
values in common with X,..., X,,. We cannot expect to enforce GAC on such
a constraint in general as it is NP-hard to do so [5]. One way to propagate a
COMMON constraint is to decompose it into RANGE and ROOTS constraints:

COMMON(N, M, [X1,..., X,],[Y1,...,Yn]) iff
RANGE([Y1,..., Y], {1,...,m},T) &
RooTs([X1,...,Xn], 5, T) & |S| =N &
RANGE([X1,..., Xpn],{1,...,n},V) &
Roots([Y1,...,. Y], U, V) & U =M

where the RANGE constraint holds iff a set variable T' equals the set of values
used by those variables, X; to X,, whose index is in the set S.

RANGE([X1,...,X,],S\T)if T ={X; | i € S}

Enforcing HC on this specification of the COMMON constraint again takes linear
time. As no specialized propagation algorithm has yet been proposed for the
COMMON constraint, ROOTS and RANGE provide a simple and promising means
to propagate the constraint.
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4 The RooTs Constraint

We now give a thorough theoretical analysis of the ROOTS constraint. In Section
M1l we provide a proof for the first time of the claim made in [5] that enforcing
HC on RooTs is NP-hard in general. Section presents a decomposition of
the ROOTS constraint that permits us to propagate the ROOTS constraint par-
tially in linear time. Section 3] shows that in many cases this decomposition
does not destroy the global nature of the ROOTS constraint as enforcing HC on
the decomposition achieves HC on the ROOTS constraint. Finally, Section 4]
shows that we can obtain BC on the ROOTS constraint by enforcing BC on its
decomposition.

4.1 Complete Propagation

Unfortunately, propagating the ROOTS constraint completely is intractable in
general. Whilst we made this claim in [5], a proof has not yet been published.
For this reason, we give one here.

Theorem 1. Enforcing HC on the ROOTS constraint is NP-hard.

Proof. We transform 3SAT into the problem of the existence of a solution for
RooTs. Finding a hybrid support is thus NP-hard. Hence enforcing HC on
RooTs is NP-hard. Let ¢ = {c1,...,¢n} be a 3CNF on the Boolean vari-
ables x1,...,2,. We build the constraint RooTs([ X1, ..., X,1m],S,T) as fol-
lows. Each Boolean variable x; is represented by the varlable X; with domain
D(X;) = {i,—i}. Each clause ¢, = z; V =x; V x, is represented by the vari-
able Xy, with domain D(X,4,) = {i,—j,k}. We build S and T in such a
way that it is impossible for both the index i of a Boolean variable x; and its
complement —i to belong to T'. We set [b(T") = 0 and ub(T) = |J;_,{i, —i}, and
Ib(S) =ub(S)={n+1,...,n+m}. An interpretation M on the Boolean vari-
ables x1,..., T, is a model of ¢ iff the tuple 7 in which 7[X;] =4 iff M[x;] =0
can be extended to a solution of ROOTS. (This extension puts in T value 4 iff
Mz;] =1 and assigns X, 4, with the value corresponding to the literal satisfy-
ing ¢, in M.) |

We thus have to look for a lesser level of consistency for ROOTS or for partic-
ular cases on which HC is polynomial. We will show that bound consistency is
tractable and that, under conditions often met in practice (e.g. one of the last
two arguments of ROOTS is ground), enforcing HC is also.

4.2 A Decomposition of RooTs

To show that ROOTS can be propagated tractably, we will give a straightfor-
ward decomposition into ternary constraints that can be propagated in linear
time. This decomposition does not destroy the global nature of the ROOTS con-
straint since enforcing HC on the decomposition will, in many cases, achieve
HC on the original ROOTS constraint, and since in all cases, enforcing BC
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on the decomposition achieves BC on the original ROOTS constraint. Given
RooTs([X1,...,Xn],S,T), we decompose it into the implications:

1eS—X,eT
X, eT —-1i1e8

where i € [1..n]. We have to be careful how we implement such a decomposition
in a constraint solver. First, some solvers will not achieve HC on such constraints
(see Sec[dl for more details). Second, we need an efficient algorithm to be able to
propagate the decomposition in linear time. As we explain in more detail in Sec
Bl a constraint solver could easily take quadratic time if it is not incremental.

We first show that this decomposition prevents us from propagating the
ROOTS constraint completely. However, this is to be expected as propagating
RoOTSs completely is NP-hard and this decomposition is linear to propagate. In
addition, as we later show, in many circumstances met in practice, the decom-
position does not in fact hinder propagation.

Theorem 2. HC on RooTs([X1,...,X,],S,T) is strictly stronger than HC on
i€eS—=X,€T,and X; €T — i€ S foralliel[l.n].

Proof. Consider X; € {1,2}, X2 € {3,4}, X3 € {1,3}, X4 € {2,3}, Ib(S) =
ub(S) = {3,4}, Ib(T) = 0, and ub(T) = {1,2,3,4}. The decomposition is HC.
However, enforcing HC on RooTs will prune 3 from D(X>). O

In fact, enforcing HC on the decompostion achieves a level of consistency between
BC and HC on the original ROOTS constraint. In the next section, we identify
exactly when it achieves HC on ROOTS.

4.3 Some Special Cases

Many of the counting and occurrence constraints do not use the ROOTS con-
straint in its more general form, but have some restrictions on the variables 5,
T or X;’s. For example, it is often the case that T or S are ground. We select
four important cases that cover many of these uses of ROOTs and show that
enforcing HC on ROOTS is then tractable.

C1. Vi € lb(S), D(X;) CIb(T)

C2. Vi ¢ ub(S),D(X;) Nub(T) =0
C3. X;...X, are ground

C4. T is ground

We will show that in any of these cases, we can achieve HC on ROOTS simply
by propagating the decomposition.

Theorem 3. If one of the conditions C1 to C4 holds, then enforcing HC on
ieS—->X,e€T,and X, €T — i €S forali € [l.n] achieves HC on
Roots([X1,...,X,],S5,T).

Proof. Soundness. Immediate.
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Completeness. We observe that if the ROOTS constraint is unsatisfiable then
enforing HC on the decomposition will also fail. We assume therefore that the
ROOTS constraint is satisfiable. We have to prove that, for any X;, all the values
in D(X;) belong to a solution of RooTs, and that the bounds on S and T
are as tight as possible. Our proof will exploit the following properties that are
guaranteed to hold when we have enforced HC on the decomposition.

P1 if D(X;) CIb(T) then i € 1b(S)

P2 if D(X;)Nub(T) =0 then i ¢ ub(S)

P3 if i € 1b(S) then D(X;) C ub(T)

P4 if i ¢ ub(S) then D(X;)NIb(T) =10

P5 if D(X;) = {v} and i € [b(S) then v € Ib(T)

P6 if D(X;) = {v} and i ¢ ub(S) then v ¢ ub(T)

P7 if i is added to {b(S) by the constraint X; € T — ¢ € S then D(X;) C Ib(T)
P8 if i is deleted from ub(S) by the constraint i € S — X; € T then D(X;) N

ub(T) =10

Let us prove that [b(T) is tight. Suppose the tuple 7 is a solution of the ROOTs
constraint. Let v ¢ [b(T") and v € 7[T’]. We show that there exists a solution with
v & 7[T]. (Remark that this case is irrelevant to condition C4.) We remove v
from 7[T]. For each i ¢ Ib(S) such that 7[X;] = v we remove i from 7[S]. With
C1 we are sure that none of the 7 in 1b(S) have 7[X;] = v, thanks to property P7
and the fact that v ¢ [b(T). With C3 we are sure that none of the ¢ in [b(.S) have
7[X;] = v, thanks to property P5 and the fact that v ¢ [b(T). There remains to
check C2. For each i € Ib(S), we know that Fv’ #£ v,v" € D(X;) Nub(T), thanks
to properties P3 and P5. We set X; to v' in 7, we add v’ to 7[T] and add all
k with 7[X%] = v’ to 7[S]. We are sure that k € ub(S) because v’ € ub(T) plus
condition C2 and property P8.

Completeness on ub(T), Ib(S), ub(S) and X;’s are shown with similar proofs.
Let v € ub(T)\7[T]. (Again C4 is irrelevant.) We show that there exists a solution
with v € 7[T]. Add v to 7[T] and for each i € ub(S), if 7[X;] = v, put ¢ in 7[5].
C2 is solved thanks to property P8 and the fact that v € ub(T). C3 is solved
thanks to property P6 and the fact that v € ub(T). There remains to check CI1.
For each i & ub(S) and 7[X;] = v, we know that Jv’ # v,v" € D(X;) \ Ib(T)
(thanks to properties P4 and P6). We set X; to v/ in 7 and remove v’ from 7[T7].
Each k with 7[X}] = ¢’ is removed from 7[S], and this is possible because we
are in condition C1, v’ & Ib(T'), and thanks to property P7.

Let v € D(X;) and 7[X;] = v',v" # v. (C3 is irrelevant.) Assign v to X; in
7. If both v and v’ or none of them are in 7[T|, we are done. There remain two
cases. First, if v € 7[T] and v" & 7[T], the two alternatives to satisfy ROOTs are
to add ¢ in 7[S] or to remove v from 7[T]. If i € ub(S), we add i to 7[S] and we
are done. If ¢ & ub(S), we know that v & Ib(T') thanks to property P4. So, v is
removed from 7[T] and we are sure that the X;’s can be updated consistently
for the same reason as in the proof of Ib(T). Second, if v € 7[T] and v € T[T,
the two alternatives to satisfy ROOTs are to remove ¢ from 7[S] or to add v to
7[T]. If i ¢ Ib(S), we remove i from 7S] and we are done. If i € [b(S), we know
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that v € ub(T') thanks to property P3. So, v is added to 7[T] and we are sure
that the X;’s can be updated consistently for the same reason as in the proof of
ub(T) \ 7[T7].

Let i ¢ 1b(S) and i € 7[S]. We show that there exists a solution with ¢ & 7[S].
We remove i from 7[S]. Thanks to property P1, we know that D(X;) Z Ib(T).
So, we set X; to a value v € D(X;) \ Ib(T). With C4 we are done because we
are sure v’ ¢ 7[T]. With conditions C1, C2, and C3, if v' € 7[T], we remove
it from 7[T] and we are sure that the X;’s can be updated consistently for the
same reason as in the proof of {b(T).

Let i € ub(S) \ 7[S]. We show that there exists a solution with ¢ € 7[S]. We
add i to 7[S]. Thanks to property P2, we know that D(X;) Nub(T) # (. So, we
set X; to a value v/ € D(X;) Nub(T). With condition C4 we are done because
we are sure v’ € 7[T]. With conditions C1, C2, and C3, if v' ¢ 7[T], we add it
to 7[T] and we are sure that the X;’s can be updated consistently for the same
reason as in the proof of ub(T) \ 7[T]. |

4.4 Bound Consistency

In addition to being able to enforce HC on ROOTS in some special cases, enforcing
HC on the decomposition always enforces a level of consistency at least as strong
as BC. In fact, in any situation (even those where enforcing HC in intractable),
enforcing BC on the decomposition enforces BC on the ROOTS constraint.

Theorem 4. Enforcing BConie S — X, €T, and X; € T — i € S for all
i € [1..n] achieves BC' on ROOTS([X1,...,X,],S,T).

Proof. Soundness. Immediate.
Completeness. The proof follows the same structure as that in Theorem [Bl We
relax the properties P1-P4 into properties P1'-P4’.

P1’ if [min(X;), max(X;)] CIb(T) then i € Ib(S)

P2’ if [min(X;), max(X;)] Nub(T) = 0 then i & ub(S)

P3’ if i € [b(S) then the bounds of X; are included in ub(T")
P4’ if i ¢ ub(S) then the bounds of X; are outside [b(T")

Let us prove that [b(T) and ub(T') are tight. Let o be the total ordering on
D =J; D(X;) Uub(T). Build the tuples ¢ and 7 as follows: For each v € Ib(T):
put v in o[T] and 7[T]. For each v € ub(T) \ Ib(T), following o, do: put v in o[T
or 7[T] alternately. For each i € [b(S), P3’ guarantees that both min(X;) and
max(X;) are in ub(T). By construction of ¢[T] (and 7[T]) with alternation of
values, if min(X;) # max(X;), we are sure that there exists a value in o[T] (in
7[T]) between min(X;) and max(X;). In the case |D(X;)| = 1, P5 guarantees
that the only value is in o[T] (in 7[T]). Thus, we assign X; in ¢ (in 7) with such
a value in o[T] (in 7[T]). For each i ¢ ub(S), we assign X; in o with a value in
[min(X;), maz(X;)] \ o[T] (the same for 7). We know that such a value exists
with the same reasoning as for ¢ € [b(.S) on alternation of values, and thanks to
P4’ and P6. We complete o and 7 by building o[S] and 7[S] consistently with
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the assignments of X; and T'. The resulting tuples satisfy RoOTS. From this we
deduce that (6(T) and ub(T') are BC as all values in ub(T) \ {b(T) are either in
o or in 7, but not both.

We show that the X; are BC. Take any X; and its lower bound min(X;). If
i € 1b(S) we know that min(X;) is in T either in ¢ or in 7 thanks to P3’ and
by construction of o and 7. We assign min(X;) to X; in the relevant tuple. This
remains a solution of RooTs. If i ¢ ub(S), we know that min(X;) is outside
T either in o or in 7 thanks to P4’ and by construction of o and 7. We assign
min(X;) to X; in the relevant tuple. This remains a solution of RooTs. If i €
ub(S)\ 1b(S), assign X; to min(X;) in o. If min(X;) ¢ o[T], remove i from o[S]
else add i to o[S]. The tuple obtained is a solution of ROOTs using the lower
bound of X;. By the same reasoning, we show that the upper bound of X; is BC
also, and therefore, all X;’s are BC.

We prove that [b(S) and ub(S) are BC with similar proofs. Let us show that
ub(S) is BC. Take any X; with ¢ € ub(S) and i ¢ o[S]. Since X; was assigned
any value from [min(X;), max(X;)] when o was built, and since we know that
[min(X;), maz(X;)] N ub(T) # 0 thanks to P2’, we can modify o by assigning
X; a value in ub(T), putting the value in T if not already there, and adding i
into S. The tuple obtained satisfies RooTs. So ub(S) is BC.

There remains to show that (b(S) is BC. Thanks to P1’, we know that val-
ues i € ub(S) \ Ib(S) are such that [min(X;), mazx(X;)] \ Ib(T) # 0. Take
v € [min(X;), max(X;)]\ Ib(T). Thus, either o or 7 is such that v ¢ T'. Take the
corresponding tuple, assign X; to v and remove ¢ from S. The modified tuple is
still a solution of RooTs and 1b(S) is BC. O

5 Implementation Details

This decomposition of the ROOTS constraint can be implemented in many solvers
using disjunctions of membership constraints: or(member(i,S),notmember
(X;,T)) and or(notmember(i, S),member(X;,T")). However, this requires a lit-
tle care. Unfortunately, some existing solvers (like Ilog Solver) may not achieve
HC on such disjunctions of primitives. For instance, the negated membership
constraint notmember(X;,T) is activated only if X; is instantiated with a value
of T' (whereas it should be as soon as D(X;) C Ib(T)). We have to ensure that
the solver wakes up when it should to ensure we achieve HC. As we explain in
the complexity proof, we also have to be careful that the solver doesn’t wake
up too often or we will lose the optimal O(nd) time complexity which can be
achieved.

Theorem 5. It is possible to enforce HC (or BC) on the decomposition of
Roots([X1,...,X,],S,T) in O(nd) time, where d = max(Vi.|D(X;)|, |ub(T)|).

Proof. The decomposition of ROOTS is composed of 2n constraints. To obtain an
overall complexity in O(nd), the total amount of work spent propagating each
of these constraints must be in O(d).
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First, it is necessary that each of the 2n constraints of the decomposition is
not called for propagation more than d times. Since S can be modified up to n
times (n can be larger than d) it is important that not all constraints are called
for propagation at each change in {b(.S) or ub(.S). By implementing ’propagating
events’ as described in [TOJI5], we can ensure that when a value ¢ is added to
Ib(S) or removed from ub(S), constraints j € S - X; € Tand X; € T — j € S,
j # 1, are not called for propagation.

Second, we show that enforcing HC on contraint i € S — X; € T in O(d).
Testing the precondition (does i belong to [b(S)?) is constant time. If true,
removing from D(X;) all values not in ub(T) is in O(d) and updating {b(T) (if
|D(X;)] = 1) is constant time. Testing that the postcondidtion is false (is D(X;)
disjoint from wb(7T)?) is in O(d). If false, updating ub(S) is constant time. Thus
HConie€ S — X; € Tisin O(d). Enforcing HC on X; € T — i € S is in O(d)
as well because testing the precondition (D(X;) C Ib(T)?) is in O(d), updating
Ib(S) is constant time, testing that the postcondition is false (i ¢ ub(S)?) is
constant time, and removing from D(X;) all values in [b(T') is in O(d) and
updating ub(T) (if |D(X;)| = 1) is constant time.

When T is modified, all constraints are potentially concerned. Since T can
be modified up to d times, we can have d calls of the propagation in O(d)
for each of the 2n constraints. It is thus important that the propagation of
the 2n constraints is incremental to avoid an O(nd?) overall complexity. An
algorithm for ¢ € S — X; € T is incremental if the complexity of calling the
propagation of the constraint ¢ € S — X; € T up to d times (once for each
change in T or D(X;)) is the same as propagating the constraint once. This
can be achieved by an AC2001-like algorithm that stores the last value found in
D(X;)Nub(T), which is a witness that the postcondition can be true. (Similarly,
the last value found in D(X;) \ Ib(T") is a witness that the precondition of the
constraint X; € T — i € S can be false.) Finally, each time {b(T) (resp. ub(T))
is modified, D(X;) must be updated for each ¢ outside ub(S) (resp. inside Ib(S)).
If the propagation mechanism of the solver provides the values that have been
added to Ib(T) or removed from ub(T') to the propagator of the 2n constraints
(as described in [I6]), updating a given D(X;) has a total complexity in O(d)
for the d possible changes in T'. The proof that BC can also be enforced in linear
time follows a similar argument. O

6 Experimental Results

We now demonstrate that specifying global counting and occurrence constraints
using ROOTS is effective and efficient in practice using two benchmark problems.

6.1 Balanced Academic Curriculum Problem

We implemented in Ilog Solver the constraint model of the Balanced Academic
Curriculum Problem (BACP) (prob030 in CSPLib) proposed in [9] and compared
it against a model using ROOTS. In this problem, we need to design a balanced
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Variables Encoding

curriculum: CURMATRIX][1..#courses][1..#periods] in {0, 1}
academic load: LOADJ1..#periods] in [a..b]
Constraints Encoding

exactly one period per course Vi € [1..#courses)

Y #perieds CURMATRIX(I][j] = 1

academic load Vj € [1..#periods]
LOAD[j] = ¥ #°7"7*°* (CURMATRIX[i][j] * credit[i])

prerequisites V(i < j) € prerequisites, Vk € [1..#periods]
S *~ 1 (CURMATRIX]i][r]) >CURMATRIX[][]

number of courses Vj € [1..#periods]
¢ < Y #eourses GURMATRIX[4][j] < d

Fig. 1. Boolean model

Variables Encoding

curriculum: CURRICULUM][L..#courses] in [1..#periods]
CURMATRIX][1..#courses]|[1..#periods] in {0, 1}

academic load: LOAD(1..#periods] in [a..b]

Constraints Encoding

channeling Vi € [1..#courses]

CURMATRIX[i][CURRICULUM[i]] = 1

academic load Vj € [1..#periods]
LOAD[j] = ¥ #°0"=*s (CURMATRIX[i][j] * credit[i])

prerequisites V(i < j) € prerequisites
CURRICULUM[i] <CURRICULUM][j]

number of courses Gce([e..d],..[e..d],{1,2,..#periods},CURRICULUM)

Fig. 2. Primal-dual model

academic curriculum by assigning periods to courses so that the academic load
of each period is balanced, i.e., as similar as possible. The goal is to assign a
period to every course so that the constraints on the minimum and maximum
academic load for each period, the minimum and maximum number of courses for
each period, and the prerequisite relationships are satisfied. An optimal balanced
curriculum minimises the maximum academic load for all periods.

We used two models from [9] (Figures [l and 2l) and compared them against a
model using RooTs (Figure ). In the ROOTS model, the curriculum is encoded
with integer variables mapping courses to periods, as in the primal-dual model
of Figure 2l However, instead of using a GCC constraint to restrict the number
of courses per periods, we use the ROOTS constraint to link these variables to set
variables standing for periods. We then restrict the number of courses per periods
with cardinality constraints on these sets. The constants a,b,c,d correspond
respectively to the minimum and maximum academic load, and the minimum
and maximum number of courses per period. The array credit[1..#courses] map
courses to their academic credits. We added to all models the implied constraint

SEPION(LOAD[)]) = S EY (credit[i).
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Variables Encoding

curriculum: CURRICULUM][1..#courses]| in [1..#periods]
CURSET[1..#periods] C {1..#courses}

academic load: LOAD(1..#periods] in [a..b]

Constraints Encoding

channeling Vj € [1..#periods]

Roors(CURRICULUM,CURSETJj], {5})

academic load Vj € [1..#periods]
LOADJ[j] = X #°0"*5((4 €CURSETYj]) * credit]i])

prerequisites V(i < j) € prerequisites
CURRICULUM[:] <CURRICULUM][j]

number of courses Vj € [1..#periods]
¢ < |CURSET[j]| < d

Fig. 3. RooTs model

Table 1. Balanced Academic Curriculum Problem

Boolean model Prima-dual model RooTs model
Size #fails time (s) max load #fails time (s) max load #fails time (s) max load
8 413,418 18.44  17(*) 294  0.04  17(*) 75  0.09  17(*%)

10 - - 14(*) 170 0.02  14(*) 121  0.15 14(%)
12 1251 0.05 17(*) 255  0.05  17(*) 194  0.51 17(%)
16 - - - 429 0.15  17(*) 263  1.58 17(%)
20 - - - 410 o0.21 19 406  3.18 19
20 - - - 701 0.41 18 510 13.12 18

We report in Table[Il the number of fails, cpu time for finding the best solution
and the maximum academic load on 6 different instances. The 3 first instances,
involving 8, 10 and 12 periods, are those solved in [9]. The 3 next instances were
created by simply duplicating and renaming courses. The number of periods
and courses are doubled, and for each prerequisite relation (¢ < j) in the initial
instance, we add (i < j) and (i’ < j') where ¢’ and j" are the duplicated courses
for respectively i and j.

When the maximum academic load is followed by a star (*), it means that
this is optimal and is proved so with a few more backtracks. The time cutoff was
set to 300 seconds. An entry marked as “-” means no answer was obtained by
the cut-off time. We observe that the model using ROOTS is the most efficient
in terms of size of the search tree by a small margin. However the most efficient
model in cpu time is the primal-dual model which uses the highly optimized
Gcc constraint. Both clearly dominate the simple Boolean model despite the
fact that this model only has linear constraints.

6.2 Mystery Shopper Problem

We used a model for the Mystery Shopper problem [§] due to Helmut Simonis
that appears in CSPLib (prob004). We used the same problem instances as
in [5] but perform a more thorough and extensive analysis. We partition the
constraints of this problem into three groups:



88 C. Bessiere et al.

Table 2. Mystery Shopper, branching on the integer variable with minimum domain

Al1d-Gee-Sum Alld-Gce-RooTs Alld-Roors-RooTs
Size #fails time (s) #solved #fails time (s) #solved #fails time (s) #solved
10 6 00l 9/10 6 00l 9/10 7 003 9/10

15 6,566 0.76 29/52 6,468 1.38 29/52 10,749 19.47  28/52
20 98,497 14.52 21/35 2,425 0.83 20/35 2,429 7.30 20/35
25 317 0.13 13/20 317 0.20 13/20 285 1.37  11/20
30 93,461 26.09 7/10 93,461  43.89 7/10 7,239  42.00 5/10
35 52,435 16.33 22/56 23,094 14.25 21/56 13 1.10 18/56

Table 3. Mystery Shopper, branching on set variables when possible

A11d-Gce-Sum A11d-Gce-RooTs A11d-RooTs-RooTs
Size #fails time (s) #solved #fails time (s) #solved #fails time (s) #solved
10 6 0.01 9/10 4247 0.83 3/10 318 0.38 10/10

15 6566 0.76  29/52 17210 4.31 16/52 102 0.25 52/52
20 98497 14.52  21/35 150473  49.95 7/35 930 2.95 32/35
25 317 0.13  13/20 265219 124.49 2/20 2334 11.17 19/20
30 93461 26.09 7/10 37 0.08 1/10 6766  39.63 9/10
35 52435 16.33 22/56 1216 0.53 4/56 4798  35.60 49/56

Temporal and geographical: All visits for any week are made by different
shoppers. Similarly, a particular area cannot be visited more than once by
the same shopper.

Shopper: Each shopper makes exactly the required number of visits.

Saleslady: A saleslady must be visited by some shoppers from at least 2 differ-
ent groups (the shoppers are partitioned into groups).

Whilst the first group of constraints can be modelled by using ALLDIFFER-
ENT constraints [I3], the second can be modelled by Gee [I4] and the third by
AMONG constraints [3]. We experimented with several models using Ilog Solver
where these constraints are either implemented as their Ilog Solver primitives
(respectively, I1oA11Diff, I1oDistribute, and a decomposition using I1loSum
on Boolean variables) or as their decompositions with RooTs. Note that the
Boolean decomposition of the AMONG constraint maintains GAC [6]. Due to
space limitation, we report results for just the following models: A11d-Gcc-Sum
(only Ilog Solver primitives), A11d-Gcc-ROOTS (AMONG encoded as ROOTS),
and A11d-RooTs-RoOTS (AMONG and GCC encoded as ROOTS). AMONG en-
coded as ROOTS uses the decomposition presented in Section 3.1l and GccC uses
the decomposition presented in Section All instances solved in the exper-
iments use a time limit of 5 minutes. The cpu time reported for a method
on a class of problems is averaged on the instances solved (#solved) by the
method.

When branching on the integer variables (Table ), the A11d-Gcc-Sum model
tends to perform better than the other models (bold numbers). However, we
obtain the best results by branching on the set variables introduced for modelling
with RooTs (see Table [B)). By encoding the second and the third groups of
constraints using ROOTs (the A11d-RO0TS-R0O0OTS model) and branching on the
set variables, we are able to solve more instances. These results are primarily due
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to the better branching strategy. However, such a strategy would not be easily
implementable without ROOTS since the extra set variables are part of it.

7 Conclusion

We have presented a comprehensive study of ROOTS, a global constraint that
can specify many other global constraints, such as occurrence and counting con-
straints. We proved that propagating completely the ROOTS constraint is in-
tractable in general. We therefore proposed a decomposition to propagate it
partially. This decomposition achieves hybrid consistency on the global ROOTS
constraint under some simple conditions often met in practice. In addition, en-
forcing bound consistency on the decomposition achieves bound consistency on
the global ROOTS constraint whatever conditions hold. Our experiments show
that this is practical method to implement many global constraints. We hope
that by presenting these results, developers of the many different constraint
toolkits will be encouraged to include the ROOTS constraint into their solvers.
In our future work, we intend to consider other classes of global constraints
(e.g. sequencing constraints) and to identify the primitives needed to specify
and propagate these.
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Abstract. We have proposed and implemented the language ColJava,
which offers both the advantages of simulation-like process modeling in
Java, and the capabilities of true decision optimization. By design, the
syntax of CoJava is identical to the programming language Java, ex-
tended with special constructs to (1) make a nondeterministic choice of
a numeric value, (2) assert a constraint, and (3) designate a program vari-
able as the objective to be optimized. A sequence of specific selections
in nondeterministic choice statements corresponds to an execution path.
We define an optimal execution path as one that (1) satisfies the range
conditions in the choice statements, (2) satisfies the assert-constraint
statements, and (3) produces the optimal value in a designated program
variable, among all execution paths that satisfy (1) and (2). The seman-
tics of a CoJava program amounts to first finding an optimal execution
path, and then procedurally executing it. To find an optimal execution
path, the implemented CoJava compiler reduces the problem to a stan-
dard optimization formulation, and then solves it on an external solver.
Then, the CoJava program is run as a Java program, where the choice
statements select the found optimal values, and the assert and optimiza-
tion statements are ignored. We illustrate the usage and semantics of
CoJava using a simple supply-chain example, in which elastic demand,
a manufacturer and a supplier are modeled as Java classes.

1 Introduction

Both numeric simulation and constraint-based optimization are successfully ap-
plied in wide variety of domains. This paper is concerned with developing a
unified object-oriented (OO) language supporting both simulation modeling and
decision optimization.

The Problem: Simulation vs. Optimization Models

In decision optimization problems one often needs to model a real-world process,
such as a supply chain, an interaction of physical devices, a chemical process, or
activities of a robot. However, describing a process using traditional operations
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research (OR) modeling, with decision variables, constraints, and objective func-
tions, is quite a challenging task for non-OR professionals, even for those with
general computer science and programming skills.

The reason for that challenge is that the elements of an OR model are abstract
constraints, which have only an indirect connection to elements of a real-world
process. For example, one equation may combine elements from several real-
world devices. Also, the notions of order and timing of events are usually not
explicit in OR models, which puts additional burden on the modeler. Further-
more, the execution of the optimization is typically a black box for the modeler,
with no clear connection to the flow of the real world process. This makes de-
bugging of an optimization model a challenging task. If the optimization fails
there is no clear explanation for the failure. Finally, OR models typically lack
the modularity of modern OO languages, so they tend to become difficult to
maintain over time (like “spaghetti code”).

By contrast, simulations are generally well understood by software developers.
The elements of a simulation are state variables and state-transitions, which have
a clear one-to-one correspondence with elements of a real-world process. Every
quantity from the real-world process is represented by a single state variable,
so there is little room for confusion. Real-world time and sequence of events
correspond to time and sequence in the running simulation in an obvious way.
Also, the “cause and effect” progression of the simulation is easy to follow. If
the simulation fails, the exact time and place of the failure is reported. Finally,
simulation modelers can practice modern OO software engineering. Complex
building blocks can be modeled using simpler building blocks, and so on. In fact,
modern OO languages have been derived from early simulation systems.

While simulation offers numerous advantages in ease of modeling and de-
bugging, OR modeling has one major advantage. If modeled correctly using a
manageable constraint domain such as LP or MILP, an optimization problem
can be solved efficiently using existing solvers with sophisticated optimization
algorithms. By contrast, no such solvers exist for simulation models. Typically,
simulations are optimized by choosing parameters manually. An optimization
layer can be added by running a simulation multiple times, with possible heuris-
tics. However, such a search cannot compete with performance of solvers on
manageable constraint domains.

Contributions

We have proposed and implemented the language CoJava, which offers both the
advantages of simulation-like process modeling in Java, and the capabilities of
true decision optimization.

By design, the syntax of CoJava is identical to the programming language
Java, extended with special constructs to (1) make a nondeterministic choice of
a numeric value that satisfies a range condition, (2) assert a constraint, and (3)
designate a program variable as the objective to be optimized.

A sequence of specific selections in nondeterministic choice statements cor-
responds to an execution path. We define a feasible execution path as one that
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satisfies (1) the range conditions in the choice statements, and (2) the assert-
constraint statements. An optimal execution path is a feasible path that produces
the optimal value in a designated program variable, among all feasible execution
paths. The semantics of a CoJava program amounts to first finding an optimal
execution path, and then procedurally executing it.

To optimize a process, such as a supply chain example (Figures 1 and 2)
discussed in the next section, each real-world device or facility is modeled, tested
and debugged in pure Java as a class of objects with private state and public
methods which change the state. A process is described as a method of a separate
Java class, which invokes methods of the model objects passing nondeterministic
choices for arguments, and which designates an optimization objective.

For model developers, it appears as if the program has simply followed a single
execution path which coincidentally produces the optimal objective value. Since
CoJava builds on software developers’ existing skills, the learning curve for them
is minimal. For OR professionals, CoJava enables development of decision models
in the most natural way, which preserves the one-to-one correspondence with the
components of a real-world process. Moreover, it provides OR modelers with the
powerful OO language features, and permits complex models to be organized
into self-contained business objects and processes, which reduces development
time and allows easy extensibility.

To be able to find an optimal execution path for a CoJava program, we have
developed a reduction to a standard constraint optimization formulation. Con-
straint variables represent values on program variables that can be created at any
state of a nondeterministic execution. Constraints encode transitions, triggered
by ColJava statements, from one program state to the next, and also capture
conditions in the assert statements.

The reduction and the implementation are made under three simple restric-
tions, explained later in the paper. Namely, that (1) Boolean exit conditions in
loops can not involve nondeterministic values, (2) recursive method calls cannot
be made from a nondeterministic conditional statement, and (3) an objective
parameter requested to be optimized cannot appear in a nondeterministic con-
ditional statement.

The restrictions ensure that the length of any execution path (in terms of
the number of program states it goes through), and thus a number of values
generated, are not dependent on nondeterministic choices. The restrictions also
ensure that any nondeterministic choice statements, and Boolean conditions
on nondeterministic values in assert statements have a unique corresponding
objective parameter, which needs to be optimized.

We have developed a CoJava constraint compiler, and integrated it, loosely,
with the Eclipse IDE. The compiler is based on the reduction of the problem of
finding an optimal execution path to a standard constraint optimization formu-
lation. The CoJava compiler operates by first translating the CoJava program
into a very similar Java program in which the primitive numeric operators and
data types are replaced by symbolic constraint operators and data types. This
intermediate Java program functions as a constraint generator. This program is
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compiled and executed to produce a standard optimization problem formulation
(in AMPL in the current implementation). The standard optimization formula-
tion is then submitted to and solved by an external optimization solver. Finally,
the original CoJava program, being a compilable Java program, is run deter-
ministically using the Java compiler, with the choice method re-implemented to
select optimal values returned by the solver. The current

Under the restrictions on the use of nondeterministic values, the reduction
to the standard optimization formulation is guaranteed to always work and be
correct. However, the resulting formulation may be beyond the constraint do-
main handled by the available external solver. Thus, similar to OR modeling, a
CoJava developer needs to be aware to only use arithmetic expressions that can
be handled by the solver used. For example, if an MILP solver is used, a CoJava
program can only use arithmetic expressions that are linear in nondeterminis-
tic values (but arbitrarily complex in deterministic values). Or if a non-linear
solver such as MINUS or SNOPT is used, a CoJava program can use non-linear
arithmetic expressions, but no nondeterministic conditional statements.

Related Work

CoJava addresses the goals of constraint modeling and object oriented simu-
lation. Object oriented simulation has traditionally been approached through
procedural object oriented languages, such as Smalltalk [I] and Java [2]. These
languages start with a syntax for variable assignment and add support for mod-
ular organization of procedures. There are many specialized object oriented sim-
ulation languages such as Simula [3] and ModSim [4], and there are simulation
environments layered on top of existing object oriented languages such as Silk [5]
and JWarp [0]. These languages allow complex models to be constructed and
maintained effectively, but lack support for systematic optimization.

Constraint modeling has traditionally been approached through specialized
constraint modeling languages, such as AMPL [7] and GAMS [§]. These lan-
guages start with a syntax for equations and layer additional support for or-
ganizing equations and other constraints. They enable systematic optimization,
but they require explicit definition and maintenance of equations and other con-
straints.

Constraint programming (CP) languages, such as OPL [9], CLP [10], Claire
[11], Oz [12], ECLiPSe [13], ILOG SOLVER [I4] allow developers to specify
strategies for solving optimization problems. In [I5], an imperative program-
ming language is extended with CP-like search semantics. Certain CP languages
provide support for object oriented modeling as well. However, the focus of CP
is on solving optimization problems, while modeling such problems remains sim-
ilar to AMPL-like modeling languages. CP languages do provide the notion of
(non-deterministic) choice points, which are used in the specification of a search
strategy. The nondeterministic choice method in CoJava is used for a different
purpose, namely to indicate that the compiler has the flexibility to choose a par-
ticular value in order to minimize or maximize a program variable which appears
later in the program.
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In recent years, there has been considerable interest in languages that combine
constraints with object oriented programming. These languages are motivated
by the need for modular construction of optimizable models. Languages such as
Cob [16] and Siri [I7] add object oriented modeling constructs, such as inher-
itance and encapsulation, to an equational syntax. These languages provide a
very clean representation for steady-state optimization problems, but they do
not model state changes in the direct way that procedural languages do.

Other languages combine constraints with object oriented procedures in a
“hybrid” fashion, maintaining program states and constraints side by side. Some
languages and systems such as ILOG Solver [I418], Choco [19], Gecode [20] and
CCUBE [21] add explicit constraint objects to an OO language. Other languages
such as ThingLab [22] and Kaleidoscope [23] impose both state changes and
constraints on the same object attributes. These languages provide separate
procedure execution semantics and constraint solving semantics which interact
during program execution.

The languages most closely related to CoJava are those that translate procedu-
ral algorithms into declarative constraints. These languages unify procedural and
constraint semantics, such that the same program statements determine both in-
terpretations. The language Modelica [24] supports unified models, which can de-
fine both simulation and optimization problems. Modelica models are translated
into equations, which may in turn be solved by an optimizer or sorted and com-
piled into an efficient sequential procedure. Within pure functions (functions with-
out side effects), Modelica can also translate procedural algorithms into constraint
equations. Within these functions, Modelica gains the advantage of specifying con-
straints using familiar procedural operations and flow of control. However, Model-
icais fundamentally an equational language, and it supports procedural algorithms
only within this limited context.

By contrast, CoJava has a thoroughly procedural object oriented syntax and
semantics, (which is in fact identical to that of Java). CoJava presents the de-
veloper with no visible boundary between procedures and constraints. Familiar
procedural operations and flow of control can be used uniformly throughout an
entire model, or even throughout an entire software system. Our philosophy is
to minimize the learning curve for developers, and to minimize the ”impedance
mismatch” between procedures and constraints, by conforming to a single well
understood syntax and semantics. CoJava gives developers the flexibility to move
model components freely back and forth between procedural algorithms and
declarative optimization models. We believe this capability is unique to CoJava.

2 Syntax and Semantics of CoJava

Syntax: CoJava is Extended Java, Which Is Compilable Java

By design, the syntax of CoJava is identical to that of the Java programming
language, extended with one special library class, and a few restrictions on how
its methods can interact with the rest of the program. More specifically, CoJava
adds the following special class to Java:
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public class Nd {
public double choice(double min, double max) {...}
public double checkMinObjective(double objective) {...}
public double checkMaxObjective(double objective) {...}
}

We describe CoJava’s semantics, which is procedural execution of an optimal
execution path, in this section. A CoJava program can also be run as a regular
Java program, in which the methods of the class Nd operate as follows. The
method choice(min,max) returns a single specific value between min and max,
inclusive. The user can use her own implementation of the choice method, or use
the default CoJava implementation (which is currently a random selection using
uniform distribution).

The methods checkMinObjective and checkMaxObjective, in the regular
Java execution, do nothing but output the value of the parameter objective. A
CoJava program can also use the Java command assert (booleanCondition)
with the standard procedural semantics, namely the program will report an error
if the booleanCondition is not satisfied. We start with an example.

Example

Figures 1 and 2 show the source code for a simple CoJava program, composed of
four classes: ExampleSupplyChain, Demand, Manufacturer, and Supplier. The
class ExampleSupplyChain encodes a simulation procedure which uses the three
other classes. We first explain the program as purely a Java program, and then
explain its optimal execution path semantics.

Class Demand models consumer demand resulting from the chosen prices.
Class Manufacturer models the manufacturing process, and computes the quan-
tity of materials required, and the manufacturing costs, given the quantities of
product consumed. Class Supplier models the cost of the required materials,
and offers a discount for larger quantities. All of these results are computed in
constructor methods in order to keep the example concise.

The remaining class, ExampleSupplyChain, calls procedures of the other
classes in sequence to simulate a complete production process. First, prices for
the two products are chosen. Then the consumer demand, manufacturing costs,
and supply costs are computed. Then revenue from consumers is tallied, and
production costs are subtracted, to compute total profit. Finally, total profit is
designated as the ”objective” for this procedure. If we ran the program as a sim-
ple Java program, on each run prices for the two products would be randomly
selected, which would result in different total profit. For example, we might run
the program three times, and see the following output:

price_0: 124.69 price_1: 181.46 profit: 181381.83
price_0: 179.40 price_1: 131.72 profit: 61274.39
price_0: 121.82 price_1: 194.85 profit: -49093.00
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package example;
import cojava.Nd;

public class ExampleSupplyChain
{
public static void main(String[] args)
{
double[] prices = new double[2];

prices[0] = Nd.choice(100, 200);
prices[1] = Nd.choice(105, 205);

Demand demand = new Demand(prices);
Manufacturer manufacturer = new Manufacturer(demand.quantities);
Supplier supplier = new Supplier (manufacturer.materials);

double revenue = 0;
for (dnt i = 0; i < 2; 1i=1+ 1) {
revenue += demand.revenues[i];
}
double cost = manufacturer.cost + supplier.cost;
double profit = revenue - cost;
Nd.checkMaxObjective (profit);
/* ... printing statements omitted here ... */

Fig. 1. Simple Supply Chain Class

Now let us see how the same program, interpreted as a CoJava program,
represents an optimization problem. Above, we ran the program three times,
and exhibited three different execution paths for the program. Given its two
nondeterministic-choices, this program defines multiple execution paths. The
semantics of a CoJava program amounts to first finding an optimal execution
path, i.e., the one that would result in the maximal profit, and then procedurally
executing it. In this example, an optimal execution path corresponds to the
choice of prices 200.0 and 185.0, which would result in a profit of 401555.00.
When we compile and run this program using the CoJava constraint compiler,
and produce the correct CoJava execution path, we get the following:

price_0: 200.0 price_1: 185.0 profit: 401555.00

Restrictions on the Nondeterministic (Nd) Class Methods

Certain restrictions on how the methods choice(...), checkObjective, and
the command assert interact with the rest of CoJava program are imposed to
make the optimization semantics well-defined and computable.

More specifically, the purpose of the restrictions is to control the size of the
set of values that are computed during any execution path of the program. As
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class Demand

{

}

public double[] quantities = {0, 0};
public double[] revenues = {0, 0};
final double[] pLow = {100, 105};
final double[] pMid = {150, 185};
final double[] pHigh = {200, 205};
final double[] qLow = {4000, 6000};
final double[] qHigh = {1000, 1800};

public Demand(double[] prices)
{
for (int i = 0; i < 2; i =1i + 1)
{
assert(prices[i] >= pLow[il);
assert(prices[i] <= pHighl[i]);
quantities[i] = qHighl[il];
revenues[i] = prices[i] * qHighl[il;
if (prices[i] <= pMid[il) {
quantities[i] = qLow[il;
revenues[i] = prices[i] * qLow[i];2}}

class Manufacturer

{

}

public double[] materials = {0, 0};
public double cost = 0;

final double[] reqsO = {2.3, 2.1};
final double[] reqsl = {3.5, 0.6};
final double[] costs = {25.3, 42.5};

public Manufacturer(double[] products)

{
for (dnt i =0; 1 <2; 1 =1+ 1) {
materials[i] = reqsO[i] * products[0] + reqs1[i] * products[1];
cost = cost + costs[i] * materials[i];}
}

class Supplier

{

public double cost = 0;
inal double[] unitCosts = {3.0, 14.3};
final double discount = 0.5;
public Supplier(double[] materials)
{
for (dnt i = 0; 1 < 2; 1 =i + 1) {cost = cost + materials[i] * unitCosts[i];}
if (cost > 2000) {cost = 2000 + (cost - 2000) * 0.5;}

Fig. 2. Classes for Demand, Manufacturer, Supplier

long as the program computes a predictable number of values, we can identify a
correspondence between values across all program paths.

or

To formulate the restrictions, we use the notion of nondeterministic values,
ND-values for short, which we define recursively as follows.
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— The output of a choice method is a ND-value

— A variable is a ND-value, if it appears on the left-hand side of an assignment
with a ND-value on the right-hand side.

— A variable is a ND-value, if it appears on the left-hand side of an assignment
that appears in the THEN or ELSE part of a conditional statement, where
the Boolean condition is a ND-value.

— The result of an arithmetic or Boolean operation on one or more ND-values
is a ND-value.

We also say that a conditional statement is ND, if its Boolean condition is
ND. A LOOP statement is ND, if its exit Boolean condition is ND. A method
call is ND, if it is done from within a ND conditional statement. We also say
that a variable, expression, conditional statement etc. are deterministic to mean
the negation of being nondeterministic.

The following simple restrictions are imposed in order to make the number of
values computed by the program independent of the nondeterministic choices,
and associate at most one checkObjective method call with each choice call
and assert statement.

— No ND loops
— No ND recursive method calls
— No ND calls for checkObjective.

The first restriction controls the number of iterations of each loop. As long as
the loop’s exit conditions are deterministic, the loop will continue for a deter-
ministic number of iterations. If a loop executed a nondeterministic number of
iterations, it would compute a nondeterministic number of values.

The second restriction controls the depth of recursive calls. By prohibiting
recursive calls within nondeterministic conditionals, we prevent the depth of
recursion from depending on nondeterministic choices. We do allow arbitrary
non-recursive method calls, whether or not they are deterministic, and also re-
cursive method calls as long as they are deterministic. Note that the conditions
above are sufficient, but not necessary, to control the number of states in the
program. More flexible conditions are subject for further work.

The third restriction, namely that no checkObjective is called from a ND
conditional statement, makes sure that per given input to the program, (1)
all checkObjective method calls have a total ordering, which is determinis-
tic, and (2) that every execution path that goes through a specific choice
or assert statement will deterministically “continue” to a unique “nearest”
checkObjective call (if there is any). In this case, we say that such a choice
or assert statement is in the scope of that nearest checkObjective call.

We are now ready to define optimization semantics in a general way.

CoJava Semantics

A sequence of specific selections in nondeterministic choice statements corre-
sponds to an execution path. We define a feasible execution path as one that
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satisfies (1) the range conditions in the choice statements, and (2) the assert-
constraint statements. An optimal execution path is a feasible path that produces
the optimal value in a designated program variable, among all feasible execution
paths.

Case 1: Single checkObjective Call, as Last Program Statement. We
assume here that all the restrictions outlined are satisfied. Given a CoJava pro-
gram P, input I, and the checkObjective(v) statement S as the last program
statement, we denote by EP the set of all feasible execution paths e, i.e., exe-
cution paths that reach S. For a particular feasible execution path e € EP, we
denote by v(e) the value of the program variable v at the statement S.

An optimal execution path is a solution to the following optimization problem
OP:

Optimize v(e) s.t. e € EP

where Optimize stands for Minimize in the case of checkMinObjective and for
Mazximize in the case of checkMaxObjective.

Note that a solution to this problem may not be unique, as more than one
feasible execution path e € EP may have the minimal/maximal v(e). An optimal
execution path e defines the values for each execution of a choice method.

An execution of the program P according to CoJava semantics is a regular
procedural execution where the values returned by each choice statement are
those corresponding to an optimal execution path e.

Case 2: No checkObjective in the program. In this case, consider a satis-
faction problem SP: Find e € EP, where EP is the set of all feasible execution
paths, i.e., those that reach a special NOOP method (which does nothing) at the
end of the program.

An execution of the program P according to CoJava semantics is a regular
procedural execution where the values returned by each choice statement are
those corresponding to a feasible execution path e.

Case 3: One or More checkObjective Calls According to Restrictions.
We do not discuss this general case in detail in this paper, nor was it imple-
mented. Here we only provide a general idea. Because of the restrictions, (1) all
checkObjective method calls have a total ordering, which is deterministic, and
(2) every execution path that goes through a specific choice or assert state-
ment will deterministically “continue” to a unique “nearest” checkObjective
call (if there is any). In this case, we say that such a choice or assert statement
is in the scope of that nearest checkObjective call.

The idea here, is to consider an execution as split into sections, in the order
of checkObjective calls, each with the choice and assert statements in its
scope, and apply Case 1 on all but the last section, and Case 2 on the last.
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3 Reduction to Standard Constraint Optimization
Formulation

The semantics of CoJava was precisely defined in the previous section. A CoJava
program behaves exactly like the corresponding Java program invoked with an
optimal assignment to its nondeterministic-choice inputs. While this definition
is correct, it begs the question of how such an assignment can be identified.

This section describes how a CoJava program can be reduced to a set of
constraints, decision variables, and an objective function (in other words, to
a conventional optimization problem). The set of constraints is a declarative
description of the set of legal execution paths of the Java program. Every consis-
tent assignment of decision variables defines one legal execution path of the Java
program. The assignment producing the optimal value of the objective function
corresponds to the optimal nondeterministic-choice input to the program.

If the resulting optimization problem can be solved, the optimal execution
path can be identified, and the CoJava program can be correctly executed. How-
ever, the decision problem may not be solvable by any existing optimization al-
gorithm. In practice, only relatively simple CoJava programs using a restricted
set of numeric operators can be optimized and correctly executed.

Intuitively, a CoJava program is reduced to constraints by encoding with
constraint variables the states of program execution, and by encoding with con-
straints the valid transitions from one program state to the next state. To il-
lustrate the reduction, the following subsection shows the constraint encoding
for the supply chain example. The final subsection defines the reduction to con-
straints more precisely.

Constraints for the Supply Chain Example

Initial program state is encoded by a constraint store C'S containing the empty
conjunction of constraints, i.e., TRUE. Assignments with the choice method
on the right hand side are encoded as range constraints, within which a nonde-
terministic choice can be made. Thus, after the first two assignments, the new
program state is represented by the constraint variables price; and prices, which
represent the values in the program variables prices[0] and prices[1] after
the assignments. The constraints:

100.0 < price; < 200.0
105.0 < prices < 205.0

are added to the constraint store C'S.

Next, the three object constructor procedures are invoked. In these proce-
dures, several instance variables are assigned, and these create several constraints
and constraint variables. These variables and constraints are omitted to keep this
example concise.

Next, an initial value is assigned to the program variable revenue. The con-
straint revenue; = 0 is added to the constraint store C'S.
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Next, the loop executes exactly two iterations. On each iteration, a new con-
straint and new constraint variable are introduced. The constraints:

revenues = revenue; + demands
revenues = revenues + demandy

are added to the constraint store C'S. Note: the constraint variables demands
and demand, represent values defined within the constructor calls, which are
omitted from this example presentation.

Similarly, the last two assignments introduce two more constraints. The con-
straint store C'S now contains:

CS =

price; >= 100.0 A price; <= 200.0A
prices >=105.0 A prices <= 205.0A
revenue; = 0N

revenues = revenue; + demands/
revenues = revenues + demandg /A

profit; = revenues — cost/

revenuess = ... \ revenuey = ... \ cost = ...

Finally, the checkMaxObjective (profit) statement is encoded as the deci-
sion optimization problem:

Mazximize profit; s.t. CS

In fact, if we ran this problem using an LP solver, we would get the answer
price; = 200, prices = 185, profit; = 401555.00.

Reduction Procedure

In this subsection we briefly describe how a decision optimization problem in
terms of constraint variables, constraints and an objective function is formu-
lated, so that it would be equivalent to the optimization problem in the opti-
mization semantics of CoJava. To do that, we conceptually describe a modified
Java program that generates symbolic constraints, to be used in the optimization
problem.

First, we introduce symbolic expression types, for arithmetic numeric and
Boolean types. This is done by implementing the symbExpression class. This
class has methods which are their arithmetic counterparts: add, subtract, mul-
tiply etc., that construct more complex arithmetic symbolic expressions from
simpler ones.

Similarly, symbolic atomic constraints correspond to inequalities or equations
between two symbolic arithmetic expressions. Symbolic constraints are either
atomic, or constructed using Boolean operators of simpler symbolic constraints
in the standard fashion.
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The Java code of the CoJava program is modified as follows. All numeric
and Boolean types are replaced with their symbolic counterparts, and so are the
operators. Some program statements extend CS (i.e., conjuncts it with additional
constraints). Initially, constraint store CS is empty. Then:

— For an assignment statement of the form v = AE, where AE is an arithmetic
expression, a new constraint variable vy, is generated for the program vari-
able v, a symbolic arithmetic expression symb(AE) is created for the RHS
AE, and the constraint vye,, = symb(AE) is added to the constraint store
CS. Also, a program variable v is converted to the type symbExpression in
the modified program.

— A conditional statement of the form

if C { S1 } else { 82}

where C is a nondeterministic (ND) Boolean condition, and S1 and S2 are
statements, is first replaced with two conditional statements

if C { St }; if not C { S2 }

— For a conditional statement of the form if C { S } , including those gener-
ated from if ... else ... statement, the following constraints are added
to CS:

symb(C) — Constraints(S)
—symb(C) — Equalities

where Constraints(S) stand for the constraints that would be generated for
the statement S if it was executed unconditionally, and Equalities is the set
of equality constraints of the form vye,, = Vo4, Where vyeq, is the newest con-
straint variable v,e,, generated for a program variable v in Constraints(S),
and v,q is the last constraint variable for v before the conditional statement.
The implication constraint is then emulated using binary variables and linear
constraints; we omit the precise description due to lack of space.

— For an assignment v = choice(min,max), a constraint min < vVpew < maz
is generated and added to CS

— For an assert(C) statement a constraint symb(C) is generated and added
to CS

For Case 1 of optimization semantics, where checkObjective (objective) is

the last statement of the program, the optimization problem constructed is:
Optimize objective ,yppons S.t.CS

where Optimize stands for Minimize in the case of checkMinObjective and

Mazimize in the case of checkMaxObjective, and objective ., ren: 15 the most

recent constraint variable for the program variable objective.
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4 Overview of Implementation

We have developed a constraint compiler for the the CoJava language. The
constraint compiler translates a nondeterministic simulation procedure into an
equivalent decision problem. The input is a program in the CoJava (our restricted
version of Java). The resulting decision problem consists of a set of equations
and inequalities in the mathematical modeling language AMPL.

The overall flow of the constraint compiler is as follows: First, a simulation
procedure is made nondeterministic by initializing it with values from the non-
deterministic choice library, and designating its output as an objective value.
This requires no change to the procedure itself, only to its parameters and return
value. Next, the procedure is transformed to create a constraint generator proce-
dure. This involves uniformly converting all of its numeric data types to symbolic
expression data types. Next, the constraint generator is compiled and executed
(using a standard java compiler). The result generated by this procedure is a set
of symbolic expression data structures, represent the nondeterministic output of
the simulation procedure. Finally, these symbolic expressions are translated into
a standard constraint programming language such as AMPL.

Z
Simulation procedure in Java Constraint generator procedure
( Send nondeterministic choices for parameters ) ( Execute the transformed procedure )

T i
Nondeterministic simulation procedure Symbolic expression structure
( Substitute symbolic types for numeric types Translate expression structure to AMPL )
Z Y
| Optimization problem in AMPL

Fig. 3. Diagram of the Constraint Compiler

5 Conclusions and Future Work

We presented a unified language with complementing procedural and optimiza-
tion semantics. Interesting questions remain for future research. This includes:
(1) how to generalize CoJava to serve as a general computational paradigm; (2)
how to extend it with intelligent debugging capability (including testing whether
generated constraints fall into specific classes supported by external solvers); (3)
how to add CP facilities and extend underlying constraint solvers, and (4) ex-
perimenting with using CoJava on diverse optimization applications. Finally, we
would like to thank anonymous reviewers for their insightful suggestions and
Garrett Kaminski for his helpful comments.
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Abstract. Classical constraint satisfaction is concerned with the fea-
sibility of satisfying a collection of constraints. The extension of this
framework to include optimisation is now also being investigated and a
theory of so-called soft constraints is being developed. In this extended
framework, tuples of values allowed by constraints are given desirability
weightings, or costs, and the goal is to find the most desirable (or least
cost) assignment.

The complexity of any optimisation problem depends critically on the
type of function which has to be minimized. For soft constraint problems
this function is a sum of cost functions chosen from some fixed set of
available cost functions, known as a valued constraint language. We show
in this paper that when the costs are rational numbers or infinite the
complexity of a soft constraint problem is determined by certain algebraic
properties of the valued constraint language, which we call feasibility
polymorphisms and fractional polymorphisms.

As an immediate application of these results, we show that the exis-
tence of a non-trivial fractional polymorphism is a necessary condition for
the tractability of a valued constraint language with rational or infinite
costs over any finite domain (assuming P # NP).

1 Introduction

Classical constraint satisfaction is concerned with the feasibility of satisfying a
collection of constraints. The extension of this framework to include optimisation
is now also being investigated and a theory of so-called soft constraints is being
developed.

Several alternative mathematical frameworks for soft constraints have been
proposed in the literature, including the very general frameworks of ‘semi-ring
based constraints’ and ‘valued constraints’ [2]. For simplicity, we shall adopt the
valued constraint framework here. In this framework, every tuple of values al-
lowed by a constraint has an associated cost, and the goal is to find an assignment
with minimal total cost.

F. Benhamou (Ed.): CP 2006, LNCS 4204, pp. 107-[IZI] 2006.
© Springer-Verlag Berlin Heidelberg 2006



108 D.A. Cohen, M.C. Cooper, and P.G. Jeavons

The general constraint satisfaction problem (CSP) is NP-hard, and so is un-
likely to have a polynomial-time algorithm. However, there has been much suc-
cess in finding tractable fragments of the CSP by restricting the types of relation
allowed in the constraints. A set of allowed relations has been called a constraint
language. For some constraint languages the associated constraint satisfaction
problems with constraints chosen from that language are solvable in polynomial-
time, whilst for other constraint languages this class of problems is NP-hard [21];
these are referred to as tractable languages and NP-hard languages, respectively.
Dichotomy theorems, which classify each possible constraint language as either
tractable or NP-hard, have been established for constraint languages over 2-
element domains [29], and 3-element domains [3]. Considerable progress has also
been made in the search for a complete characterisation of the complexity of
constraint languages over finite domains of arbitrary size [4}14119,21].

The general valued constraint problem (VCSP) is also NP-hard, but again
we can try to identify tractable fragments by restricting the types of allowed
cost functions that can be used to define the valued constraints. A set of al-
lowed cost functions has been called a valued constraint language. Much less is
known about the complexity of the optimisation problems associated with dif-
ferent valued constraint languages, although some results have been obtained
for certain special cases. In particular, a complete characterisation of complexity
has been obtained for valued constraint languages over a 2-element domain with
real-valued or infinite costs [6]. This result generalizes a number of earlier results
for particular optimisation problems such as MAX-SaT [ITL12].

One class of cost functions has been extensively studied: the so-called sub-
modular functions. The problem of minimizing a real-valued submodular ob-
jective function occurs in many diverse application areas, including statistical
physics [I], the design of electrical networks [25], and operations research [5[33]
27]. One of the first problems to be recognized as a case of submodular func-
tion minimisation was the MAX-FLow/MIN-CUT problem [I3]. Another class
of examples arises in pure mathematics: the rank function of a matroid is always
a submodular function [15]. Recently, several polynomial-time algorithms have
been proposed for submodular function minimisation [17,18,[30], although the
complexity of the best of these general algorithms is O(n® min{lognM,n?logn})
where M is an upper bound on the values taken by the function to be mini-
mized [I§]. More practical cubic time algorithms have been developed for many
special cases [9,124,126], including the MAX-FLow/MIN-CUT problem [I13], the
minimization of a symmetric submodular function [28], the minimization of a
{0, 1}-valued submodular function over a 2-element domain [I2] and the min-
imization of any sum of binary submodular functions over an arbitrary finite
domain [§].

The results of [I2] show that submodularity is essentially the only property
giving rise to tractable {0, 1}-valued constraint languages over a 2-element do-
main (see [0]). Jonsson et al. [23] recently generalized this result to 3-element
domains. However, for languages allowing more general costs, or defined over
larger finite domains, very little is known about the possible tractable cases.
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In the classical CSP framework it has been shown that the complexity of any
constraint language over any finite domain is determined by certain algebraic
properties known as polymorphisms [19)21]. This result has reduced the problem
of the identification of tractable constraint languages to that of the identification
of suitable sets of polymorphisms. In other words, it has been shown to be enough
to study just those constraint languages which are characterised by having a
given set of polymorphisms. This both reduces the number of different languages
to be studied and allows the application of results from universal algebra to the
study of the complexity of constraint languages.

To analyse the complexity of valued constraint languages in the VCSP frame-
work we recently introduced a more general algebraic property known as a mul-
timorphism [BL[7L10]. Using this algebraic property we have shown that there are
precisely eight maximal tractable valued constraint languages over a 2-element
domain with real-valued or infinite costs, and each of these is characterised by
having a particular form of multimorphism [6]. Furthermore, we have shown
that many known maximal tractable valued constraint languages over larger fi-
nite domains are precisely characterised by a single multimorphism and that key
NP-hard examples have (essentially) no multimorphisms [7].

In this paper we slightly generalise the notion of a multimorphism to that of
a fractional polymorphism. We are then able to show that fractional polymor-
phisms, together with the polymorphisms of the underlying feasibility relations
(which we call feasibility polymorphims), characterise the complexity of any val-
ued constraint language, I, with non-negative rational or infinite costs over any
finite domain. Specifically we show that:

— the class of all cost functions having the same fractional polymorphisms and
feasibility polymorphisms as I' corresponds precisely to the closure of I" by
three natural extension operators (one of which is expressibility);

— the extended class containing I" together with all cost functions obtained
using these three extension operators has the same complexity as I' (up to
polynomial-time reduction).

This very general result has the immediate corollary that a finite-valued rational
cost function is expressible over a valued constraint language if and only if it has
all the fractional polymorphisms of that language.

The applications of these results to the search for tractable valued constraint
languages are very similar to the applications of polymorphisms to the search
for tractable constraint languages in the classical CSP. First, we need only con-
sider valued constraint languages defined by these algebraic properties. This will
greatly simplify the search for a characterisation of all tractable valued constraint
languages. Secondly, by showing that there exists an NP-hard valued constraint
language with only finite rational costs we show that any tractable valued con-
straint language with finite rational or infinite costs must have a non-trivial
fractional polymorphism.

Hence the results of this paper provide a powerful new set of tools in the
search for a polynomial-time/NP-hard dichotomy for finite-domain optimisation
problems defined by valued constraints.
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2 Valued Constraint Problems

In the valued constraint framework each constraint has an associated function
which assigns a cost to each possible assignment of values and these costs are
chosen from some valuation structure, satisfying the following definition.

Definition 1. A valuation structure, {2, is a totally ordered set, with a min-
imum and a mazimum element (denoted 0 and oo), together with a commuta-
tive, associative binary aggregation operator (denoted @), such that for all
a,B,ye€R, a®0=a and a ®vy > 3Dy whenever a > (.

Definition 2. An instance of the valued constraint satisfaction problem,
VCSP, is a j-tuple P = (V, D, C, 2) where:

— V is a finite set of variables;

— D is a finite set of possible values;

— (2 is a valuation structure representing possible costs;

— C is a set of constraints. Each element of C is a pair ¢ = (0, $) where o
is a tuple of variables called the scope of ¢, and ¢ is a mapping from D!l
to 12, called the cost function of c.

Definition 3. For any VCSP instance P = (V,D,C, (2), an assignment for
P is a mapping s : V. — D. The cost of an assignment s, denoted Costp(s), 18
given by the aggregation of the costs for the restrictions of s onto each constraint
scope, that is,

Costp(s) & h B(s(v1), 5(va), . .., s(vm))-

({v1,V2,...,Um ), P)EC

A solution to P is an assignment with minimal cost, and the question is to find
a solution.

Definition 4. A valued constraint language is any set I' of cost functions
from some fized finite domain D to some fixed valuation structure (2.

We define VCSP(I') to be the set of all VOSP instances in which all cost
functions belong to I.

The complexity of a valued constraint language I" will be identified with the
complexity of the associated VCSP(I").

Definition 5. A valued constraint language I' is called tractable if, for every fi-
nite subset I'y C I, there exists an algorithm solving any instance P € VCSP(Iy)
in time at most p(|P|), for some polynomial p.

Conversely, I' is called NP-hard if there is some finite subset I'y C I' for
which VCSP(I'y) is NP-hard.

For the remainder of this paper we will focus for concreteness on the valuation
structure containing the non-negative rational numbers (Q) together with infin-
ity (c0), with the standard addition operation, + (extended so that a + co = oo,
for all a). This valuation structure will be denoted Q. It is sufficiently general
to encode many standard optimisation problems (for examples, see [7,[10]).
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3 Extending a Valued Constraint Language

We now define three ways to extend a valued constraint language. In Section
we will show that applying these three extensions does not alter the complexity
of a valued constraint language.

What is more, in Section [6]l we will give a simple algebraic characterisation of
the languages obtained by applying all three extensions.

The first extension makes use of a natural equivalence relation on cost func-
tions.

Definition 6. Two cost functions ¢ and ¢' are said to be cost-equivalent if
one is obtained from the other by adding a constant cost and scaling by some
constant factor. In other words, ¢ and ¢' are cost-equivalent if they have the
same arity v and there exist positive integers, a,b, and a finite constant ¢, such
that

Ve e D", a¢(x) = bo(x)+ec.

For any valued constraint language I' the language consisting of all cost functions
which are cost-equivalent to some member of I will be denoted I'=.

The next extension adds in those cost functions which are expressible over I'.

Definition 7. For any VCSP instance P = (V,D,C, ), and any list L =
(v1,...,v.) of variables of P, the projection of P onto L, denoted 7y, (P), is
the r-ary cost function defined as follows:

o (P)@rs ) {s:V—=D | <s(v1)?.1.1,2(vr)>:<xl ..... @)} Costp(s)
We say that a cost function ¢ is expressible over a constraint language I' if
there exists a VOSP instance P € VCSP(I") and a list L of variables of P such
that 7, (P) = ¢. We call the pair (P, L) a gadget for expressing ¢ over I
For any valued constraint language I' the language consisting of all cost func-
tions expressible over I will be denoted exp(I).

Ezample 1. In this example we show that I' is always a subset of exp(I").

Let I be a valued constraint language over a domain D with costs in f2.
Choose any v € I'. Let the arity of 4 be r and define V' = {x1,..., 2, }. The pair
{V,D,{{z1,...,zr), M}, 2),{x1,...,2,)) is a gadget for expressing v over I.

The final extension adds cost functions obtained using a feasibility operator.

Definition 8. For any cost function ¢, with arity v, we denote by Feas(¢) the
r-ary cost function defined by

R Gl Bt e

For any valued constraint language I' the language {Feas(¢) | ¢ € I'} will be
denoted Feas(I).
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4 Polymorphisms and Fractional Polymorphisms

For classical constraint satisfaction problems it has been shown that the com-
plexity of a constraint language is characterised by certain algebraic properties
of the relations in that language, known as polymorphisms [4,19,21]. This result
was obtained by showing that the expressive power of a constraint language is
determined by the polymorphisms of that language.

Polymorphisms are defined for relations rather than cost functions, but we
will now define an analogous notion which can be applied to arbitrary valued
constraint languages.

Definition 9. For any r-ary cost function ¢, we say that f : D¥ — D is a k-ary
feasibility polymorphism of ¢ if, for all z1,...,x, € D¥,

k
Feas(8) (f(e1). ... f(r)) < Y Feas(@) (@l i),

For any valued constraint language I", we will say that f is a feasibility polymor-
phism of I if f is a feasibility polymorphism of every cost function in I'. The
set of all feasibility polymorphisms of I' will be denoted Pol(I"), and the finite
subset containing all k-ary feasibility polymorphisms will be denoted Poly(I).

Theorem 1. For any valued constraint language I', and any cost function ¢,
Feas(¢) € exp(Feas(I")) if and only if Pol(I") C Pol({¢})

Proof. Follows immediately from the corresponding result for classical constraint
languages (see, for example, Corollary 1 of [22]).

To obtain a more precise result about the expressive power of arbitrary valued
constraint languages we need to generalize the definition of a polymorphism.

Definition 10. A k-ary weighted function F' on a set D is a set of the form
{(w1, f1),- -, {Wn, fn)} where each w; is a positive integer, and each f; is a
distinct function from DF to D.

For any r-ary cost function ¢, we say that a k-ary weighted function F is a
k-ary fractional polymorphism of ¢ if, for all x1,...,x, € D¥,

n n k
kzwi¢(fi(x1),-~-,fi(xr)) < (Zm) : (Z ¢($1[ﬂ7~-~7$r[ﬂ)> :

For any valued constraint language I', we will say that f is a fractional polymor-
phism of I' if f is a fractional polymorphism of every cost function in I'. The
set of all fractional polymorphisms of I' will be denoted fPol(I").

In earlier papers we introduced the notion of a multimorphism [6L[7,[10]. A mul-
timorphism is precisely a k-ary fractional polymorphism where the sum of the
weights w; is exactly k.



An Algebraic Characterisation of Complexity for Valued Constraints 113

Ezample 2. Consider the unary fractional polymorphism given by {(1,¢)} for
some constant ¢ € D (seen as a unary function). An r-ary cost function ¢ has
this unary fractional polymorphism when, for all x;,...,z, € D,

oe,...,c) < od(xr,..., )

Hence, if all cost functions ¢ € I' have this fractional polymorphism then we
can solve any instance of VCSP(I) trivially, by assigning the value ¢ to each
variable. In fact, it was shown in [7l[10] that the class of all cost functions with
this simple fractional polymorphism is a maximal tractable class.

Example 8. An r-ary cost function ¢ on an ordered set D has the binary frac-
tional polymorphism {(1, min), (1, max)} when, for all z1,...,z, € D?

¢(min(xq[1],21[2]), . .., min(z,[1], z,.[2]))
+ o(max(x[1], 21[2]), ..., max(z,[1], z,[2]))
< @z (1], ..,z 1)) + o(z1[2], ..., 20[2]) -

Hence, the fractional polymorphism {(1,min), (1, max)} exactly captures the
notion of submodularity [I5] which we can thus define as follows.

Definition 11. A cost function (over an ordered domain) is submodular if
and only if it has the fractional polymorphism {(1, min), (1, max)}.

Recall from the Introduction that submodular function minimization is a central
problem in discrete optimization. The notion of a fractional polymorphism allows
us to capture the property of submodularity by using a particular weighted
function. It also allows us to generalize to many other properties by considering
different weighted functions.

5 Extensions Preserve Tractability

In this section we will show that the three extensions defined in Section [3 all
preserve the tractability or NP-hardness of a valued constraint language.

Theorem 2. For any valued constraint language I", we have:

1. IT'= is tractable if and only if I' is tractable, and I'= is NP-hard if and only
if I' is NP-hard.

2. exp(I) is tractable if and only if I' is tractable, and exp(I") is NP-hard if
and only if I' is NP-hard.

3. I' UFeas(I) is tractable if and only if I' is tractable, and I' U Feas(I") is
NP-hard if and only if I' is NP-hard.

Proof. For part (1), by Definition [l it is sufficient to show that for any finite
subset I of I'= there exists a polynomial-time reduction from VCSP(I”) to
VCSP(I"), where I'" is a finite subset of I".
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Let I'" be a finite subset of I'= and let P’ be any instance of VCSP(I"). By
Definition [, any cost function ¢’ € I'= is cost-equivalent to some cost function
¢ € I'. Hence we can replace each of the constraints (o, ¢’) in P’ with a new
constraint (o, @), where ¢ € I and a¢’ = be + ¢ for some positive integers a, b
and some (positive or negative) constant ¢, to obtain an instance P of VCSP(I').
The constant c¢ is added to the cost of all assignments and so does not affect the
choice of solution. The effect of the scale factors a and b can be simulated by
taking b copies of the new constraint in P and a copies of all other constraints
in P. The values of a,b are constants determined by the finite set I, so this
construction can be carried out in polynomial time in the size of P’.

For part (2), by Definition [ it is sufficient to show that for any finite sub-
set I of exp(I") there exists a polynomial-time reduction from VCSP(I") to
VCSP(I'), where I' is a finite subset of I.

Let I be a finite subset of exp(I") and let P’ be any instance of VCSP(I™).
By Definition [T any cost function ¢’ € exp(I") can be constructed by using some
gadget (Py, L) where Py is an instance of VCSP(I"). Hence we can simply re-
place each constraint in 7’ which has a cost function ¢’ not already in I" with the
corresponding gadget to obtain an instance P of VCSP(I") which is equivalent
to P’. The maximum size of any of the gadgets used is a constant determined
by the finite set I, so this construction can be carried out in polynomial time
in the size of P’.

For part (3), by Definition [ it is sufficient to show that for any finite subset
I'" of I' U Feas(I") there exists a polynomial-time reduction from VCSP(I") to
VCSP(I'), where I' is a finite subset of I.

Let I'" be a finite subset of 'UFeas(I") and let P’ be any instance of VCSP(I™).
By Definition B, any cost function ¢’ € Feas(I") is obtained from some cost
function ¢ € I' by setting all finite values to 0. Now assume that P’ has k
constraints with cost functions in Feas(I"). If we replace each of these constraints
(0,¢") with a new constraint (o, ¢), where ¢ € I' and Feas(¢) = ¢', then we
obtain an instance P of VCSP(I').

Let M be the maximum finite value taken by any cost function in the finite
set I’ and let m be the minimum difference between any two distinct finite
values taken on by cost functions in I'”. The cost of any assignment for P differs
by at most kM from the cost of the same assignment for P’. Hence if we also
replace all the remaining constraints (o, ¢) of P’ with [** 417 copies of (o, ¢),
then we obtain an instance of VCSP(I") with the same solutions as P’. Since M
and m are constants determined by the finite set I/, this construction can be
carried out in polynomial time in the size of P’.

We can now combine all three extensions to obtain the following result.

Definition 12. For any valued constraint language, I', we define the closure
of I', denoted I', as follows:
r &« (exp(I" UFeas(I")))=.

Corollary 1. A valued constraint language I' is tractable if and only if T s
tractable; similarly, I' is NP-hard if and only if I' is NP-hard.
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6 Characterising r

The main result of this paper is the following theorem, which characterises the
extended language I" in terms of the feasibility polymorphisms and fractional
polymorphisms of I'.

Theorem 3. For any valued constraint language I' with costs in Q. , and any
cost function ¢ taking values in Q. , ¢ € r if and only if Pol(I") C Pol({¢}) and
fPol(I") C fPol({¢}).

The following result is an immediate consequence of Corollary [l and Theorem 3l

Corollary 2. The tractability or NP-hardness of a valued constraint language
I with costs in Q. is determined by its feasibility polymorphisms and fractional
polymorphisms.

We also observe that when the cost functions in I' take finite rational values
only, the tractability or NP-hardness is determined by the fractional polymor-
phisms alone. Conversely, when I = Feas(I") the tractability or NP-hardness is
determined by the feasibility polymorphisms alone.

We will prove Theorem Blin two halves. First we show, in Proposition [, that
the feasibility polymorphisms and fractional polymorphisms of I" are preserved
by all members of I". Then we show, in Theorem ] that every cost function with
all the feasibility polymorphisms and fractional polymorphisms of I" is in fact a
member of I'.

~

Proposition 1. If I' is any valued constraint language then Pol(I") = Pol(I)
and fPol(I") = fPol(I").

Proof. This follows immediately from the fact that feasibility polymorphisms
and fractional polymorphisms are preserved by aggregating cost functions, pro-
jecting onto subsets of variables, adding constants, scaling by a natural number,
and applying the feasibility operator.

To see this note that if ¢1 and ¢2 both satisfy the inequality in Definition [J]
then so does any extension of ¢; and ¢, obtained by adding dummy arguments.
So also does ¢1 @ ¢2 (by the monotonicity of the @ operation). So also does the
projection of each ¢; onto any list of arguments. Hence if I" has the feasibility
polymorphism f, then so does any cost function expressible over I'. Furthermore
adding a constant to ¢ preserves this inequality, and scaling by a natural number
also preserves the inequality. Finally replacing ¢; with Feas(¢;) also preserves
this inequality.

Similar remarks apply to the inequality in Definition

To establish Theorem @l below we will use the following result, which is a variant
of the well-known Farkas’ Lemma used in linear programming [27.3T].

Lemma 1 (Farkas 1894). Let S and T be finite sets of indices, where T is the
disjoint union of two subsets, T> and T_. For all i € S, and all j € T, let a; ;
and b; be rational numbers. Exactly one of the following holds:
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— Either there exists a set of non-negative rational numbers {z; | i € S} and a
rational number C' such that

for each j € T, Zam z; > bj+C, and,
i€s

for each j € T—, Zai)j z; = bj+C.
i€s

— Or else there exists a set of integers {y; | j € T'} such that 3, py; =0 and:

foreachj€T>, y; > 0,
for each i € S, Zyj a;; < 0, and

jeT
Zyj bj > 0.
JjeT

Such a set is called a certificate of unsolvability.

The proof of Theorem (] also uses a number of constructions related to the notion
of an indicator problem, as introduced in [20,22].

Definition 13. A k-matching of a valued constraint language I" is defined to
be a pair (M,~) where

— v is a cost function in I' with arity v, and
— M is a k X r matrix of elements of D such that v has a finite value when
applied to any of the k rows.

Definition 14. A k-weighting, X, of a valued constraint language I" is defined
to be a mapping from the set of all k-matchings of I to the non-negative integers.

Note that a k-weighting of I" can be seen as associating a multiplicity (possibly
zero) with each k-matching.

Definition 15. Given a finite valued constraint language I' over a finite set D
and a k-weighting, X, of I', we define the X -weighted indicator problem
over I', denoted TP(I', X), as follows:

— The set of variables of TP(I',X) is the set D* consisting of all k-tuples of
elements from D.

— The domain of TP(I', X) is the domain D of T.

— The constraints of TP(I', X) are defined as follows. Note that any list of r
variables, vi,...,v., can be seen as (the columns of) a k x r matriz. For
every list S of variables, if (S,7) is a k-matching of ', then TP(I", X) has
the constraint (S, Feas(vy)) and X ({S,~)) copies of the constraint (S,~).

Theorem 4. Let I' be a finite valued constraint language over a finite set D
with costs in Q, and let ¢ : D™ — Q. be any cost function such that Pol(I") C
Pol({o}).

Either ¢ € I, or else there is some fractional polymorphism of I' which is not
a fractional polymorphism of ¢.
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Proof. The idea of the proof is as follows. We will attempt to construct a
weighted indicator problem to express a cost function ¢’ which is cost-equivalent
to ¢. If this succeeds, then we have shown that ¢ € I', since every weighted in-
dicator problem for I" is an instance of VCSP(exp(I" UFeas(I"))).

On the other hand, if this fails then we will show that we must have an unsat-
isfiable collection of equations and inequations. We will then use Lemmall to get
a certificate of insolvability. This certificate will give us the required fractional
polymorphism of I" that is not a fractional polymorphism of ¢.

We now give the details of the proof. Let k& be the number of r-tuples for
which the value of ¢ is finite and fix an arbitrary order, (x1,...,xx), for these
tuples. This list of tuples can be viewed as (the rows of) a matrix with k rows
and 7 columns, which we will call Sg.

Note that (the columns of) Sy can be viewed as a list (s1,. .., s,) of k-tuples,
and hence as a list of variables of an indicator problem. We will now try to find
some k-weighting X of I' so that the X-weighted indicator problem ZP(I", X)
can be used to express a cost function ¢’ which is cost-equivalent to ¢. More
precisely, we will seek to find a k-weighting X such that (ZP(I,X),S,) is a
gadget for expressing such a ¢'.

The variables of ZP(I', X) are the possible k-tuples over D, so each assignment
to these variables can be viewed as a function f : D¥ — D. Whatever k-weighting
X we choose, the set of assignments for ZP(I', X) which have infinite cost is the
same as for the classical indicator problem for Feas(I") of order k, as defined
in [20,22]. Hence, by Theorem 1 of [22], every assignment for ZP(I', X) which
has a finite cost corresponds to a feasibility polymorphism of I'. Since we are
assuming that ¢ has all of the feasibility polymorphisms of I, it follows that
(IP(I,X),Ss) is a gadget for some r-ary cost function which is finite-valued
exactly when ¢ is finite-valued.

Now consider any f : D¥ — D € Poli(I"). By Definition [ we know that, for
any k-matching (S,~) of I', we must have v(f(S)) < oo, where f(5) denotes the
tuple of values obtained by applying f to each column of S. Since ¢ has all the
feasibility polymorphisms of I', we also have that ¢(f(S54)) < 0.

We now define a finite system of inequalities and equations, with finite coeffi-
cients, which together specify the required properties for an unknown constant
C and k-weighting X, to ensure that (ZP(I, X), S,) is a gadget for ¢ + C.

For each f € Pol,(I),
> > XS A(FS) = S(f(Se)+C. (1)

yeI'  {all k-matchings (S, )}

For each projection e € Pol(I),

> 3 X((S,7)) Y(e(S))

yeI'  {all k-matchings (S, )}

P(e(Sy)) +C. (2)

We claim that if a non-negative rational solution X to this system of inequalities
and equations exists, then (ZP (I, X), S4) is a gadget for the cost function ¢+ C.
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To see this, note that the set of inequalities imply that the value of the projection
of TP(I', X) onto the list of variables Sy must be at least as great as the value
of ¢ + C, for all possible assignments. Furthermore, from the set of equations,
and the choice of Sy, it follows that whenever ¢ + C is finite, the value of the
projection of ZP(I', X)) onto the list of variables Sy must be the same as ¢ + C.

By applying a suitable scale factor to the solution obtained, we can choose
an integer-valued X such that (ZP(I', X), Se) is a gadget for some cost function
which is cost-equivalent to ¢.

On the other hand, if this system of equations and inequalities has no solution,
then we appeal to Lemmal[ll to get a certificate of insolvability. That is, in this
case we know that there exists a set of integers {ys | f € Polg(I")}, such that
> tepoly(r) Yf = 0, yy = 0 when f is not a projection, and:

for each k-matching (S,~) of I, Z yr v(f(S)) <0, and (3)
fePol,(IN)

>y o(f(Ss) > 0 (4)

fEPolk(F)

Let m = min{yy | f is a projection }. Since }_ cp,, () yr = 0, we know that
m < 0.
Define a set of integers {zy | f € Poly(I")} as follows:

Lo Jur—m if f is a projection
F= ys otherwise

Now we have that each zy > 0, and that 3 cp,), () 2r = klm|.
Let E be the set of all k-ary projections. It follows (rewriting Equation [])
that for any k-matching (S,~) of I

ml > y(elS) = Yz f(S)
ecE fePol,(I)

Moreover, if S is any k X r matrix for which (S,~) is not a k-matching of I,
then ) . 7v(e(S)) = co. Hence, for any set of k-tuples z1,...,z, we get that

k
> '(Zv<w1[i],...7xrm>>>’“ >, 2 @) flan)
i=1

fePol,(I) fePol,(I)

which precisely states that the k-ary weighted function {(z¢, f) | f € Poli(I")}
is a fractional polymorphism of I'.
On the other hand, rewriting Equation  in the same way gives:

k
S o) (Sl < b T s ste)

fePol,(I) fePol,(I)

where 51, ..., s, are the columns of S4. This provides a witness that the weighted
function {(zy, f) | f € Polg(I")} is not a fractional polymorphism of ¢.
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7 A Necessary Condition for Tractability

In this section, we exhibit a well-known (finite-valued) intractable cost function
¢+ and use it to establish a necessary condition for a valued constraint language
to be tractable.

Definition 16. Define the binary cost function ¢ : D* — Q4 as follows:

def [1lif z=1y
o2(wy) = {O otherwise

The cost function ¢x(z,y) penalizes the assignment of the same value to its two
arguments.

Lemma 2. For any set D with |D| > 2, VCSP({¢+}) is NP-hard.

Proof. For |D| = 2, this follows immediately from the fact that the version of
MAX-SAT consisting of only XOR constraints is NP-hard [I1].

For |D| > 3, a polynomial-time algorithm to solve VCSP ({¢}) would imme-
diately provide a polynomial-time algorithm to determine whether a graph has
a |DJ-colouring, which is a well-known NP-complete problem [I6].

Definition 17. A k-ary fractional projection is a k-ary weighted function
{(n,m1),...,(n,mx)} where n is a constant and each w; is the projection that
returns its ith argument.

Lemma 3. For any cost function ¢, fPol({¢}) contains all fractional projec-
tions.

Proof. Consider the inequality in Definition defining a fractional polymor-
phism. All fractional projections satisfy this inequality (with equality), so they
are all fractional polymorphisms of any cost function ¢.

Theorem 5. If all fractional polymorphisms of a valued constraint language I’
are fractional projections, then I" is NP-hard.

Proof. Suppose that every fractional polymorphism of I' is a fractional projec-
tion. By Lemma [B] we have that fPol(I") C fPol({¢-}).

Since Feas(¢-) is the cost function whose costs are all zero, it follows that ¢
has all possible feasibility polymorphisms. Hence Pol(I") C Pol({¢x}).

By Theorem [3] we have ¢ € f’, so by Lemma [2 I’ is NP-hard. Hence, by
Corollary [ it follows that I" is also NP-hard.

Hence, assuming that P # NP, we have that any tractable valued constraint
language must have some fractional polymorphism which is not a fractional
projection.
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8 Conclusion

We have shown that the complexity of any valued constraint language with
rational-valued or infinite costs is determined by certain algebraic properties of
the cost functions, which we have identified as feasibility polymorphisms and
fractional polymorphisms.

When the cost functions can only take on the values zero or infinity, the opti-
misation problem VCSP collapses to the classical constraint satisfaction problem,
CSP. In previous papers we have shown that the existence of a non-trivial poly-
morphism is a necessary condition for tractability in this case [T921]. This result
sparked considerable activity in the search for and characterization of tractable
constraint languages [3,[4,21]. We hope that the results in this paper will pro-
vide a similar impetus for the characterization of tractable valued constraint
languages using algebraic methods.

Of course there are still many open questions concerning the complexity of
valued constraint satisfaction problems. In particular, it will be interesting to
see how far these results can be extended to other valuation structures, and to
more general frameworks, such as the semiring-based framework.
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Abstract. The constraint satisfaction problem is in general NP-hard.
As such, our aim is to identify tractable classes of constraint satisfac-
tion problem instances (CSPs). Tractable classes of CSPs are normally
described by limiting either the structure or the language of the CSPs.
Structural decomposition methods identify CSPs whose reduction to the
acyclic class is bound by a polynomial. These structural decompositions
have been a very useful way to identify large tractable classes.

However, these decomposition techniques have not yet been applied
to relational tractability results. In this paper we introduce the notion
of a typed guarded decomposition as a way to generalize the structural
decompositions. We develop a no-promise algorithm which derives large
new tractable classes of CSPs that are not describable as purely struc-
tural nor purely relational classes.

1 Introduction

The constraint satisfaction problem is in general NP-hard. As such, we aim to
identify tractable classes of constraint satisfaction problem instances (CSPs). We
call a class of CSPs tractable if there exists a uniform polynomial time algorithm
for identifying and solving the instances of the class. These two restrictions
for tractable classes allow us to consider tractability as corresponding to the
existence of a good solution method.

Tractable classes of CSPs are normally described by limiting either the struc-
ture of the CSPs (the interaction of their constraints) or the language of the CSPs
(the types of constraint relation that are allowed). A basic tractable structural
class is those CSPs whose structure is acyclic [I]. This class has been extended by
considering CSPs whose structure is “nearly acyclic” in that there is a tractable
reduction to an acyclic CSP [7]. Unfortunately, these structural decomposition
techniques have not yet made use of relational tractability results.

The framework of guarded decomposition is a natural way to express all known
structural decompositions. Bounded width acyclic guarded decompositions are
tractably solvable, but it is thought that they are intractable to identify. To
overcome this limitation, Chen and Dalmau [2] consider a no-promise algorithm
for the class of CSPs whose structure has a bounded width acyclic guarded
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decomposition. In this paper, we use the no-promise approach to solve a class of
CSPs that generalize the guarded decompositions.

This paper presents new and exciting results on hybrid tractability. Unfortu-
nately, due to the limitations of a conference paper, the presentation is neces-
sarily terse. A full version with longer descriptions and proofs will appear in a
journal presently.

Our new notion of typed guarded decomposition allows us to distinguish the
underlying separation structure from the components themselves. We then de-
velop a no-promise algorithm which derives large new tractable classes of CSPs
that are not describable as purely structural nor purely relational classes. These
preliminary but very exciting results demonstrate that there is a future in hybrid
tractability research and, in particular, generalized decompositions.

Outline of the Paper. In Sect. 2l we provide the necessary background and
definitions needed throughout the paper. In Sect. [3] we develop the framework
of typed guarded decompositions. We consider how these might be used to solve
CSPs in Sect. @l We draw conclusions in Sect. bl

2 Definitions

Definition 1. A Constraint Satisfaction Problem instance (CSP), P, is
a triple, (V, D, C) where;

— V is a set of variables,

— D is any set, called the domain of the instance, and

— C is a set of constraints.
FEach constraint ¢ € C is a pair (o, p) where o is a subset of variables from
V', called the constraint scope, and p is a set of functions from o to D,
called the constraint relation. Fach function in p represents one allowed
assignment to the variables in o. We call |o| the arity of the constraint.

A solution to P is a function ¢ : V. — D such that, for each (o, p) in C, the
restriction of ¢ to o, denoted @5, is in p. We say that two CSPs are solution
equivalent if they have the same set of solutions.

We define the join of a pair of constraints (o1,p1) and (o2, p2) to be the
constraint <O’1 U oo, {f co1Uoy — D | flor €P1 N flos € p2}>. The projection
of {o,p) onto a set of variables X is the constraint <O’ nx, {fka | fe p}>

Informally, we may describe V' as a set of questions that need to be answered.
The domain D is the set of all possible answers that can be given to any of these
questions. A constraint is a rationality condition that limits the answers that
may be simultaneously assigned to some group of questions. A solution is then
a satisfactory set of answers to all of the questions.

It is often very convenient to use an alternative representation of a constraint.
For this we will assume (without loss of generality) that the variables of any CSP
are indexed (as {vi,...,v,}) and use the index order as a natural order for sets



124 D.A. Cohen and M.J. Green

of variables. We then represent a constraint ¢ = (o, p) as a pair (s, R) where s
is a list comprising the variables of ¢ ordered by increasing index and R is the
|o|-ary relation {f(s) | f € p}. We call R the defining relation of c.

Definition 2. For any CSP (V,D,C) and set of constraints Y C C we define
the component of P with respect to'Y to be the CSP with variables U<07p>ey o,

domain U, »ey (Ufe;) {f(w)|ve a}), and constraints Y .

In this paper we will be concerned with both the complexity of solving the
components of a CSP and the way in which components interact.

2.1 The Complexity of Constraint Satisfaction
In this paper, we normally consider problems whose instances are CSPs.

Definition 3. The decision problem for a set S of CSPs is:
Instance: A CSP P in S
Question: Does P have a solution?

Definition 4. The search problem for a set S of CSPs is:
Instance: A CSP P in S
Question: What assignment (if any) is a solution for P?

We call a problem P tractable if there exists a uniform polynomial time algorithm
for answering the question of P for all instances of P. We call P intractable if
it is NP-hard [5] to answer. The decision problem for the set of all CSPs is
intractable [15]. We therefore concentrate our efforts on sets of CSPs for which
the decision (or search) problem is tractable. This highlights an extra condition
on classes of CSPs: can we tell whether some general CSP is in the class? This
notion gives rise to the identification problem for sets of CSPs.

Definition 5. The identification problem for a set S of CSPs is:
Instance: A CSP P
Question: Is P in S?

We call a set S of CSPs tractably identifiable if the identification problem for S
is tractable. We call S tractably solvable if the search problem for S is tractable.
S is tractable if it is both tractably identifiable and tractably solvable, otherwise
it is intractable.

For certain classes of CSPs the identification problem is intractable. In this
case, it might appear as if we are left without a useful solution algorithm. How-
ever, Chen and Dalmau [2] have developed a framework for considering problems
that combine identification and solution, the so called no-promise problem.

Definition 6. The no-promise problem for a set S of CSPs is:

Instance: A CSP P
Question: If P € S does P have a solution?
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For an instance outside of S an algorithm solving the no-promise problem may
decline to decide if the instance is satisfiable or not.

Typically, a no-promise algorithm is much less efficient than an algorithm
which specifically identifies, then solves, the instances of a tractable class. This
means that tractably identifiable classes are still of great importance.

2.2 Tractable Classes

There are many tractable classes of CSPs. Many of these can be described by
limiting either the interaction of the constraints or else the types of constraint
relation that we allow.

Definition 7. A hypergraph H is a pair (V,E) where V is a set of vertices
and E is a collection of subsets of V', called the hyperedges of H.

The structure of a CSP P, denoted o(P), is the hypergraph whose vertices
are the variables of P and whose hyperedges are the scopes of the constraints of
P. For a hypergraph H we denote by W (H) the set of CSPs whose structure is H.
A class S of CSPs is called structural if it is defined by limiting the structure
of the instances in S.

A Dbasic tractable structural class is those instances whose structure is acyclic [IJ.
However, this class has been extended by considering instances whose structure
is “nearly acyclic” in the sense that there is a tractable reduction to an acyclic
instance [7]. These reductions give rise to sets of CSPs whose reduction to the
acyclic class is bound by a polynomial. Such classes have been well-studied and
have made the use of tractable structural classes applicable to real-world exam-
ples. We will consider a framework for describing these reductions, or structural
decompositions, in Sect. [Z3

Definition 8. A constraint language over a domain D is a set of relations
over D. The language of a CSP P, denoted p(P), is the constraint language
formed by the set of defining relations of the constraints of P. The language of a
set of instances is the union of the languages of the instances. For any constraint
language I we will refer to the set of instances with language contained in I" as
CSP (I'). A class S of CSPs is called relational if it is defined by limiting the
language of the instances in S.

A constraint language is called tractable if the set of instances defined over
this language is tractably solvable. There are many known tractable constraint
languages [T2/T4/T3I1T].

Definition 9. Let D be a finite ordered domain. A relation p over D, with
arity r, is called mazx-closed [T} if for every t1 and ty in p we have that
(max(t1[1], t2[1]), ..., max(t1[r], t2[r])) is also in p.

We call a CSP max-closed if its language is max-closed. It has been shown [14]
that the max-closed constraint language is tractable.
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Definition 10. We call a CSP P = (V, D,C) pairwise consistent [16[10] if
for every (o1, p1), {02, p2) € C we have that Ty noy (01, P1) = Toynos (02, P2).

Pairwise consistency can be achieved in polynomial time [I0] and is sufficient to
decide some sets of CSPs.

Ezxample 1. Solving max-closed CSPs

Let P be a max-closed CSP. We establish pairwise consistency by successively
choosing constraints ¢; = (o1, p1) and ¢a = (02, p2) from P and replacing ¢;
with the projection onto oy of the join of ¢; and co. Since no assignment not in
the join of ¢; and ¢o can extend to a solution of P this can remove no solutions.
Eventually this process must terminate since the domain is finite.

If there is now a constraint with empty constraint relation then there is no
solution to P. Otherwise, we are guaranteed a solution which can be found by
choosing, independently for each variable, the largest value consistent with all
constraints.

There is an analogous set of min-closed CSPs with a similar solution algorithm
(choose the smallest remaining value after pairwise consistency).

2.3 Guarded Decompositions
First we need to define a guarded decomposition.

Definition 11. [3] A guarded block of a hypergraph H is a pair (X, x) where
the guard, X\, is a set of hyperedges of H, and the block, x, is a subset of the
vertices of the guard.

For any CSP, P, and any guarded block (A, x) of o(P), the constraint gen-
erated by P on (A, x) is the constraint (x, p), where p is the projection onto x
of the join of all the constraints of P whose scopes are elements of \.

A set of guarded blocks = of a hypergraph H is called a guarded decomposi-
tion of H if for every CSP P = (V,D,C) inW (H), the instance P’ = (V, D, C"),
where C' is the set of constraints generated by P on the members of =, is solution
equivalent to P.

A guarded block (X, x) of a hypergraph H covers a hyperedge e of H if e is
contained in x. A set of guarded blocks = of a hypergraph H is called a guarded
cover for H if each hyperedge of H is covered by some guarded block of =. A
set of guarded blocks = of a hypergraph H is called a complete guarded cover
for H if each hyperedge e of H occurs in the guard of some guarded block of =
which covers e.

It has been shown that a set of guarded blocks = of a hypergraph H is a guarded
decomposition of H if and only if it is a complete guarded cover [3]. It has also been
shown that all useful structural decompositions, such as cycle-cutsets [4], hinges [9],
hypertrees [6], etc., may be represented as guarded decompositions by imposing
certain restrictions on the guarded blocks [3]. As such, the guarded decomposition
is a highly useful framework for discussing structural decompositions.
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A set of guarded blocks is acyclic if the set of blocks of these guarded blocks
is an acyclic set of hyperedges over their set of vertices (the union of the blocks).
All structural decompositions aim to tractably identify a set of CSPs for which
there exists a polynomial time reduction into the set of acyclic CSPs. For guarded
decompositions this reduction is tractable when we have a uniform bound on the
number of hyperedges in any guarded block.

Definition 12. The width of a set of guarded blocks is the mazximum number
of hyperedges in any of its guards.

Definition 13. A join tree of an acyclic set of guarded blocks D is any tree
J = (D, E) where the following connectivity condition holds:

— For every pair of guarded blocks (A1,x1) and (A2, x2) in D we have that
X1 N x2 @s contained in the block of every guarded block that exists on the
unique path between (A1, x1) and (A2, x2) in J.

Assume we have a CSP P together with a width k acyclic guarded decomposition,
D, of o(P). Firstly, we generate a join tree J of D and label each node with the
constraint generated by P onto that guarded block. The set of constraints of the
labels of J defines an acyclic CSP that is solution equivalent to P (it is the CSP
generated by P on D). We therefore solve P by finding a solution to this derived
CSP using J. We apply pairwise consistency between the labels of the nodes of
J and solve by assigning from any chosen root to the leaves. The connectivity
condition ensures that we cannot conflict anywhere during the search whilst the
pairwise consistency is sufficient to completely propagate partial solutions. The
algorithm runs in polynomial time when k is bounded.

The No-Promise Algorithm for Guarded Decompositions. Chen and
Dalmau [2] developed an algorithm for solving the decision problem for the
set of instances with bounded width acyclic guarded decompositions. This algo-
rithm correctly decides any instance whose structure has a bounded width acyclic
guarded decomposition, without requiring that this guarded decomposition ac-
tually be generated (although we are promised that it exists). The algorithm,
called the projective k-consistency algorithm, works by joining all k-sets of con-
straints and then performing pairwise consistency on the new set of constraints.
It has been shown that the original instance is satisfiable if and only if, after the
pairwise consistency has been performed, no new constraint relation has become
empty (Theorem 20 of [2]).

Intuitively, since we are only performing consistency operations, we must pre-
serve solutions during this algorithm (solutions cannot be removed by consis-
tency techniques). The initial joining of the k-sets of constraints ensures that all
possible guarded blocks in the successful guarded decomposition will have been
utilized to generate new constraints. The pairwise consistency then ensures that
the join tree of this guarded decomposition will be made consistent. The result
follows immediately.



128 D.A. Cohen and M.J. Green

Chen and Dalmau then proceed to develop this algorithm into a no-promise al-
gorithm using a controller algorithm. This controller repeatedly runs the projec-
tive k-consistency algorithm, then tries to find a compatible value for a particular
variable. It re-runs the projective k-consistency algorithm after each assignment.
If no compatible value can be found for the chosen variable then the algorithm
returns ‘I don’t know’. The algorithm is shown to correctly solve all CSPs whose
structure has an acyclic guarded decomposition of width at most k& (Theorem 21
of [2]) and may, with luck, solve some other instances.

3 Generalizing Structural Decompositions

The limitation for decomposition techniques in that only easy to solve com-
ponents can be used. For the structural decompositions this of course implies
bounded size (resp. width) components (resp. guarded blocks). These are then
“put together” in an easy to solve way, namely they form an acyclic structure.

We might have more power if we separate our concerns between the interaction
of the components and the components themselves. The remainder of this paper
is a framework for developing this separation of concerns.

Perhaps the most important part of the decomposition is the way in which
the guarded blocks interact, that is, the intersection of the blocks. In the case
of structural decompositions this is always an acyclic structure. If we are to
allow arbitrary sized guarded blocks then we need some way to talk about their
interaction.

Definition 14. Let D be an acyclic guarded decomposition of a hypergraph H =
(V, E) and let (X, x) be a guarded block from D. A set of hyperedges e C E is called
a separating edge set for (A, x) in D if, for all (A2, x2) in D, (A2, x2) # (A, X),
we have that x N x2 C Je. We define the intersection vertices of (\, x) with
respect to D to be the set of vertices given by U(/\27X2>€D,</\23Xz>¢</\,x> (x N x2).

When there exists a separating edge set for (X, x) in D with size at most k we
say that (A, x) is k-separated in D. We call D k-separated if every guarded
block in D is k-separated in D.

For a guarded block (X, x) of D and a separating edge set € for (A, x) in D we
define the guarded block (e, X) to be a separator for (A, x) in D, where X is the
intersection vertices of (A, x) in D. When no smaller separating edge set exists
we call the separator minimal. If € has size at most k we call the separator a
k-separator. We define a separation structure of D to be a set of minimal
separators for the guarded blocks of D.

When the width of a separation structure is at most k (so that all separators are
k-separators) we may call this a k-separation structure. A separation structure
is a set of guarded blocks. We have the following useful result.

Proposition 1. A guarded decomposition is acyclic if and only if its separation
structure is acyclic.

Proof. Omitted for brevity.



Typed Guarded Decompositions for Constraint Satisfaction 129

In the remainder of this paper we will consider classes of CSPs for which there
exists an acyclic k-separation structure. These classes will use this acyclic k-
separation structure to pass constraint information between their components.

Definition 15. A type, T, is a polynomial time solution algorithm for some set
of CSPs denoted by S-. The input to a type is a CSP in S; and the output is
either ‘yes’, together with a solution to this CSP, or else ‘no’.

The existence of a type 7 for a set of CSPs S, provides a witness that S; is
tractably solvable. We will use these types to generate hybrid tractability results
which depend not only on the structure of the instances but also on the types
of the components.

Ezample 2. The max-closed type

Recall the method used to solve the max-closed CSPs given in Ex.[Il This method
gives rise to the max-closed type, which firstly performs pairwise consistency
on the input CSP and then chooses the largest remaining domain value at each
variable. As required, the max-closed type runs in polynomial time (in particular
on the max-closed CSPs) and is a solution algorithm for the max-closed CSPs.

Since we are aiming for a solution algorithm which acts independently for each
separated component we need to reconsider what it means for a guarded block
to provide cover. The cover must now be provided on a per constraint basis,
rather than on a per scope basis.

In the case of guarded decompositions we have that a set of guarded blocks
D of a hypergraph H decomposes a CSP P if o(P) = H and D is a complete
guarded cover of H. In the purely structural case we are allowed to join all con-
straints over common scopes. Then we require only a single guarded block to
cover each scope. Now that we are concerned with the components of a CSP
and the algorithms (types) that solve these components we require that each
constraint itself is in need of cover by some guarded block. The following defi-
nitions formalize this idea for guarded decompositions. It is clear that for each
constraint to be covered by the block of some guarded block we require that
the set of guarded blocks is itself a guarded decomposition (a complete guarded
cover).

Definition 16. Let P = (V,D,C) be a CSP, D be a guarded decomposition of
o(P) and p be a mapping from C to (non-empty) subsets of D. We say that D
decomposes P with respect to p if;

— for every c in C we have that the scope of ¢ is;
e in the guard of every guarded block in u(c), and
e in the block of at least one guarded block in p(c), and
— for every guarded block (3 in D we have that for every hyperedge e in its guard
there exists at least one constraint ¢ in C' whose scope is e and for which 3
is contained in p(c).
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We call such a p a decomposition function for P with respect to D. For a
guarded block (X, x) of o(P) we define the constraint generated by P on (), x)
with respect to p to be the constraint (x,p) where p is the relation found by
projecting onto x the join of all those constraints ¢ for which p(c) contains (X, x).

Define P, to be the CSP (V, D, C") where C" is the set of constraints generated
by P on the guarded blocks of D with respect to p.

Proposition 2. Let P = (V,D,C) be a CSP, D be a guarded decomposition of
o(P) and p be a decomposition function for P with respect to D. The CSP P,
s solution equivalent to P.

Proof. Since P, is generated only by joining and projecting constraints from P
we find that any solution to P is also a solution to P,.

Next, consider any solution s to P,. By definition of ;+ and the construction
of P, we have that each constraint ¢ from P must have been joined to form some
constraint in P, that covers c. As such, the restriction of s onto the scope of any
constraint of P must be allowed by this constraint.

When we are only concerned with structure, as is the case with guarded decom-
positions, we may use a decomposition function which maps each constraint to
the set of all guarded blocks whose guards contain its scope.

3.1 Typed Guarded Decompositions

In this section we complete our framework by defining the typed guarded decom-
position. These decompositions will allow us to define new tractably solvable sets
of CSPs that are not definable either by limiting only their structure or limiting
only their language. In this sense, they provide new hybrid tractability results.

Definition 17. A typed guarded decomposition of a hypergraph H is a pair
(T, D) where D is a guarded decomposition of H and T is a function mapping
each guarded block of D to a type. We call D the associated guarded de-
composition of (T, D). For a particular guarded block 8 of D we call T (B) its
assoctated type.

Typed guarded decompositions place further restrictions of the set of CSPs which
they decompose.

Definition 18. Let P = (V,D,C) be a CSP, (T,D) a typed guarded decom-
position of o(P) and p a decomposition function for P with respect to D. For
any guarded block B of D we define the component of P induced by 3 with
respect to p to be the CSP derived from the set of all constraints ¢ in C for
which u(c) contains (.

We say that (T, D) decomposes P with respect to p if, for every guarded
block 3 in D, we have that the component of P induced by 3 with respect to p is
an instance of St g)-

P, is defined as before and so the solution equivalence to P holds (by Proposi-
tion 2)). In addition, typed guarded decompositions give us the restriction that
the components induced by a CSP and decomposition function on the guarded
blocks must be solvable by specified algorithms (the associated types).
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4 Solving CSPs Using Typed Guarded Decompositions

In this section we consider a certain format for typed guarded decompositions
that will allow us to develop an extension of the guarded decompositions of
bounded width, the acyclic k-separated typed guarded decomposition.

Definition 19. We call a typed guarded decomposition acyclic if its associated
guarded decomposition is acyclic.

A typed guarded decomposition (T,D) is called k-separated if D is itself
k-separated. Similarly, we define a separation structure for (T,D) to be a
separation structure of D.

By Proposition [I] we know that a typed guarded decomposition is acyclic if
and only if its separation structure is acyclic. We will use Proposition [ in the
sections that follow to demonstrate classes of acyclic k-separated typed guarded
decompositions whose instances may be solved in polynomial time.

Ezample 3. Acyclic k-separated max and min-closed components
Consider the set of CSPs whose instances are an acyclic k-separated combination
of max-closed and min-closed components. This set of CSPs is not tractable for
any structural reason, since the components can be arbitrarily large. Nor is it
tractable for any relational reason, since the union of the max-closed and min-
closed constraint languages is not tractable. However, the instances of Ex.[3] are
naturally described using acyclic k-separated typed guarded decompositions as
described in this paper.

In Sect. £l we demonstrate a sufficient condition on the acyclic k-separated
typed guarded decompositions so that the decomposable CSPs may be solved in
polynomial time, but only when we are also provided with the decomposition and
the decomposition function as part of the input. Then, in Sect. [£.2], we show that
a polynomial time algorithm exists that can solve the no-promise problem for the
acyclic k-separated typed guarded decompositions. Once more, we require more
restrictive conditions on the decompositions. We provide sufficient conditions
for the solution to be polynomial. In particular, we show that the no-promise
problem for the set of CSPs of Ex.[dis tractable for bounded k.

4.1 A Simple Requirement for Polynomial Time Solution

In order to solve the components induced by the decomposable CSPs of the
acyclic k-separated typed guarded decompositions (using their associated types)
we will require that certain constant constraints can be added into the input
CSP and maintain the property that the types are solution algorithms.

Definition 20. A constant constraint is a constraint that only allows a single
assignment.

Definition 21. For a constant k, consider the problem Ay whose instances are
triples (P, (T, D), u) where;
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— P s a CSP,

— (7, D) is an acyclic k-separated typed guarded decomposition of o(P), and

— w is a decomposition function for P with respect to D such that (T,D) de-
composes P with respect to p.

For an instance of Ay the question is: What is a solution to P?

Ezxample 4. Solving CSPs using acyclic k-separated typed guarded de-
compositions

Let (P,(7,D),u) be an instance of Ay for some constant k. We solve this in-
stance by finding a solution (if one exists) for P. We do this as follows.

1. Generate a k-separator for each guarded block of D. At the same time,
generate a mapping  from the identified k-separators to the set of guarded
blocks in D which have derived that k-separator.

(By Prop. [ the found k-separation structure is acyclic.)

2. Generate a join tree J of the k-separation structure. Label each node with
the constraint generated by P on that node (k-separator).

(There is as yet no guarantee that the solutions to the separation structure
will propagate into the components of P induced by the guarded blocks with
respect to u.)

3. For each k-separator (3 take each allowed assignment to the label of 3 in J
(the generated constraint) and generate a constant constraint on the block
of 8 (which are the intersection variables for each guarded block in k(3)).

Then, for each guarded block « in x(3), pass the CSP formed by the
constant constraint, together with the set of constraints which p maps to «,
into 7 (). If it returns that no solution exists, remove this assignment from
the constraint generated on § (the label of 5 in J). Otherwise, if all appli-
cations of the types (with respect to their components and this constant)
succeed, this assignment is kept.

(At this point, the labels of the k-separators in the join tree directly cap-
ture the possible assignments that are acceptable for both this k-separator
and its components.)

4. Apply pairwise consistency to the join tree.

— If any constraint relation is wiped out then return ‘no’.

— Otherwise P does have a solution. Firstly, generate a solution on the k-
separators. Then, to extend this solution, re-run the types on the compo-
nents (as in Step 3) using the projected partial solution as an additional
constant. Return ‘yes’.

(By definition of this partial solution, these constants must extend to
the components.)

However, this algorithm raises one necessary condition. We require that the types
are polynomial time solution algorithms for their respective components of the
CSP. This is certainly true of the set of constraints that g maps to a given
guarded block, but in this algorithm we are also required to add an additional
constant constraint. The following is a sufficient condition for this algorithm to
work.
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Definition 22. Let (P,(7,D), i) be an instance of Ay (for some k).

We say that P is good if for every guarded block (8 in D we have that the
component of P induced by 8 with respect to p, together with any constant con-
straint on the intersection vertices of 3, is an instance of Sy (that is, polynomial
time solvable by 7).

It is possible to verify that the algorithm of Ex. @l runs in polynomial time (in
the size of the CSP P). As such, it allows us to prove the following theorem.

Theorem 1. For a constant k the set of instances of Ay, that are good is tractably
solvable.

Proof. Omitted for brevity.

Theorem [I] demonstrates that the search problem for the set of good instances
from Ay, is tractable (for bounded k). However, it is quite likely that determining
whether an appropriate typed acyclic k-separated guarded decomposition and
decomposition function exists for a given CSP is hard. Fortunately, there is an
algorithm we can use that solves the no-promise problem for a large subset of
these instances.

4.2 A No-Promise Algorithm for Acyclic k-Separated Typed
Guarded Decompositions

In previous work [8] the authors identified a property of sets of CSPs that make
them more amenable to being used as components for use in typed guarded
decompositions. If a tractable set S of CSPs remains tractable after we are
allowed to add any number of constant constraints into any instance of S then
we call S constant additive tractable. Solution algorithms to such useful tractable
sets of CSPs can often be used as types for typed guarded decompositions.

Classes such as that of Ex. [B naturally generalize the bounded interaction
constant additive tractable classes identified previously by the authors [8]. For
these restricted classes, identification was shown to be tractable. For the more
general classes of this paper identification may well be hard. For this reason, a
no-promise algorithm for our new decompositions is useful.

Definition 23. A type 7 is called a no-promise type if the following properties
hold:

1. 7 terminates on any input CSP, not just those in S;, and is polynomial time
for any input.

2. 1 allows all constant constraints to be added to the input whilst still being a
polynomial time solution algorithm. This implies that S; is constant additive
tractable.

3. T preserves solutions, so that if T replies ‘no’ then there really is no satisfying
assignment to the input CSP (including any constants).

4. T is monotonic (with respect to inclusion). By this we mean that, for any
CSP P = (V,D,C), if 7(P) replies ‘no’ then, for every P' = (V' D', C")
with V' 2V, D' 2 D and C' 2 C we have that 7(P’) also replies ‘no’.
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These properties might seem like a harsh requirement to place on types. However,
many solution algorithms for tractable sets of CSPs have these properties. In
particular, when a solution algorithm is based on a consistency procedure, such
as pairwise consistency, these properties are (almost) certainly satisfied. For
example, the max-closed type of Ex. 2 satisfies all of the required properties (as
does the analogous min-closed type).

These properties for no-promise types are sufficient to allow us to derive a
no-promise algorithm for the acyclic k-separated typed guarded decompositions
over a pre-specified set of no-promise types.

Definition 24. Let T be a set of no-promise types. We define a T-guarded
decomposition to be a typed guarded decomposition whose types are all in T.

Ezample 5. A no-promise algorithm for acyclic k-separated T-guarded
decompositions

Let P = (V,D,C) be a CSP and T be a finite set of no-promise types. This
algorithm takes P as input and returns ‘yes’ (together with a solution), ‘no’
or ‘unsure’. It only returns ‘unsure’ if P is not decomposable by any acyclic
k-separated T-guarded decomposition.

For any set C' of constraints we define a k-join constraint over C to be the
join of any k constraints from C.

1. Generate a binary CSP P’ = (V', D', C") where:

— V7 are all possible k-join constraints over C.

— D’ is the set of all allowed assignments from the constraint relations of
the k-join constraints.

— There is a binary constraint in C’ for every pair of variables (k-joins)
which allows a pair of domain values (assignments to k-joins) exactly
when;

e The two assignments are allowed by the respective k-join constraints
and also do not conflict with each other (that is, they do not assign
more than one value in D to each variable in V'), and

e The application (in turn) of every type in T to P, together with
the two constant constraints generated by this pair of assignments,
returns ‘yes’ (for all types in 7).

Perform pairwise consistency on P’.
If any constraint relation in C’ is wiped out then return ‘no’.
4. Let W be an empty partial solution to P’. Repeat the following until W is
a solution to P’ (that is, has assigned all variables in V'):
— Choose any unassigned variable in V’ and find a consistent value for it
in the following way:
e Add any value (assignment to the respective k-join constraint over C)
still remaining in its unary projection as a unary constant constraint
in P’
e Remove (and remember) pairs of assignments from the constraint
relations of C’ that are found to be inconsistent with any type from
T, when run on P together with the constant constraints generated
by both this pair of assignments and all assignments in W.

w N
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e Perform pairwise consistency on the modified P’. If a constraint re-
lation is wiped out then try another value for this variable (by rolling
back the removed assignments and replacing the constant constraint)
until a consistent value is found.

— If a consistent value is found add this assignment to W.
— If no consistent value for the current variable exists then return ‘unsure’.
5. Finally, if this backtrack-free search manages to successfully find a solution
to P’ then;
— generate a solution for P by taking the assignments to V' from the k-join
assignments defined by W, and
— return ‘yes’.

Whilst the algorithm of Ex.[His non-trivial, it can be verified to run in polynomial
time in the size of the input CSP (for bounded & and finite T').

Theorem 2. Let k be a constant and T be a finite set of no-promise types. The
no-promise problem for the set of all CSPs that are decomposable by some acyclic
k-separated T-guarded decomposition is tractable.

Proof. Omitted for brevity.

Theorem 2] provides a direct reason why the no-promise problem for the class of
Ex. Bl (for bounded k) is tractable, since the set containing the max-closed type
and min-closed type (both of which are no-promise types) is finite.

5 Conclusion

In this paper, we have seen that by modifying our view of decomposition we
open up the idea of different ways to solve instances containing limited inter-
action between (tractable) components. We have developed a framework, the
typed guarded decomposition, which we hope will provide a foundation to study
these generalized decompositions. It seems that the key to generalizing decom-
position methods is in identifying classes for which only a polynomial amount
of propagation is necessary.

Unfortunately, we cannot yet say anything about the tractability of the iden-
tification problem for useful typed guarded decompositions. However, we have
seen that we can derive an algorithm that solves the no-promise problem for large
classes of typed guarded decompositions. We are at least able to solve decompos-
able instances even if we cannot tractably identify to which class they belong.
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Abstract. Constraint Satisfaction Problems and Propositional Satisfi-
ability, are frameworks widely used to represent and solve combinato-
rial problems. A concept of primary importance in both frameworks is
that of constraint propagation. In this paper we study and compare the
amount of propagation that can be achieved, using various methods,
when translating a problem from one framework into another. Our re-
sults complement, extend, and tie together recent similar studies. We
provide insight as to which translation is preferable, with respect to the
strength of propagation in the original problem and the encodings.

1 Introduction

CSPs and SAT are closely related frameworks that are widely used to represent
and solve combinatorial problems. It is well known that there exist several ways
to translate a problem expressed in one framework into the other framework (for
example [2/14]).

One of the most important concepts in CSP and SAT is the concept of con-
straint propagation. Solvers in both frameworks utilize propagation algorithms
both prior to and during search to prune the search space and save search effort.
Recently there have been several studies exploring and comparing the amount of
propagation that can be achieved in each framework using standard techniques,
such as arc consistency (in CSPs) and unit propagation (in SAT), under vari-
ous encodings from one framework to another [3/4J9IT4]. A general lesson learned
from these studies is that the choice of encoding is very important when compar-
ing propagation methods in different frameworks. For example, arc consistency
in a binary CSP is equivalent to unit propagation in the support encoding of the
CSP into SAT [910]. On the other hand, arc consistency is stronger than unit
propagation under the direct encoding [14].

Apart from the variety of ways to translate problems from one framework into
another, a second source of complexity (and confusion) when comparing propa-
gation techniques in different frameworks is the large number of such techniques
that have been proposed. So far, the comparisons between propagation methods
in CSPs and SAT have only considered standard techniques like arc consistency
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and forward checking, on one hand, and unit propagation on the other hand.
Although these techniques remain at the core of most CSP and SAT solvers re-
spectively, other stronger propagation methods are also attracting considerable
interest in both communities in recent years. For example, some SAT solvers
(e.g. kenfs, march dl, Dew Satz, 2CLS+EQ) employ strong reasoning techniques
such as failed literal detection and variants of binary resolution [TJGITT]. Also,
strong consistencies such as singleton and inverse consistencies are beginning to
emerge as possible alternatives to arc consistency in CSPs [5I8].

In this paper we make a detailed theoretical investigation of the relationships
between strong propagation techniques in CSPs and SAT. We consider various
encodings of SAT into CSP and binary CSPs into SAT. In some cases we prove
that, under certain encodings, there is a direct correspondence between a prop-
agation method for CSPs and another one for SAT. For example, failed literal
detection applied to a SAT problem achieves the same pruning as singleton arc
consistency applied to the literal encoding of the problem into a CSP. In other
cases, where no direct correspondence can be established, we identify conditions
that must hold so that certain consistencies can achieve pruning in a SAT or CSP
encoding, and/or place bounds in the pruning achieved by a propagation tech-
nique in one framework in terms of the other framework. For example, we show
that failed literal detection applied to the direct encoding of a CSP is strictly
stronger than restricted path consistency and strictly weaker than singleton arc
consistency applied to the original CSP. Finally, we introduce new propagation
techniques for SAT that capture the pruning achieved by certain CSP consis-
tencies. For example, we introduce subset resolution; a form of resolution that
captures the pruning achieved by arc consistency in the dual encoding of a SAT
problem into a CSP.

Our results provide insight and better understanding of propagation in CSPs
and SAT and complement recent similar studies. Also, we give indications as to
when encoding a problem is beneficial and which encoding should be preferred,
with respect to the strength of propagation in the original problem and the
encodings. Note that, due to space restrictions, we only give some of the proofs
(or sketches of proofs) for our theoretical results.

2 Preliminaries

A CSP, P, is defined as a triple (X,D,C), where: X = {x1,...,2,} is a finite
set of n variables, D = {D(z1),...,D(x,)} is a set of domains, and C is a set of
constraints. Each constraint C' € C is defined over a set of variables {z;,,...,z;, }
and specifies the allowed combinations of values for these variables.

A binary constraint C' on variables {x;,z;} is Arc Consistent (AC) iff Va €
D(x;) 3b € D(z;) such that the assignments (z;, a) and (z;, b) are compatible. In
this case we say that b is a support for a on constraint C. A non-binary constraint
is Generalized Arc Consistent (GAC) iff for every variable in the constraint and
each one of its values there exist compatible values in all other variables involved
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in the constraint. A CSP is (G)AC iff all constraints are (G)AC and there are
no empty domains.

Several consistencies have been defined for binary CSPs. Most can be de-
scribed as specializations of (4, j)-consistency. A problem is (i, j)-consistent iff
it has non-empty domains and any consistent instantiation of ¢ variables can
be extended to a consistent instantiation involving j additional variables [7].
Under this definition, a problem is AC iff it is (1, 1)-consistent. A problem is
path-consistent (PC) iff it is (2, 1)-consistent. A problem is path inverse consis-
tent (PIC) iff it is (1,2)-consistent. In addition, a number of consistencies that
cannot be described as (i, j)-consistencies have been defined. A problem P is
singleton arc consistent (SAC) iff it has non-empty domains and for any instan-
tiation (7, a) of a variable x, the resulting subproblem, denoted by P, 4), can be
made AC. A problem is restricted path consistent (RPC) iff any pair of instan-
tiations (z,a), (y,b) of variables x and y, such that (y,b) is the only support of
(z,a) on the constraint between x and y, can be consistently extended to any
third variable.

Following [5], we call a consistency property A stronger than B iff in any
problem in which A holds then B holds, and strictly stronger iff it is stronger
and there is at least one problem in which B holds but A does not. We call a
local consistency property A incomparable with B iff A is not stronger than B
nor vice versa. Finally, we call a local consistency property A equivalent to B iff
A is stronger than B and vice versa.

A propositional theory T is a set (conjunction) of CNF clauses of the form
l1VIa V...V, where each [;, 1 <1i < n, is a literal, ie. an atom or its negation.
A clause can be alternatively denoted as {l1,l2,...,l,}. Finally the notation
z1%2 ... 2L denotes the clause {z1} U {x2} U...U{x,} U L. If ¢ is a clause,
at(c) denotes the set of atoms of c. We assume that the reader is familiar with
the basics of propositional satisfiability.

The most common propagation method used in SAT algorithms is Unit Prop-
agation (UP) that repeatedly applies unit resolution (UR) to the clauses of the
input theory. Among stronger propagation methods, one of the earliest is the
Failed Literal Detection rule [0] denoted as FL rule or simply FL. Given a literal
lin T, st. {=l} €T and {I} ¢ T, the FL rule assigns the value true (false) to I
it UP(T U{=l}) (UP(T U{l})) derives the empty clause. We call FL-prop the
propagation scheme that repeatedly applies the FL rule until no more variable
values can be inferred or the empty clause is derived.

Another class of methods that are employed in state-of-the-art SAT solvers
and preprocessing algorithms is binary resolution, in its general or various re-
stricted forms. Binary resolution resolves two clauses of the form xy and —xZ
and generates the clause yZ. A restricted form of binary resolution, called Bin-
Res, has been introduced in [I], that requires that both resolvents are binary.
The application of BinRes as a propagation method, denoted by BinRes-prop,
consists of repeatedly adding to the theory all new binary and unit clauses pro-
duced by resolving pairs of binary clauses and performing UP on any unit clauses
that appear until nothing new is produced (or a contradiction is achieved). Note
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that BinRes-prop is a weaker propagation method than FL-prop [I]. Another re-
stricted form of binary resolution is Krom-subsumption resolution (KromsS) [13]
that takes as input two clauses of the form zy and —zyZ and generates the clause
yZ. Note that yZ subsumes —zyZ, therefore mxyZ can be deleted. Generalized
Subsumption resolution (GSubs) takes two clauses Y and —~zY Z and generates
Y Z. The propagation methods derived by repeatedly applying KromS or GSubs
are denoted by KromS-prop and GSubs-prop respectively.

3 Encodings

From CSP to SAT We restrict our study to binary CSPs. Many ways to translate
a binary CSP into SAT have been proposed [T0/I4J9IT2]. We focus on two of the
most widely studied ones; the direct and the support encodings.

Direct Encoding: In the direct encoding a propositional variable z;, is in-
troduced for each value a of a CSP variable z;. For each z; € X, there is an
at-least-one clause z;1 V...V x;q to ensure that z; takes a value. We optionally
add at-most-one clauses that ensure that each CSP variable takes at most one
value: for each i, a, b with a # b, we add -z, V—x;p. Finally, for each constraint C'
on variables {z;,z;} and for each a, b, s.t. tuple <(z;,a), (z;,b)> is not allowed,
we add i, V T

Support Encoding: The support encoding also introduces a propositional
variable x;, for each value a of a CSP variable x;. We also have all the at-least-
one clauses and (optionally) the at-most-one clauses. To capture the constraints,
there are clauses that express the supports that values have in the constraints.
For each binary constraint C' on variables {z;,z;} and for each a € D(z;), we
add zj, V...V xj, V Ty, where xj,, ..., 255, are the propositional variables
that correspond to the s supporting values that a has in D(z;).

From SAT to CSP The following three are standard ways to translate a SAT
instance into a CSP.

Literal Encoding: In the literal encoding of a SAT problem T a variable v;
is introduced for each clause ¢; in T'. D(v;) consists of those literals that satisfy
¢i- A binary constraint is posted between two variables v; and v; iff clause ¢;
contains a literal [ whose complement is contained in clause c;. This constraint
rules out incompatible assignments for the two variables (e.g. (v;,1) and (vj, —1)).

Dual Encoding: In the dual encoding of a SAT problem T a dual variable v; is
introduced for each clause ¢; in T'. D(v;) consists of those tuples of truth values
that satisfy ¢;. A binary constraint is posted between any two dual variables
which correspond to clauses that share propositional variables. Such a constraint
ensures that shared propositional variables take the same values in the tuples of
both dual variables, if they appear with the same sign in the original clauses,
and complementary values if they appear with opposite signs.

Non-Binary Encoding: In the non-binary encoding of a SAT problem T
there is 0-1 variable for each propositional variable. A non-binary constraint
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is posted between variables that occur together in a clause. This constraint
disallows the tuples that fail to satisfy the clause.

4 Encoding SAT as CSP

4.1 Literal Encoding

We denote by L(T) the translation of a propositional theory T under the literal
encoding. From [3IT4] we know that there is a direct correspondence between
UP and AC. We now study stronger consistency levels.

From [5] we know that PIC and RPC are stronger than AC for general CSP
problems. Below we provide a characterization of the cases where these consis-
tency methods lead to domain reductions in the literal encoding of a proposi-
tional theory.

Proposition 1. Valuel in the domain of a variable in the literal encoding L(T)
of a propositional theory T is not PIC iff T either contains the unit clause —l or
the unit clauses m and —m or the clauses m and =l V —m or the clauses =l V m
and =LV —m.

Proof. The ”if” part is straightforward. We will prove the ”only if” part. Assume
that the value [ from the domain of variable v;, corresponding to the clause ¢; in
T, is not PIC because it can not be extended to the variables v; and vy. If the
value ! has no support in any of the variables v; or vy, T' must contain the unit
clause {—l}. Assume now that this is not the case. Suppose that the domain of
variable v; contains only the value m (ie. corresponds to a unit clause in T'). If
the pair of values [ and m can not be extended to variable v, it must be the case
that the domain of vy, is either {-m}, or {-l}, or {-I,—m}. Consider the case
now where the domain of v; contains more than one value. Furthermore, assume
that it does not contain the value —I. Then, [ can form a consistent triple of
values involving variables v;, v; and vy. Therefore, for [ to be not PIC, v; must
contain the value —l[. Moreover, if v; has more than two values in its domain
(including —l) the value assignment of [ to v; can be extended to the other two
variables. Therefore, v; must have exactly two values in its domain, one of which
is =i, ie., it is of the form {—I,m}. Since the values I and m cannot be extended
to vy, we conclude that the domain of vy, is of the form {=l, —-m}. ]

A similar result holds for RPC. The proof is similar to the above.

Proposition 2. Valuel in the domain of a variable in the literal encoding L(T)
of a propositional theory T is not RPC iff T either contains the unit clause =l or
the unit clauses m and —m or the clauses m and =l V —m or the clauses =l V m
and =V —-m.

From the above analysis we conclude that on the literal encoding of a SAT
problem, PIC collapses down to RPC. Note that in general binary CSPs with
more than 3 variables, PIC is strictly stronger than RPC [5]. These results also
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imply that BinRes-prop applied to T is at least as strong as enforcing PIC (and
therefore RPC) on L(T):

Proposition 3. If enforcing PIC on the literal encoding L(T) of a propositional
theory T deletes the value 1 form the domain of a variable of L(T) then BinRes-
prop in T generates the unit clause =l or determines that T is unsatisfiable.

Proof. Inductively on the values l1, s, ..., 1, deleted by PIC enforcement.

Base case: From proposition [l follows that if [; is not PIC, BinRes either derives
=iy or determines that T is unsatisfiable (in the case where T' contains m and —m).
Inductive Hypothesis: Assume that the proposition holds for all deletions I,
1 <i < k < n. That is, if PIC on L(T') deletes the values {l1,l2,...,lk_1},
BinRes-prop on T derives the unit clauses {—l1, —lz, ..., 2lk_1}.

Inductive Step: Assume that Iy, is not PIC in L(T). By analysis of the cases of
proposition [Tl we conclude that BinRes-prop either generates —l, or determines
that T is unsatisfiable.

Assume that I, is PIC in L(T'), but is not PIC in the problem resulting after the
deletion of the values {l1,ls,...,l;—1}. There are two cases.

First, there is a variable v; such that all the supports of value /; have been
deleted from the domain of v; by PIC. The domain of variable v; is either
{=l, 11,0, . U yor {4, 0s,.. U  and {19,051y C {l1,12,...,lx—1}. From
the inductive hypothesis follows that BinRes-prop entails the unit clauses -},
=lh, ..., =l Then, BinRes-prop, either derives the unit clause —lj, or determines
that T is unsatisfiable.

Assume now that [, has support in domain of v; after the deletions {l1,1,. ..,
lg—1} performed by PIC. This means that ¢;, the clause of T' that correspond
to vy, is of the form AU D U R, where A C {=l;}, D C {li,ls,..., lp—1},
R =¢; — (AU D), with |R| > 0. Assume that R = {m}. If m has no support
in the initial domain of variable vy, then this domain must be {-m}. Then,
BinRes-prop, either derives the unit clause =iy, if A = {=lj}, or determines that
T is unsatisfiable, if A = (.

Assume now that |R| > 1, and let R = {m1,ma,...,my}, with n > 2. Observe
that all elements of R are supports for l;, in v;. Suppose now that [ is not PIC
because none of the pairs of values (I, mys), 1 < f < n, can be extended to a
consistent triple involving a value from some variable v,. Let the domain of v,
be of the form B U S where B C {-l}. Note that any value of S is support for
some value my, 1 < f < n. Since [;, is not PIC after the deletions of values
{l1,1a,...,lk—1}, we conclude that S C {l1,ls,...,l;—1}. From the inductive hy-

pothesis we know that BinRes-prop entails the unit clauses —ly, —lo, ..., 2lk_1.
Therefore, BinRes-prop will generate, using the clause that corresponds to vari-
able vg, either the unit clause —l; or the empty clause. a

The following example shows that BinRes-prop is strictly stronger than PIC.

Ezample 1. Consider the propositional theory T' = {l; Vs, =y Vi3, —la Vi3, —l3V
l4}. BinRes derives the unit clause I3, but enforcing PIC on L(T") does not lead
to any domain reductions.
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Not surprisingly, we can exploit the direct correspondence between AC and UP
shown in [14] to prove that FL-prop on T is equivalent to enforcing SAC in L(T).
The proof proceeds by induction on the number of deletions performed by SAC
and the number of assignments made by FL.

Proposition 4. Enforcing SAC on the literal encoding L(T) of a propositional
T deletes value 1 from the domains of all variables of L(T) iff FL-prop on T
assigns false to l.

4.2 Dual Encoding

We denote by D(T') the translation of a propositional theory T' under the dual
encoding. From [I4] we know that AC applied to the dual encoding can achieve
more propagation than UP in the original SAT instance.

As we will show, AC on the dual encoding can achieve a very strong level
of consistency that cannot be captured by known propagation methods in the
original SAT problem. For instance, the following example demonstrates that
FL on T and AC on D(T) are incomparable.

Ezample 2. Consider the theory T' = {ly V l4,0ly Vg, —ly VI3, -2 V —l3}. Note
that FL will assign the value F' to l;. The problem D(T) is AC, therefore no
domain reduction is performed by AC.

Consider now the theory T that contains all possible clauses in three variables,
ie., ll \/lg \/lg, ll \/lg \/"lg7 RPN _|l1 \/_'lz \/"lg. AC on D(T) will lead to a domain
wipeout, whereas FL does not lead to any simplifications.

It is not difficult to show that FL on T is weaker than SAC on D(T).

Proposition 5. If FL assigns true to literal | of a propositional theory T, then
all variable values of D(T') that correspond to valuations that assign false to 1
are not SAC.

To precisely identify the propagation achieved by AC on the dual encoding,
we first provide two characterizations of propositional theories that are not AC
under the dual encoding. The first is a general characterization based on the
form of the propositional theory T', whereas the second describes the form of the
values that are not AC.

Proposition 6. A value in the domain of a variable x; of D(T) that corresponds
to the clause ¢; in T is not AC'iff T contains a clause ¢ such that at(c;) C at(c;)
and there exists | such that l € ¢; and =l € c;.

Let x; be a variable in the dual encoding D(T) of a propositional theory T,
that corresponds to a clause ¢; of T defined on the set of atoms at(c;) =
{a1,az2,...,a,}. We assume an order on the set of elements of at(c;) which,
if not otherwise stated, corresponds to the order of appearance of the atoms
in ¢;. We denote this by at(c;) = (a1,aq,...,a,). We use this order to refer to
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the values of variable x; of D(T') as follows. A value in the domain of z; is a
tuple v = (v1,v2,...,vy), where v; € {T, F'} denotes the value of atom a;, with
1 < i < n. Alternatively a value for variable z; is a tuple v = (I1,la,...,1,),
where [; = a; if a; is assigned true in v and l; = —a; if a; is assigned false in v.

Proposition 7. Value v = (I3,la,...,1,) in the domain of variable xz; in the
dual encoding D(T) of a propositional theory T is not AC iff T contains a clause
c; =1 VIGV ...V, such that for each I}, 1 < k < m it holds that I}, = =l for
some 1 <p<n.

Note that the above results are valid for a CSP D(T') that is the dual encoding
of a propositional theory T'. Enforcing AC on D(T') may lead to a sequence of
domain reductions, leading to a CSP that does not necessarily correspond to the
dual encoding of an associated simplification of theory T

We now introduce subset resolution, a form of resolution that is stronger
than GSubs, and is intended to capture the domain reductions performed when
enforcing AC.

Definition 1. Subset resolution resolves two clauses c; and c; of a theory T' iff
T contains a clause ¢ such that at(c;) C at(c) and at(c;) C at(c).

We denote by SubRes-prop the propagation algorithm obtained by repeatedly
applying subset resolution. The following result shows that SubRes-prop is at
least as strong as enforcing AC.

Proposition 8. Let x; be a variable in the dual encoding D(T) of a propositional
theory T that corresponds to clause ¢; of T such that at(c;) = (a1,az2,..., an).
If enforcing AC deletes the value v = (l1, 12, ..., 1) from the domain of variable
x;, then either T contains or SubRes-prop generates the clause Iy, VI,V ... V1,
such that for each U}, 1 < k <m it holds that I}, = —l, for some 1 <p <n.

Proof. By induction on the sequence of values vi,vs, ..., vy deleted by the AC
enforcing algorithm.

Base Case: Follows from Proposition [7}

Inductive Hypothesis: Assume that the proposition holds for allv; ,1 <i < k < f.
Inductive Step: Assume that the AC enforcing algorithm, after deleting the values
v1,09,...,05—1, deletes the value vy from the domain of variable x; of D(T)
because it has no support in the domain of variable x;, that corresponds to
clause ¢; in T'. The case where the original domain of x; contained no support
for vy is covered by Proposition[ll Consider now the case where value vy, has the
supports S = {s1, S2,...,,} in the original domain z;, but these supports are
deleted by AC. Define A = at(c;) N at(c;). Consider first the case where A = ().
Then, S coincides with the domain of x;, ie. it contains all possible valuations on
at(c;), except the valuation that falsifies ¢;. The fact that vy has no support in
x; means that the domain of x; is empty. Therefore, the AC enforcing algorithm
must have been terminated, which contradicts the assumption that it deletes vy.
Hence, this situation can never arise.
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Consider now the case where A # ), and let v} be the projection of value
v on the atoms of A, defined as v{l = (I1,l2, ..., ln). The set S contains all
possible valuations on the set of atoms at(c;) that assign the same values as v, to
the variables of A, except the valuation that falsifies c;. Since the AC enforcing
algorithm deletes value vy, all the supports of vy, in the domain of variable x; (ie.
the elements of S) must have been deleted by the algorithm, and therefore belong
to the set of values vy, v, ..., vx—1. From the inductive hypothesis we know that
SubRes-prop derives a set of clauses R = {c},c3,...,c;}, ¢ <r, that satisfy the
properties stated in the proposition. Therefore, for each possible assignment on
the atoms of at(c;) that assigns the same value as v;, on the atoms of A, the set
RU{c;} contains a clause ¢’ such that the assignment is not a model of ¢’. Hence,
R U {c;} has no models where all the atoms of A are assigned the same values
as in vg. Therefore, RU{¢;} = —l1 V =la V...V =l,,. Since for each clause cg of
R U {c;} it holds that at(cr) C at(c;), SubRes-prop is able to derive, from the
set of clauses RU {cj}7 a prime implicant that subsumes —=l; V-loV...V=l,. O

The next result is the reciprocal of the previous proposition and both together
imply that enforcing AC on D(T) is equivalent to SubRes-prop in T'.

Proposition 9. Given a propositional theory T, if SubRes-prop on T derives a
clause 11VIaV. . Ny, then enforcing AC on D(T) deletes all values (17,15, ..., 1)
from the domains of the variables of D(T') such that for each l;, 1 <1i < m there
is some l}, 1 < j < n, such that l} = -l;.

Proof. By induction on the the set of clauses S = {¢1, ¢, ..., ¢} defined induc-
tively as follows: ¢; € S if ¢; € T or ¢; is the subset resolvent of two clauses
Ca,Cp € S.

Base Case: The proposition follows for all clauses of T from proposition [7l
Inductive Step: Let ¢ = ¢1 U co be the clause that is generated by subset resolu-
tion from the clauses ¢f = {l} U¢; and ¢ = {—l} Ucy. Our inductive hypothesis
is that the proposition holds for clauses ¢j and ¢,. Let ¢; = {I},13,...,I1} and
co ={13,13,...,12}. Since ¢} and ¢, are resolved by subset resolution, it must hold
that T' contains a clause ¢4 such that at(c}) C at(cy) and at(ch) C at(cq). Let x4
be the corresponding variable of D(T'). From the inductive hypothesis we know
that enforcing AC deletes all values of z, with projection (=i, =1, =3, ..., =Il)
and (I,=lF,-I3,...,—I2) on at(c}) and at(c’ﬁyrespectively. Therefore, z, can not
contain a value in its domain with projection] (=I1, =13, ... =l}, =3, =13, ..., —I2)
(no value at all if ¢; = co = 0). Moreover, no domain of the other variables can
include a value with projection (=1, l3, ..., =3, I3, =3, ..., ~l2) on the set
at(c}) Uat(ch), as it has no support in the domain of z,. O

Having introduced a new resolution technique to that is equivalent to AC on the
dual encoding, we can also define similar methods that capture even higher con-
sistency levels. We now introduce extended subset resolution, a slightly extended
form of subset resolution, that is intended to capture the domain reductions per-
formed by PIC on the dual encoding. Note that if ¢ = {i1,13,...,l,} is a clause,
Cc = {—|l1, —|l27 ey ﬁln}

I To facilitate the discussion we assume that c1 N ce = 0.
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Definition 2. Extended Subset resolution (ESR) resolves two clauses ¢; and c;
of a theory T if either T contains a clause ¢ such that at(c;) C at(c) and at(c;) C
at(c) orc;Nej = {l} and T contains a clause ¢ such that at(c;) —at({l}) C at(c)
and at(c;) — at({l}) C at(c).

We now characterize the cases where PIC performs domain reductions.

Proposition 10. Value v = (I1,ls,...,1,) in the domain of a variable x of the
dual encoding D(T') of a theory T is not PIC iff T either contains a clause
VIV ...V, or a pair of clauses Iy VIyV ... 1, VI and U V1 oV .. 1, V=l
such that for each l}, 1 < i < m there is some l;, 1 < j <n, such that l; = —l;.

Based on the above, the following result shows the relation between the clauses
generated by the propagation algorithm ESR-prop that repeatedly applies ESR
on T, and the domain reductions performed by a PIC enforcing algorithm on
D(T). The proof proceeds in a similar fashion as the proof of Proposition [

Proposition 11. If ESR-prop on a propositional theory T derives a clause Iy V
loV ...V, then enforcing PIC on D(T) deletes all values (11,15, ...,1..) from
the domains of the variables of D(T) such that for each l;, 1 < i < n there is
some l}, 1 < j <m, such that l} = -l;.

4.3 Non-binary Encoding

We denote by N(T') the translation of a propositional theory T under the non-
binary encoding. Note that in N(T') all clauses of T involving the same set of
variables are encoded together in one constraint. From [14] we know that under
the non-binary encoding, GAC is stronger than UP. We first show thatif the
propositional theory T" does not contain clauses that are on the same variables,
GAC on N(T') can do no more pruning than UP on T. The proof uses induction
in the number of deletions performed by GAC.

Proposition 12. Let T be a propositional theory that does mot contain two
clauses ¢; and c; such that at(c;) = at(c;), and let x be a variable in T. If
GAC deletes the value a from D(x) in N(T) then UP assigns the value —a to x
mn T.

If the above restriction does not hold then GAC enforced on N(T') can achieve
a high level of consistency. The following example shows that FL-prop, BinRes-
prop, and KromS-prop are all incomparable to enforcing GAC.

Ezxample 3. Let T be the theory containing all possible clauses in three variables:
l1ViIe Vsl Vis V—ls, ..., —ly V —ly V —ls. FL-prop, BinRes-prop and KromsS-
prop on this theory do not lead to any simplifications, whereas GAC on N(T)
shows that the problem is not solvable. Note that GSubs-prop applied to T" also
determines insolubility.

Now comnsider the theory 1 Vg, =1 Vs, =l Vig, —laV—ls. FL-prop and BinRes-
prop determine that I; must be assigned false, whereas GAC leads to no reduc-
tions. Finally, consider the theory Iy V lo V I3,—ly V lo, —ls V I3. KromS-prop
determines that 3 must be assigned true, whereas GAC leads to no reductions.
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To put an upper bound in the pruning power of GAC, we first characterize the
cases where a value is not GAC in N(T).

Proposition 13. Value 0 (1) of a variable z; in the non-binary encoding N(T')
of a propositional theory T is not GAC iff T contains either the unit clause x;
(—x;) or all possible clauses in variables x;, x1, ...,z (k > 1) that include literal
Using the above proposition, we can prove that GSubs-prop applied to T is
strictly stronger than enforcing GAC on N(T).

Proposition 14. Let T be a propositional theory. If enforcing GAC deletes the
value 0 (1) from the domain of a variable in N(T) then GSubs-prop assigns the
value 1 (0) to the corresponding variable in T.

Proof. Suppose GAC makes a sequence of value deletions (z1,a1), (x2,a2),. ..,
(x,a;). The proof uses induction on j.

Base Case: The first value a; € x; will be deleted because it has no support in
some constraint C' in N(T'). From Proposition [[3 we know that either T con-
tains the unit clause x1, if a3 = 0 (-2 if a3 = 1), or all possible clauses in the
variables of the constraint that include literal =1, if a; = 0, and -z if a; = 1.
In both cases, if we apply GSubs-prop on the clauses, we will entail z1 (—x1).
Inductive Hypothesis: We assume that for any 1 < m < j the proposition holds.
Inductive Step: Consider the final deletion of value a; from D(x;). This value
is deleted because it has no supporting tuple in some constraint C' on variables
Zj,Y1,-- ., Yk, which corresponds to one or more clauses on the corresponding
propositional variables in T'. This means that for each tuple 7 that supported
value a;, at least one of the values in 7 has been deleted from a variable among
Y1, .-, Yk. According to the hypothesis, for every such deletion, the correspond-
ing propositional variable was set to the opposite value by GSubs-prop, and the
associated literals were set to false in all the associated clauses. Now consider
the subset y;,...,ym of y1,...,yx which consists of the variables that have not
been set. Assume that the (reduced) clauses associated with constraint C' do not
contain all possible combinations of literals for variables yi, ..., ym,. Then C will
contain at least one supporting tuple for a; which contradicts the fact that a; is
deleted. Therefore, the clauses associated with constraint C' contain all possible
combinations of literals for variables y, . . ., Y, . If we apply GSubs-prop on these
clauses, we will entail z;, if a; =0, and —z; if a; = 1. O

From the above proposition and the last problem in Example 3] it follows that
GSubs-prop is strictly stronger than enforcing GAC.

5 Encoding CSP as SAT

5.1 Direct Encoding

We denote by Di(P) the translation of a CSP P into SAT under the direct
encoding. From [14] we know that AC enforced on a CSP P can achieve more
pruning than UP applied to Di(P).
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The following example demonstrates that FL-prop is incomparable to PIC
while BinRes-prop is incomparable to AC, RPC, and PIC.

Ezample J. Consider a CSP with four variables x1, x2, x3, 24, all with {0,1}
domains, and constraints x1 = xs, 2 = x3, 3 = x4 and x4 # x1. This problem
is AC, RPC, and PIC. However, by setting x19 or x1; to true in the direct
encoding, UP generates the empty clause. Therefore, FL-prop sets both xg
and z1; to false and determines that the problem is unsatisfiable. Accordingly,
BinRes-prop generates the unit clauses —x19 and —x1; and therefore determines
unsatisfiability.

Now consider a CSP with three variables z1, z3, x3, all with {0, 1, 2, 3} domain,
and three constraints. Assume that values 0 and 1 (2 and 3) of 27 are supported
by 0 and 1 (2 and 3) in D(x2) and D(x3), and that values 0 and 1 (2 and
3) of D(zg) are supported by 2 and 3 (0 and 1) in D(z3). FL-prop on the
direct encoding of the problem does not generate the empty clause by setting
any propositional variable to true or false. Therefore is does not achieve any
inference. However, the problem is not PIC.

Finally, consider a CSP with two variables z; and x2, both with three values
in their domains, where one of the values in D(z1) has no support in D(x3). AC
(and all stronger CSP consistencies) will delete this value. However, BinRes-prop
cannot resolve any clauses and therefore infers nothing.

We now show that if a value in a CSP is not RPC then the FL rule will set the
corresponding variable to false in Di(P).

Proposition 15. If a value a € D(x;) of a CSP P is not RPC then the FL rule
assigns x;q to false when applied to Di(P).

Proof. Assume that value a € D(z;) of a CSP P is not RPC. This means that
(x;,a) has a single support (say b € D(z;)) in the constraint between z; and
x; and the assignments (z;,a) and (z;,b) cannot be consistently extended to
some third variable x;. That is, there is no value in D(z;) that supports both
(x;,a) and (x,b). Now consider the direct encoding of the problem and assume
that FL sets z;, to true. UP will immediately set each zj,, where b’ € D(z;)
and b’ # b, to false, and as a result z;; will be set to true. UP will then set all
propositional variables corresponding to the values in D(x;) to false. Therefore,
an empty clause is generated and as a result x;, will be set to false. a

A corollary of the above proposition is that FL sets the corresponding proposi-
tional variable to false for any value of the original CSP that is not AC. The first
problem in Example ] together with Proposition[IHl can help prove that FL-prop
is strictly stronger than RPC and AC. The complete proof involves induction
in the number of deletions performed by the algorithms. We now state that if
FL-prop makes an inference in Di(P) then SAC also makes the corresponding
inference in P.

Proposition 16. If FL-prop sets a propositional variable x;, to false in the
direct encoding of a CSP P then SAC deletes value a from D(z;) in P. If FL-
prop sets x;q to true then SAC deletes all values in D(z;) apart from a.
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Now consider the second problem in Example @l This problem is not SAC, but
FL-prop applied to its direct encoding infers nothing. This, together with the
above proposition, prove that SAC is strictly stronger than FL-prop, and there-
fore also BinRes-prop.

We now show that GSubs applied to Di(P) can do no more work than Unit
Resolution.

Proposition 17. Given a CSP P, GSubs applied to Di(P) draws an inference
iff only Unit Resolution does.

Proof. Tt suffices to show that GSubs can only be applied to pairs of clauses of
the form x, —2Y. Consider two clauses of the form Y, m2Y C. First assume that
both clauses are non-binary. In this case both clauses are necessarily at-least-one
clauses. But if = is present in one of the clauses, -z cannot be present in the
other, since the two clauses encode domains of different variables. Now assume
that at least one of the clauses is of the form xy. There are three cases depending
on what kind of clause xy is. If xy is a conflict clause then —x can only be found
in an at-least-one clause. However, literal y cannot be present in this clause. If zy
is an at-most-one clause then —x can again only be found in the corresponding
at-least-one clause. However, this clause will contain -y and not y. Finally, if zy
is an at-least-one clause then —x and y cannot occur together in any conflict or
at-most-one clause. Hence, in all cases GSubs cannot be applied. O

5.2 Support Encoding

We denote by Sup(P) the translation of a CSP P into SAT under the support
encoding. From [10/9] we know that AC applied to a CSP P is equivalent to UP

applied to Sup(P). We now elaborate on the relationship between FL-prop and
SAC.

Proposition 18. FL-prop sets a propositional variable x;, to false in the sup-
port encoding of a CSP P iff value SAC deletes value a € D(x;) in P. FL-prop
sets wiq to true iff SAC deletes all values in D(x;) apart from a.

The proof is rather simple and proceeds by induction in the number of assign-
ments made by FL-prop and the number of value deletions performed by SAC,
exploiting the equivalence between AC and UP.

It is easy to see that BinRes-prop is strictly stronger than AC. Consider a
problem with three variables z,y,z, each with domain {0,1} and constraints
x =1y, x = z and y # z. This problem is AC, but BinRes-prop applied to its
support encoding shows that it is inconsistent. This example, coupled with the
fact that BinRes-prop subsumes UP (which is equivalent to AC), proves that
BinRes-prop is strictly stronger than AC.

The following example demonstrates that BinRes-prop is incomparable to
RPC, and PIC.

Ezample 5. Consider the first problem in Example[d This problem is AC, RPC,
and PIC. However, BinRes-prop generates the unit clauses —x19 and —x1; and
therefore determines unsatisfiability.
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Now consider a CSP with three variables 1, z2, x3, all with {0, 1, 2, 3} domain,
and three constraints. Assume that value 0 of z; is supported by 0 in D(z2) and
0,1 in D(x3), and that value 0 of D(z2) is supported by 2,3 in D(z3). All other
values have at least two supports in any constraint. The problem is not RPC
(or PIC), but BinRes-prop applied to the support encoding does not detect the
inconsistency.

As in the direct encoding, GSubs applied to Sup(P) can do no more work than
Unit Resolution. The proof proceeds by case analysis and is similar to the proof
of Proposition [I7

Proposition 19. Given a CSP P, GSubs applied to Sup(P) draws an inference
iff only Unit Resolution does.

6 Conclusion

In this paper we presented theoretical results concerning the relative propagation
power of various local consistency methods for CSP and SAT. More specifically,
we studied AC, PIC, RPC and SAC for CSP, and FL, BinRes, KromS and
GSubs for SAT. The results we obtained complement and tie together recent
similar studies [3J9IT4].

As it may be expected, in cases where AC is equivalent to Unit Propagation,
SAC is equivalent to Failed Literal Detection. Under both translations of CSP to
SAT we consider, FL can achieve a level of consistency that is higher than RPC
in the original problem. Among the less powerful methods, that are nevertheless
stronger than AC, BinRes arises as an appealing method that can achieve a rel-
ative high level of local consistency. Indeed, BinRes is stronger than PIC under
the literal encoding, and stronger than AC under the support encoding. General-
ized subsumption resolution finally achieves an intermediate level of consistency
between GAC in N(T) and AC in D(T).

Comparing among different encodings, in the case of translating a SAT to CSP,
the dual encoding appears to achieve the highest level of local consistency among
the different approaches studied. Indeed, AC in the dual encoding corresponds
to subset resolution, a method that is stronger than generalized subsumption
resolution. Although the cost of applying such a local consistency method in its
general form may be prohibitive, restricted versions (eg. restricting the number
of literals in the clauses considered) of the method may have some practical
value. The non-binary encoding appears weaker than the dual, and enforcing
GAC on the translated problem can achieve better propagation than UP only
if the original theory contains clauses on the same variables. Finally, under the
literal encoding, techniques that have been used in SAT and CSP are roughly
equivalent, with the exception of BinRes which achieves a level of consistency
between PIC and SAC. When translating from CSP to SAT, the direct encoding
appears to be rather weak. Indeed, strong resolution methods such as generalized
subsumption resolution are weaker than AC in the original problem. The support



Propagation in CSP and SAT 151

encoding appears to behave better propagation-wise, as already suggested in [9].
A general conclusion that can been drawn from our analysis is that translating
a CSP to SAT can be beneficial only if the support encoding is used, coupled
with a propagation method that is at least as strong as BinRes.

An extended version of this paper contains a more detailed study of propa-
gation in CSP and SAT, including CSP consistency methods such as Neighbor
Inverse Consistency and SAT techniques such as Hyper-resolution. In the future
we intend to extend our study to cover encodings of non-binary constraints into
SAT, and also consider the relationship between learning techniques in CSP and
SAT under the various encodings. Finally, but very importantly, an empirical
evaluation of the different encodings and propagation methods is required.
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Abstract. The paper introduces the MST (G, T, W) constraint, which is spec-
ified on two graph variables G and T and a vector W of scalar variables. The
constraint is satisfied if 7" is a minimum spanning tree of G, where the edge
weights are specified by the entries of W. We develop algorithms that filter the
domains of all variables to bound consistency.

1 Introduction

Complex constraints and variable types simplify the modelling task while providing
the constraint solver with a better view of the structure of the CSP. The recently intro-
duced CP(Graph) framework [4] allows the programmer to define graph variables, i.e.,
variables whose assigned values are graphs. The usefulness of graph variables depends
on the existence of filtering algorithms for constraints defined on them. That is, a con-
straint solver that supports graph variables ideally supports a collection of constraints
that describe fundamental graph properties.

In this paper we introduce the MST (G, T, W) constraint, which is specified on two
graph variables GG and 7" and a vector W of scalar variables. The constraint is satisfied
if 7" is a minimum spanning tree (MST) of G (i.e., the minimum-weight connected
subgraph that contains all nodes of ), where the positive weights of the edges in G
(and hence also in T') are specified by the entries of .

Finding the MST of a graph takes almost-linear time, but several interesting variants
of the MST problem, such as minimum k-spanning tree [8] (finding a minimum-weight
tree that spans any set of k£ nodes) and Steiner tree [10] (finding a minimum-weight
tree that spans a given set of nodes) are known to be NP-hard. Such problems can be
modelled by a combination of MST and other constraints.

In other applications, there is uncertainty in the input, e.g., when the exact weight
of an edge is not known, but can be assumed to belong to a given interval of values. In
the widely-studied MST sensitivity analysis problem, we are given a fixed graph g with
fixed weights and an MST ¢ of g. We need to determine, for each edge, the amount by
which its weight can be changed without violating ¢ = MST(g). The robust spanning
tree problem [[1]] addresses uncertainty from a different point of view. Its input is a graph
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with a set of possible edge weights for every edge. A scenario is a selection of a weight
for each of the edges. For a spanning tree ¢ and a scenario s, the regret of ¢ for s is
the difference between the weight of ¢ and the weight of the MST of the graph under
scenario s. The output is a spanning tree that minimizes that worst-case regret.

Finally, in inverse parametric optimization problems [7]] we are interested in finding
parameters of an optimization problem, given its solution. For instance, our MST con-
straint allows us to receive a tree and determine which graphs have this tree as their
MST.

Our results are summarized in the table below. We look at various restrictions of the
MST constraint, and develop a bound consistency algorithm for each of them. Let n
and m be, respectively, the number of nodes and edges in the upper bound of the domain
of G (and hence also of T'). Let Sort(m) be the time it takes to sort m edge-weights and
a the slow-growing inverse-Ackerman function. As the table indicates, our algorithm
computes bound consistency for the most general case in cubic time but whenever the
domain of one of the variable is fixed, bound consistency can be computed in almost-
linear time. The table indicates in which section of the paper each case is handled.

Fixed Edge-Weights Non-Fixed Edge-Weights
Fixed Graph Non-Fixed Graph  Fixed Graph Non-Fixed Graph
Fixed MST verification O(m+mn) O(ma(m,n)) O(ma(m,n))
Tree O(m +mn)
[ [Section[d.]] [Section 5.I]| [Section

Non-Fixed  O(Sort(m)+ O(Sort(m)+ O(Sort(m)+ O(mn(m + logn))

Tree ma(m,n)) ma(m,n)) ma(m,n))
[Section [Section[4.3]] [Section[5.3]] [Section 5.4

Related Work. Filtering algorithms have been developed for several constraints on
graphs, such as Sellmann’s shorter paths constraints [14]], unweighted forest constraints
(directed [2] and undirected [13]]) and the Weight-Bounded Spanning-Tree constraint
51, WBST (G, T, W, I), which specifies that T" is a spanning tree of G of weight at
most I, where W is again a vector of edge weights. Although WBST is semantically
close to MST, the structure of the solution set is different and the bound consistency
algorithms that we have developed are very different from the ones described in this pa-
per. Perhaps the most obvious difference between the two constraints is that for WBS'T,
in the most general case (when all three variables are not fixed) it is NP-hard to decide
whether a solution exists (and hence also to filter the constraint to bound consistency).
For MST, it is possible to do this in polynomial time. From the application point of
view, WBST is a cost-based filtering constraint (i.e., an optimization constraint) and it
can be used in conjunction with the A ST constraint to get more pruning.

In [1], I. Aron and P. Van Hentenryck addressed the robust spanning tree problem
with interval data. They describe an algorithm that partially solves a special case of the
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filtering problem that we address in this paper. More precisely, for the case in which the
graph is fixed, they show how to detect which edges must be removed from the upper
bound of the tree domain. Finally, our filtering algorithms apply techniques that were
previously used in King’s MST verification algorithm [[11]] and Eppstein’s algorithm for
computing the £ smallest spanning trees [6] of a graph.

Roadmap. The rest of the paper is structured as follows. Section [2] contains some
preliminaries, definitions and conventions used throughout the paper. In Section 3] we
describe a preprocessing step and invariants that are maintained during execution of
the algorithms described in subsequent sections. Sections [4] and [3 form the core of
the paper and describe the bound consistency algorithms for increasingly complicated
cases.

2 Preliminaries and Notation

2.1 Set and Graph Variables

The domain D(z) of a set variable x is specified by two sets of elements: The set of
elements that must belong to the set assigned to x (which we call the lower bound of
the domain of x and denote by D(z)) and the set of elements that may belong to this
set (the upper bound of the domain of x, denoted D(x)). The domain itself has a lattice
structure corresponding to the partial order defined by set inclusion. In other words, for
a set variable x with domain D(z) = [D(x), D(z)], the value v(x) that is assigned to
x in any solution must be a set such that D(x) C v(z) C D(z).

A graph variable can be modelled as two set variables V' and E with an inherent
constraint specifying that £ C V x V. Alternatively, the domain D(G) of a graph
variable G can be specified by two graphs: A lower bound graph D(G) and an upper
bound graph D(G), such that the domain is the set of all subgraphs of the upper bound
which are supergraphs of the lower bound. We will assume the latter because it is more
convenient when describing filtering algorithms.

2.2 Assumptions and Conventions

The constraint considered in this paper is defined on graph variables as well as scalar
variables. The latter represent weights and are assigned numbers. We will assume that
the domain of each scalar variable is an interval, represented by its endpoints. The num-
ber of entries in the vector W is equal to the number of edges in G. We will abstractly
refer to WW[e] as the entry that contains the weight of edge e, ignoring implementation
details. We also allow those intervals to be filtered to an empty interval when the cor-
responding edge does not belong to any solution, ignoring the fact that some constraint
systems do not allow empty domains.

When the cardinality of the domain of a variable is exactly 1, we say that the variable
is fixed. We will denote fixed variables by lowercase letters and non-fixed variables by
capital letters.
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2.3 Bound Consistency

For a constraint that is defined on variables whose domains are intervals, specified by
their endpoints, computing bound consistency amounts to shrinking the variable do-
mains as much as possible without losing any solutions. If the domain is an interval
from a total order (which is the case for the entries of 1), the bound consistent domain
is specified simply by the smallest and the largest value that the variable can assume in
a solution.

On the other hand, when the domain is an interval of a partial order (which is the case
with a graph variable), the lower bound is the intersection of all values that the variable
can assume and the upper bound is the union of all such values. Note that the domain
endpoints might not be values that the variable can assume in a solution. Since a bound
consistency algorithm may only remove elements from a variable domain but never
add new ones, filtering the domain of a graph variable to bound consistency amounts
identifying which of the nodes and edges in its upper bound graph must belong to the
graph in all solutions (and placing them in the lower bound graph) as well as which
nodes and edges may not belong to the graph in any solution (and removing them from
the upper bound graph).

3 Side Constraints and Invariants

Throughout the paper, we will assume that the following filtering tasks have been per-
formed in a preprocessing step: First, the algorithm applies the bound consistency algo-
rithms described in [4/5] for the constraints Nodes(G) = Nodes(T'), Subgraph(T, G)
(which specifies that 7" is a subgraph of G) and Tree(T") (which specifies that T" is con-
nected and acyclic). Filtering for the T'ree(T') constraint removes from D(T") arcs whose
endnodes belong to the same connected component of D(7T'), and enforces that T is con-
nected: If there are two nodes in D(T') that do not belong to the same connected com-
ponent of D(T") then the constraint has no solution. Otherwise, any bridge or cut-node
in D(T') whose removal disconnects two nodes from D(T') is placed in D(T").

Note that the conjunction of Subgraph(T, G) and Tree(T') enforces Connected(G)
and that we may assume that bound consistency for Subgraph(T,G) is maintained
dynamically at no asymptotic cost, as described in [5].

Finally, since D(T') is contained in the MST in any solution, we reduce the problem
to the case in which D(T') is initially empty, as follows. We contract all edges of D(T')
in g and obtain the graph g’. For any MST ¢’ of ¢/, the edge-sett' UD(T') is a minimum-
weight spanning tree of g that contains D(T).

4 Fixed Edge Weights

In this section we assume that the edge weights are fixed. That is, the domain of W
contains exactly one vector. We separately handle each of the three subcases where at
least one other variable is not fixed.
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4.1 Non-fixed Graph and Fixed Tree

We first tackle the simple case MST (G, t, w), where dom(G) = [D(G), D(G)] is not
fixed while the minimum spanning tree and the edge weights are.

After applying the filtering described in Section[3]for Subgraph (T, G) and node-set
equality, it remains to enforce that ¢ is an MST of the value assigned to G. This means
that we need to remove from D(G) any edge (u,v) which is not in ¢ and which is
lighter than all edges on the path p in ¢ between u and v; by the cycle property, the
heaviest edge on the cycle p U {(u,v)} (which is in ¢), cannot belong to any MST, so
the cycle must not be in G. The only way to exclude the cycle is to remove (u, v) from
D(G). This can be done as follows in linear time: For each edge e = (u,v) in D(G) \ ¢,
compute the maximum edge weight w* of an edge on the path from w to v in ¢ using
King’s algorithm [11], which receives a weighted tree and, in linear time, constructs
a data structure that supports constant-time queries of the form which is the heaviest
edge on the tree path between u and v?” If w(e) < wx, e may not belong to G. If it is
in D(G) the constraint has no solution. Otherwise, remove it from D(G).

4.2 Fixed Graph and Non-fixed Tree

We turn to the case MST (g, T, w) where the variables G' and W of the constraint are
fixed. The tree 7' is constrained to be a minimum spanning tree of the given graph g and
the bound-consistency problem amounts to finding the union and the intersection of all
MSTs of g.

Analysis of g to filter D(T"). We now describe a variant of Kruskal’s algorithm [[12]
that constructs an MST of g while partitioning its edge-set into the sets M andatory(g),
Possible(g) and Forbidden(g), defined as follows.

Definition 1. Let g be a connected graph. The sets M andatory(g), Possible(g) and
Forbidden(g) contain, respectively, the edges that belong to all, some or none of the
MSTs of g.

For an unconnected graph g whose maximal connected components are g1, . . . , gk,
we extend this definition to be the union of the respective set for each maximal connected
component of g. Formally,

Mandatory(g) = U¥_, Mandatory(g;),
Possible(g) = UF_, Possible(g;),
Forbidden(g) = U;_, Forbidden(g;),

As in Kruskal’s original version, the algorithm begins with a set of n singleton nodes
and grows a forest by repeatedly inserting a minimum weight edge that does not create
acycle. The difference is that instead of considering one edge at a time, in each iteration
we extract from the queue all edges of minimal weight, determine which of them are
mandatory, possible or forbidden, and only then attempt to insert them into the forest.
Let 1, be the forest constructed by using edges of weight less than k& and let E be the
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set of edges of weight k. Let (u,v) € Ej and let C'(u) and C(v) be the connected
components in ¢ of u and v, respectively. If C(u) = C(v), then by the cycle property
(u,v) does not belong to any MST of g (i.e., (u,v) € Forbidden(g)). If C(u) # C(v)
and (u,v) is a bridge in t;, U E}, then by the cut property (u, v) belongs to all MSTs of
g (i.e., (u,v) € Mandatory(g)).

The running time of this algorithm is O(Sort(m) + ma(m, n)) where Sort(m) is
the time required to sort the edges by weight and « is the inverse-Ackerman upper
bound of the union-find data structure [[16]] that represents the trees of the forest. When
a batch of edges is extracted from the queue we need to perform a bridge computation
in the graph composed of these edges to distinguish between possible and mandatory
edges. Bridge detection takes time which is linear in the number of edges [15] and each
edge of g participates in one bridge computation.

Filtering the Domain of 7. We are now ready to use the results of the analysis of g
to filter the domain of 7. This entails the following steps: (1) For each mandatory edge
e € Mandatory(g),if e ¢ D(T) then there is no solution. Otherwise, place e in D(T').
(2) For each forbidden edge e € Forbidden(g), if e € D(T') then there is no solution.
Otherwise, remove e from D(T').

Since M andatory(g) and Forbidden(g) are disjoint, the two steps have no effect
on each other, so they may be applied in any order, and it suffices to apply each of them
only once. But could we achieve more filtering by repeating the whole algorithm again,
from the preprocessing step through the analysis of g to the filtering steps? We will now
show that we cannot.

Let e be an edge that was placed in D(T) in the first filtering step. Then e €
Mandatory(g), which means that it belongs to all MSTs of g. Let ¢; and ¢ be the
two trees that e merges together when it is inserted into the forest by our variant of
Kruskal’s algorithm on g. Then the edges that were extracted from the queue before e
do not contain an edge between ¢; and ¢5, because in that case e would have been placed
in either Possible(g) or Forbidden(g). This means that if e is in D(7T") from the start,
all edges lighter than e would be classified as before. Clearly, the edges heavier than e
see the same partition of the graph into trees whether e is in D(T') or not. Since e is
mandatory, the edges that have the same weight as e do not belong to a path between
e’s endpoints that uses only edges with weight at most equal to that of e. Hence, placing
e in D(T') cannot change their classification.

Now, let e be an edge that was removed from D(T") in the second filtering step. Then
e € Forbidden(g), which means that it does not belong to any MST of g. Then its
removal from D(T') does not have any effect on the classification of other edges as
Forbidden, Possible or M andatory.

We do not need to apply the filtering steps of Section [3| The nodes of T are fixed
so we cannot detect new cut nodes. Clearly an impossible edge does not disconnect
D(T) (otherwise it would be mandatory by definition). We show that the pruning of
D(T) cannot creates new bridges then these bridges are already in Mandatory(g).
We consider an impossible edge e is removed and creates a bridge in D(T). As it is
impossible, its endpoints are connected by a path composed of edges lighter than e.
Then when the bridge ¢’ of weight k was processed, the edge e was not in the graph gy,
and ¢’ was a bridge in gj. Hence it was classified as mandatory.
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In conclusion, if we apply the algorithm again, the analysis of g would classify all
edges in the same way as before. In other words, applying the algorithm again will not
result in more filtering.

4.3 Non-fixed Graph and Tree

We now turn to the case MST (G, T, w), in which both the graph and the tree are not
fixed (but the edge weights are). Recall that we begin by applying the preprocessing
step described in Section[3l

Analyzing D (G) to filter D (T"). The main complication compared to the fixed-graph
case is in the analysis of the set of graphs described by D(G) in order to filter D(T").
We extend the definition of the sets M andatory, Possible and Forbidden for a set of
graphs as follows:

Definition 2. For a set S of graphs, the set M andatory(S) contains the edges that
belong to every MST of any connected graph in S, the set Forbidden(S) contains the
edges that do not belong to any MST of a connected graph in S and the set Possible(S)
contains all other edges in the union of the graphs in S.

We need to identify the sets M andatory(D(G)) and Forbidden(D(G)). We will show
that it suffices to analyze the two bounds of the graph domain, namely the graphs D(G)
and D(G).

Lemma 1 (Downgrade lemma). The addition of an edge to a graph can only down-
grade the state of the other edges of this graph. Here, downgrading means staying
the same or going from “mandatory” to “possible” to “forbidden”. Formally: Let
gt =gU{e= (u,v)} where e ¢ gandlet k = w(e). Then:

Va € g: (a € Mandatory(g") = a € Mandatory(g)) A
(a € Possible(g") = a € Mandatory(g) U Possible(g))

Proof. We compare the classification of the edges obtained by running the algorithm of
Section [4.2] twice in parallel, one copy called A running on the graph g and one copy
called A" running on g™ . Clearly, as long as the edge e is not popped from the queue,
the edges are classified in the same way in both graphs.

If e is an impossible edge of g™, then the edges popped after it will still be classified
in the same way in both graphs. Otherwise, it can affect the fate of the edges that are
popped at the same time or later:

Case 1. If u and v belong to trees that are also merged by another edge e’ with weight
equal to that of e, then both e and ¢’ are classified in g™ as possible, while in g the edge
e’ was classified as either possible or mandatory (depending on whether it was the only
path connecting these trees in the batch). After this, the partition of the nodes of the
graphs into trees is the same for g and g™, and the algorithms classify the remaining
edges in the same way.
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Case 2. Otherwise, A leaves u and v in different trees while A* merges the two trees.
At some point, both algorithms see a batch whose insertion connects v and v in g. These
edges will be classified by A as either possible (if there is more than one) or mandatory
(if there is only one). On the other hand, A" will classify them as impossible because
their endpoints already belong to the same tree. In all other steps, both algorithms clas-
sify the edges in the same way. O

Note that the addition of a node of degree 1 and its incident edge to a graph does not
change the status of the other edges in the graph. This edge just becomes mandatory.

We now show how to identify the sets Forbidden(D(G)) and M andatory(D(G)).
The set Possible(D(G)) consists of the remaining edges in D(G). Recall that the set
Forbidden(D(QG)) is the union of the forbidden edges of each maximal connected
component of D(G).

Theorem 1. The set Forbidden(D(G)) of edges that do not belong to any MST of a
connected graph in D(G) is

Forbidden(D(G)) = Forbidden(D(Q)).
Proof. A direct consequence of the downgrade lemma. a

We now turn to computing the M andatory set. The following lemma states that the
mandatory edges belong to the mandatory set of D(G). Note that this does not follow
from the definition of Mandatory(G), because if D(G) is not connected, it does not
belong to D(G).

Lemma 2. The set of edges that belong to all MSTs of all connected graphs in D(QG)
is contained in the set of mandatory edges for D(G), i.e.,

Mandatory(D(G)) C Mandatory(D(G)).

Proof. 1If D(G) is empty, M andatory(D(G)) = (. Otherwise, there are two cases: If
D(G) is a connected graph, then it belongs to D(G) and the lemma holds by definition.
Otherwise, we may assume that D(G) is connected. This follows from the pruning rules
of the connected constraint in the preprocessing step: Otherwise either the constraint has
no solution or D(G) is empty or we can remove all but one connected component of
D(G). Let D(G)’ be the graph obtained from D(G) by contracting every connected
component of D(G).

Let g be a minimal connected graph in D(G), i.e., a graph in D(G) such that the
removal of any node or edge from g results in a graph which is either not connected or
not in D(G). Then g consists of the union of D(G) with a set ¢’ of additional nodes
and edges in D(G) \ D(G). The set of mandatory edges of g, then, is the union of
Mandatory(D(G)) and the mandatory edges in ¢'.

Since we assume that the preprocessing step was performed, we know that every
edge in D(G) \ D(G) is excluded from at least one connected graph in D(G): Oth-
erwise, it is a bridge in D(G) that connects two mandatory nodes and was not in-
cluded into D(G) in the preprocessing step, a contradiction. We get that the inter-
section of the mandatory sets over all minimal connected graphs in D(G) is equal to
Mandatory(D(G)).
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Since every connected graph in D(G) is a supergraph of at least one minimal con-
nected graph of D(G), we get by the downgrade lemma that the mandatory set for any
graph is contained in the mandatory set for some minimal graph. This concludes the
proof. O

Theorem 2. The set M andatory(D(Q)) of edges that belong to all MSTs of graphs in
D(G) is:

Mandatory(D(G)) = Mandatory(D(G)) N Mandatory(D(Q))

Proof. If anedge is present in all MSTs of all connected graphs in D(G) then it is present
in all MSTs of D(G) and all MSTs of the minimal connected graphs of D(G). Hence,
by lemmall Mandatory(D(G)) N Mandatory(D(G)) 2 Mandatory(D(G)). As-
sume that there exists an edge e in M andatory(D(G)) N Mandatory(D(G)) which
is not in Mandatory(D(G)). Then there is a graph g € D(G) such that e is not in
Mandatory(g). Since ¢ C D(G), we can obtain D(G) by a series of edge insertions.
One of these insertions turned e from a non-mandatory edge into a mandatory one, in
contradiction to the downgrade lemma. a

Example 1. Assume that the domain of G is the graph shown in Figure[Tl where the solid
edges are in D(G) and the dashed edge is in D(G) \ D(G). Then Mandatory(D(G))
contains the edges weighted 1 and 2, while the edge of weight 3 is forbidden. On the
other hand, M andatory(D(G)) contains the edges weighted 2 and 3, because the edge
of weight 1 is not in D(G). Hence, only the edge of weight 2 is mandatory in all graphs
of D(G).

Fig. 1. The domain of G in Example[T]

Filtering the Domains of G and T'. Using the results of the previous sections, we
derive a simple algorithm to filter the domains of 7" and G to bound consistency.

As before, we begin by applying the preprocessing step of Section [3l We then pro-
ceed as follows.

Step 1: We filter D(T") according to M andatory(D(G)) and Forbidden(D(G)) as
in Section d.2] By Theorems[I] and 2l we have these two sets if we know Forbidden
(D(@)), Mandatory(D(G)) and M andatory(D(QG)). The latter can be computed by
applying the algorithm described in Section [4.2] to both bounds of D(G). Once these
sets have been computed, we use them as in Section[d.2to filter D(T).

Step 2: To filter D(G), we need to identify edges that cannot be in G because otherwise
T would not be the minimum spanning tree of G. An edge (u,v) has this property iff
on every path P in D(T') between u and v there is an edge which is heavier than (u, v).
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Example 2. To illustrate this condition, assume that the domain of 7" is as described in
Figure 2 and that D(@) contains the edge (u,v) with weight 2. Although u and v are
not connected in D(T'), any path from u to v in a tree in D(T") contains an edge which
is heavier than (u, v), so (v, v) must not be in G. On the other hand, if the weight of the
edge (z,y) is 1, then (u,v) can be in G if (z,y) € T.

Fig. 2. The domain of T in Example 2l Edges of D(T') and solid and those of D(T") \ D(T) are
dashed.

To find these edges, we apply a modified version of the algorithm of Section L2l to
D(G): We reverse the contraction of the edges of D(T) and create a sorted list of all
edges of D(G), including those of D(T'). As before, we begin with a graph H that
contains the nodes of D(G) as singletons and at each step we extract from the queue
the batch B of all minimum-weight edges. We first insert the edges of B N D(T') into
H and contract each of them by merging the connected components that its endpoints
belong to. Then, we remove from D(G) every edge in B \ D(T') that connects two
different connected components of H; If any of these edges are in G, then at least one
of them must belong to the MST of G. But they cannot be in 7', so we must make sure
that they are not in G either.

After applying Step 2, we need to apply Step 1 again. However, we show that after
doing so we have reached a fixpoint. We first show that the second application of the
first step does not change D(T'). Since the second step depends only on D(T'), we are
done if we use the D(G) computed by the second step to update D(T').

Consider the impact of the removal of a non-tree edge e (i.e., an edge which is not in
D(T)) from D(G) during Step 1. The set Forbidden is not affected because it depends
only on D(G). Assume that the removal of e causes the insertion of an edge e’ into
D(G). Then ¢’ was a bridge in D(G) \ {e}. But since e ¢ D(T'), ¢’ is a bridge in D(T')
so it already was in D(T'), and hence also in D(G), a contradiction. This proves that
we have reached a fixed-point.

5 Handling Non-fixed Weights

We now turn to the case where the edge weights are not fixed, i.e., the domain of each
entry in W is an interval of numbers, specified by its endpoints. Once again, we begin
with simple cases where some of the variables are fixed and gradually build up to the
most general case.
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5.1 Fixed Graph and Tree

When the graph and tree are fixed (MST (g, t, W)), the filtering task is to compute the
minimum and maximum weight that each edge can have such that ¢ is an MST of g.E]
A non-tree edge (u,v) must not be lighter than any edge on the path in ¢ between u
and v. We can apply King’s algorithm to ¢, while assuming that each tree edge has
the minimum possible weight. Then, if the data structure returns the edge ¢’ for the
query e = (u,v), we filter the domain of the weight of e, denoted W{e], by setting
D(Wle]) — D(Wle]) N [D(W[e]), o0].

For a tree edge e, let t1(e) and t5(e) be the two trees obtained by removing e from
t. Then e must not be heavier than any other edge in ¢ that connects a node from ¢4 ()
and a node from ¢2(e). Let r(e) be the minimum weight edge between ¢1(e) and t2(e)
in the graph g \ e. Assuming that every non-tree edge has the maximal possible weight,
we can find the r(e)’s for all tree edges within a total of O(ma(m,n)) time [6/17].
Then, for every e € t we set D(W{e]) «— D(We]) N [—oo, D(W]r(e)])]-

Now, if there is an entry W [e] in the weights vector with D (W [e|) = 0, the constraint
has no solution.

5.2 Fixed Tree and Non-fixed Graph

When the graph is not fixed but the tree is, the node-set of the graph is determined by
the tree. After filtering D(G) to equate the node-sets and to contain all edges of ¢, we
have that the endpoints of all non-tree edges, i.e., edges of D(G) \ ¢, belong to t.

We apply the filtering step of the previous section to the weights of the non-tree
edges. If this results in D(We]) = ) for some edge e, there are now two options: If
e € D(G) \ D(G) we remove e from D(G), and if e € D(G) then the constraint has
no solution.

Next, we filter the weights of tree edges by applying the algorithm of the previous
section on D(G). That is, for each tree edge e we find the weight of the lightest edge
r(e) in D(G) that connects ¢1 (e) and ¢2(e), and shrink D(W e]) as before. To see why
it suffices to consider D(G), note that an edge ¢’ in D(G) \ D(G) is excluded from at
least one graph in D(G), and in this graph, of course, e may be heavier than e’.

5.3 Fixed Graph and Non-fixed Tree

In Section we handled the same problem with fixed weights by a variant of
Kruskal’s algorithm that required sorting the edges by weight. Since one weight in-
terval can now overlap another, there is no longer a total order of the edge weights. We
will show how to adapt the Kruskal-based algorithm to this case.

Phase 1: First, the algorithm considers edges in g. Instead of a list of edge-weights, we
create a list of the endpoints of these edges’ domains. We sort them in non-decreasing

! This problem is tightly related to the MST sensitivity analysis problem, where we are given a
graph with fixed edge weights and its MST and need to determine, for each edge, the amount
by which its weight can be perturbed without changing the property that the tree is an MST of
the graph.
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order, breaking ties in favor of lower bounds. Now, D(W[e]) or D(W[e]) is between
D(We']) and D(W|e']) in the list if and only if D(We]) N D(W|e']) # 0.

We then sweep over this list and examine each domain endpoint in turn. We say that
an edge e is unreached before D(W [e]) was processed, open if D(W [e]) was already
processed but D (W e]) was not, and closed after D(W [e]) was processed. We maintain
a graph H which is initially a set of n singleton nodes. In addition, we maintain a
union-find data structure UF' that represents the connected components of the subgraph
H' of H that contains only closed edges. Initially, the union-find data structure also
has n singletons. During the sweep, when processing D(We]) where e = (u,v), we
mark e as open. If Find(UF,u) = Find(UF,v), we place e in the forbidden set.
Otherwise, we insert it into H. When processing D(We|) where e = (u, v), we mark
e as closed. If e is a bridge in H, we place it in the mandatory set Finally, we perform
Union(UF,u,v).

After the sweep, all edges of the mandatory set are included in D(T") and all of the
impossible edges are removed from D(T'). Naturally, if this violates D(T") C D(T),
the constraint is inconsistent.

Phase 2: Next, the algorithm filters the weights of all edges. For a non-tree edge e, i.e.,
anedge e € g\ D(T), the weight must be high enough so that e does not belong to any
MST of g. In other words, the weight of e must be higher than the maximum weight
of an edge on the tree path connecting its endpoints. In Section 4.1l we mentioned that
King’s algorithm can find the desired threshold when the tree is fixed. But how do
we find the MST in D(T) that minimizes the weight of the heaviest edge on the path
between u and v? Clearly, the desired weight is the lower bound of the domain of this
edge’s weight. The following lemma implies that it suffices to find any MST in D(T)
(while assuming that each edge has the minimum possible weight), and apply King’s
algorithm to this MST.

Lemma 3. Let g be a graph with a fixed weight w(e) for each edge e and let t1 and to
be two MSTs of g. Let u and v be two nodes in g, let p1 be the path between u and v in
t1 and let ps be the path between u and v in to. Then

max w(e) = max w(e)

ecp1 ecpa
Proof. Consider the symmetric difference p; @ po of the two paths. It consists of a
collection of simple cycles, each of which consists of a subpath of p; and a subpath
of ps. Let ¢ be one of these cycles. By the cycle property, any MST of g excludes a
maximum weight edge from ¢ (see Figure 3). Hence, there are at least two maximum
edge weights ¢, one in ¢ N p; and one in ¢ N ps. Since this is true for every cycle, we get
that the maximum weights on each of the paths must be equal. a

For an edge ¢ € D(T), i.e., an edge which belongs to all MSTs, the weight must
not be so high that there is a cycle in g on which this is the heaviest edge. In other
words, we need to find an MST ¢ of g that contains D(T") and which maximizes the
minimum weight of a non-tree edge r. that together with ¢ forms a cycle that contains
e. In Section[5.1] we mentioned that the desired threshold for all tree edges can be found
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Fig. 3. Illustration of the proof of lemma[3l A cycle and its p; and p2 subpaths, the maximum
weight edges excluded from each MST.

in O(ma(m,n)) time when the tree is fixed. Once again, we show that it suffices to
apply the same algorithm to one of the MSTs in D(T'). Clearly, the desired weight is
the upper bound of the domain of an edge weight. Furthermore, reducing the weight of
any edge in g can only decrease the value of w(r. ). The following lemma implies that
it suffices to find any MST of g that contains D(T') (while assuming that each edge has
the maximum possible weight), and use this MST to compute the thresholds for all tree
edges.

Lemma 4. Let g be a graph with a fixed weight w(e) for each edge e and let t1 and to
be two MSTs of g. Let e be an edge in t1 N to, let 1 be the minimum weight edge that
together with t1 closes a cycle that contains e and let ro be the minimum weight edge
that together with to closes a cycle that contains e. Then

w(r) = w(rz)

Proof. Ttisknown (see, e.g., Lemma 3 in [0]) that each of t; U{r1} \ {e} and t2U{ra}\
{e} isan MST of g\ {e}. Since all MSTs of a graph have equal weight, w(r;) = w(ra).
O

The time complexity of the algorithm described in this section is O(Sort(m)) to sort
the endpoints of the domains of the edge weights and O(ma(m,n)) for the modi-
fied Kruskal algorithm, incremental connectivity [[16] and bridge computation [[18], two
MST computations and filtering of the edge weights.

5.4 General Case: Non-fixed Graph and Non-fixed Tree

We now turn to the most general case, in which all variables are not fixed. In the case of
the WBS'T constraint, we were able to find efficient bound consistency algorithms for
special cases, but the most general case is NP-hard. In contrast, we will show that the
MST constraint is not NP-hard in its most general form. The naive bound consistency
algorithm that we sketch in this section has a running time of O(mn(m+logn)), which
cannot be considered practical. We leave it as an open problem to find a more efficient
method to approach the general case.

As before, we apply the filtering steps that follow from equality of the node-sets, in-
clusion of T" in GG and the connectedness of G and T'. The main complication compared
to the cases considered in the previous sections is in filtering the domains of the edge
weights, because now the node-sets of the graph and the tree are not fixed. Again, we
need to filter the lower bound weight of non-tree edges and the upper bound weight of
tree edges.
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Filtering the weights of non-tree edges. An edge e = (u,v) in D(G) \ D(T) cannot
belong to the tree and therefore it must not be lighter than the maximum weight edge
on the tree path from u to v. Let ¢ be a tree and let ¢(u, v) be the maximum weight edge
on the path in ¢ between u and v. We need to determine the minimum possible value
of t(u,v) over all trees in D(T"). Clearly, this weight would be a lower bound of the
domain of some edge weight.

We set edge weights of all edge in D(T') to their lower bounds and contract the
edges of D(T). In the remaining graph, we need to find a simple path from u to v
that minimizes the maximum weight of an edge along it. This can be done in O(m +
nlogn) time by a dynamic programming approach that uses a variation of Djikstra’s
shortest-paths algorithm [3]], where the sum of edge weights is replaced by a maximum
computation. Since this computation needs to be repeated m times, once for every non-
tree edge, the total time is O(m(m + nlogn)).

Filtering the weights of tree edges. A tree edge e must not be heavier than any non-
tree edge that connects two nodes u and v such that e is on the tree path between u
and v. To find the maximum possible weight of an edge (u,v) € D(T), we will show
how to check, for each edge (z,y) € D(G) \ D(T), whether there is a tree t € D(T)
that contains (u,v), such that (z,y) is the minimum weight edge connecting the two
components of ¢ \ {(u,v)}.

Let E' = (D(T)\{(u,v)})U{ele € D(G)ND(T)Aw(e) < w(x,y)}.Iftexists, then
each edge of E' is either in ¢ or connects nodes that belong to the same connected compo-
nentof t\ { (u, v)}. So we compute connected components of G’ = (Nodes(D(G)), E').
If z and y are in the same component, there is no such ¢. Otherwise, contract each con-
nected component and merge the component of u with the component of v. Let G” be
the resulting graph. For a node w € G’, we will refer to the node of G” that represents
the connected component of w by CC'(w). We will say that a node in G is mandatory
if it represents a component in G’ that contains at least one node from D(T).

Insert into G’ all the edges of D(T') which are not heavier than (z, y). It remains to
determine whether we can make a tree that spans CC(z), CC(y), CC(u) = CC(v)
and all the mandatory nodes of G/, such that CC'(u) is on the path from CC(z) to
CC(y). To do this, root G’ at the CC(u) and find its dominators (in linear time) [9].
If CC(z) and CC(y) have a common dominator, such a tree does not exist. Otherwise,
find two disjoint paths, one from CC'(u) to CC(z) and one from CC(u) to CC(y).
Then add edges to the tree to make it span all mandatory nodes.

This test takes linear time, and needs to be repeated at most m times for every edge
in D(T), i.e., O(mn) times. The total running time is therefore O(m?n).

6 Conclusion

We have shown that it is possible to compute bound consistency for the MST constraint
in polynomial time. For the special cases in which at least one of the variables is fixed,
we found linear or almost-linear time algorithms. For the most general case, our up-
per bound is cubic and relies on a brute-force algorithm. It remains open whether the
techniques we used for the simpler cases can be generalized to an efficient solution for
MST in its most general form.
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Abstract. Algorithm selection, algorithm portfolios, and randomized restarts,
can profit from a probabilistic model of algorithm run-time, to be estimated from
data gathered by solving a set of experiments. Censored sampling offers a prin-
cipled way of reducing this initial training time. We study the trade-off between
training time and model precision by varying the censoring threshold, and ana-
lyzing the consequent impact on the performance of an optimal restart strategy,
based on an estimated model of runtime distribution.

We present experiments with a SAT solver on a graph-coloring benchmark.
Due to the “heavy-tailed” runtime distribution, a modest censoring can already
reduce training time by a few orders of magnitudes. The nature of the optimiza-
tion process underlying the restart strategy renders its performance surprisingly
robust, also to more aggressive censoring.

1 Introduction

The interest in algorithm performance modeling is twofold. An accurate model can pro-
vide useful insights for analyzing algorithm behavior [[1]; it can as well be used to au-
tomate selection [2], or, more generally, allocation of computational resources among
different algorithms. In the context of computational performance analysis of solvers
for constraint satisfaction, an interest has been recently growing around the existence,
in some structured domains, of a second phase transition, in the under-constrained re-
gion [3]], where, for some problems, the run-time distribution exhibits “heavy tails”, i.e.,
is Pareto for both very large and very small values of time [4]]. In this case, the prob-
ability mass of the algorithm’s runtime distribution can effectively be shifted towards
lower time values, by simply running multiple copies of the same algorithm in parallel
(algorithm portfolios [5]]), or by repeatedly restarting a single algorithm, each time with
a different initialization or random seed [6], as this allows to avoid the “unlucky” long
runs, and profit from the very short ones.

Both strategies can be rendered more efficient if a model of run-time distribution
(RTD) is available for the algorithm/problem combination at hand[! In the context of

! In the following, for the sake of readability, we will often refer to the RTD of a problem in-
stance, meaning the RTD of different runs of the randomized algorithm of interest on that
instance; and the RTD of a problem set, meaning the RTD of different runs of the random-
ized algorithm of interest, each run on a different instance, uniform randomly picked without
replacement from the set.

F. Benhamou (Ed.): CP 2006, LNCS 4204, pp. 167-{I81] 2006.
(© Springer-Verlag Berlin Heidelberg 2006
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algorithm portfolios, models can be used to allocate resources to different competing
algorithms, or to evaluate the optimal number of components for a homogeneous port-
folio [[7]. In the case of restarts, it has been shown that the knowledge of the RTD allows
to determine an optimal strategy, based on a constant cutoff [6]].

What makes these approaches problematic is the huge computation time required,
not for training the model, but for gathering the training data itself, as one might need
to solve a large number of problems, in order to obtain a reliable sample of run-time
values. One way of countering this is offered by censored sampling, a technique com-
monly used for lifetime distribution estimation (see, e.g., [8]), which allows to bound
the duration of each training experiment, and still exploit the information conveyed by
runs that reach the censoring threshold.

This obviously has a cost, to be paid in terms of the precision of the obtained model.
This cost can in principle be measured according to traditional statistical goodness-of-
fit tests, but if the sole purpose of the model is to set up a portfolio, or a restart strategy,
in order to gain on future performance, then the only quantity of practical interest is the
loss in performance induced by the censored sampling.

The main objective of this work is to analyze this trade-off between training time and
efficiency, in the case of optimal restarts. To this aim we present experiments with a ran-
domized version [4] of a well known complete SAT solver [9], on a benchmark of graph
coloring problems from SATLIB [[10], on which heavy-tailed behavior can be observed.

In the following, after some additional references (Sect. ), censored sampling
(Sect.B)) and restart strategies (Sect. ) are briefly introduced, followed by a description
(Sect.[3) and discussion (Sect. [@)) of experimental results.

2 PreviousWork

As an extensive review of the literature on modeling run-time distribution is beyond the
scope of this paper, we will limit to a few examples. The behavior of complete SAT
solvers on solvable and unsolvable instances near phase transition have been shown to
be approximable by Weibull and lognormal distributions respectively [L1]. Heavy-tailed
behavior is observed for backtracking search on structured underconstrained problems
in [3l4], but also in many other problem domains, such as computer networks [12].
Interesting hypothesis on the mechanism behind it are explored in [[1]. The performance
of local search SAT solvers is analyzed in [13l14], and modeled in [15] using a mixture
of exponential distributions.

The literature on algorithm portfolios [SI7]], anytime algorithms [[16/17]], and restart
strategies [18l6/19020/12]] provides many examples of the application of performance
modeling to resource allocation. In [21] we presented a dynamic approach, in which a
conditional model of performance is updated and progressively exploited during train-
ing. See also [22] for more references.

3 Censored Sampling

Consider a “Las-Vegas” algorithm [6] running k times on instances of a family of
problems, on which we believe that the algorithm will display a similar behavior. Be
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T = {t1,ta, ..., t;} the set of outcomes of the experiments. In order to model the prob-
ability density function (pdf) of solution time ¢, we can choose a parametric function
g(t|6), with parameter 0, and then express the likelihood of 7 given 6, as

k
£(T19) = Hﬂtle [Tol0) (1)
=1

We can then search the value of 6 that maximizes (), or, in a Bayesian approach, intro-
duce a prior p(#) on the parameter, and maximize the posterior p(6|7) o £(7|0)p(0).
Type | censored sampling (see, e.g., [8]]) consists in stopping experimental runs that
exceed a cutoff time ¢., and replacing the corresponding multiplicative term in (1) with

£.(td0) = [ otrip)ir = [1 = G(elo) @
where G(t]0) = f o 9(7]0)dr is the conditional cumulative distribution function (CDF)
corresponding to g. This allows to limit the computational cost of running the exper-
iments, while exploiting the information carried by unsuccessful runs. In Type Il cen-
sored sampling, k& experiments are run in parallel, and stopped after a desired num-
ber u of uncensored samples is obtained. In this way the fraction of censored samples
¢ = (k — u)/k is set in advance, while the censoring threshold ¢, for the remaining
k — u runs is determined by the outcome of the experiments, as the ending time of the
u-th fastest experiment.

4 Optimal Restart Strategies

A restart strategy consists in executing a sequence of runs of a randomized algorithm,
in order to solve a same problem instance, stopping each run k after a time 7'(k) if no
solution is found, and restarting the algorithm with a different random seed; it can be
operationally defined by a function T : N — R producing the sequence of thresholds
T (k) employed. Luby et. al [6] proved that the optimal restart strategy is uniform, i. e.,
one in which a constant T'(k) = T is used to bound each run. They show that, in
this case, the expected value of the total run-time ¢r, i. e., the sum of runtimes of the
successful run, and all previous unsuccessful runs, can be evaluated as

T — [ F(r)dr
F(T)

where F'(t) is the cumulative distribution function (CDF) of the run-time ¢ for an un-
bounded run of the algorithm, i. e., a function quantifying the probability that the prob-
lem is solved before time ¢. If such distribution is known, an optimal cutoff time 7™ can
be evaluated minimizing (3)). Otherwise, they suggest a universal non-uniform restart
strategy U, with cutoff sequence {1,1,2,1,1,2,4,1,1,2,1,1,2,4,8,1, }E proving

E(tr) = 3)

% The sequence is composed of powers of 2: when 2771 is used twice, 27' is the next. More
precisely, k = 1,2,..., T(k) := 207 if k = 29 — 1; T(k) := T(k — 2971 +1)if 277! <
k<2 —1.
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that its computational performance ¢y is, with high probability, within a logarithmic
factor worse than the expected total run-time E(¢7~) of the optimal strategy.

5 Experiments

Amodel ' ofthe RTD on a setof problems can be obtained from censored and uncensored
runtime samples; the performance of the corresponding sub-optimal uniform strategy T,
evaluated minimizing (@) with Fin place of the real F', will depend on the precision of
the estimated £, which will in turn depend on the number of samples used to estimate it,
and the amount of censoring. If we fix the number of samples, and vary the fraction of
censored samples, we expect to observe a trade-off between the time spent running the
training experiments, from whose outcomes F'is estimated, and the performance of the
corresponding T 1tis precisely this trade-off that we intend to analyze here 3

In order to do so, we set up a simple learning scheme. Given a set of problems,
and a randomized solver s, we first randomly pick a subset of n problems. For each
problem, we start  runs of the algorithm s, differing only for the random seed, for a
total of k = nr parallel runs. We control the duration of these “training” experiments
with Type II censored sampling (see Sect[3), fixing a censoring fraction ¢ € [0,1) in
advance: as the first [ (1 — ¢)k] runs terminate, we stop also the remaining [ck] runs.
The gathered runtime samples are then used to train a model F of the RTD, from which
a uniform strategy T is evaluated, by minimizing (3) numerically. The performance of
T is then tested on the remaining problems of the set. Varying ¢, we can measure the
corresponding variations in training time, and in the performance of T on the test set.

The experiments were conducted using Satz-Rand [4]], a version of Satz [9] in which
random noise influences the choice of the branching variable. Satz is a modified ver-
sion of the complete DPLL procedure, in which the choice of the variable on which
to branch next follows an heuristic ordering, based on first and second level unit prop-
agation. Satz-Rand differs in that, after the list is formed, the next variable to branch
on is randomly picked among the top h fraction of the list. We present results with
the heuristic starting from the most constrained variables, as suggested also in [9], and
noise parameter set to 0.4.

The benchmark used (obtained from SATLIB [[10]) consists of different sets of SAT-
encoded “morphed” graph-coloring problems [23] (100 vertices, 400 edges, 5 colors,
resulting in 500 variables and 3100 clauses when encoded as a CNF3 SAT problem):
each graph is composed of the set of common edges among two random graphs, plus
fractions p € [0,1] and 1 — p of the remaining edges for each graph, chosen as to form
regular ring lattices. Each of the 9 problem sets contains 100 instances, generated with
a logarithmic grid of 9 different values for the parameter p, from 2° to 278, to which
we henceforth refer with labels 0, ..., 8. This benchmark is particularly interesting, as
the parameter p controls the amount of structure in the problem, and the heavy-tailed
behavior of Satz-Rand varies accordingly on the different sets.

3 Note that a given problem set might contain instances which follow sensibly different RTDs: in
this case, the obtained model would capture the overall behavior of the algorithm on the set, and
the corresponding restart strategy would be suboptimal for each single instance. We ignore this
issue here, as we are only interested in comparing among different F', and not with the real F'.
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For each problem set, we repeated the simple scheme described above, running » =
20 copies of Satz-Rand on each of n = 50 randomly picked training instances, and
evaluating T on the remaining 50. The process was repeated for 10 different levels of
the censored fraction ¢ during training, from ¢ = 0 to ¢ = 0.9. For practical reasons,
experiments with ¢ = 0 were actually run with a very high censoring threshold (10%):
only a few runs of Satz-Rand exceeded this value.

As for the model, we tried different alternatives, including Weibullﬁ lognormal, and
the novel double and right-hand Pareto lognormal, introduced in [24] to model heavy
tailed distributions. The double Pareto-lognormal distribution (DPLN) describes the
distribution of the product of two independent random variables, one with lognormal
distribution, one with Double Pareto distribution, whose pdf can be written as 'ytﬁ -1
for t < 1 (left tail), and vt~ fort > 1,y = a3/(a + ). The advantage of DPLN
is that it can adapt to both lognormal and heavy tailed distributions. We also tested
various mixtures of two distributions, with pdf of the form f(¢|0) = w f1(¢|61) + (1 —
w) f2(t]02), with parameter 6 = (w, 01, 62), w € [0, 1].

The models were trained by maximum likelihood, as described in Sect. [3l To com-
pare with a non-parametric approach, we repeated the experiments using the Kaplan-
Meier estimator [25]], which can also account for censored samples. Among the para-
metric models, we obtained the best results with a mixture including one lognormal
and either one double-Pareto lognormal, or only the heavy-tailed component, the Dou-
ble Pareto distribution described above.

We present the results for this latter mixture, and for the Kaplan-Meier estimator.
All quantities reported are upper 95% confidence bounds obtained from results of 10
runs. In Figg.[[l Bl right column, we present the tradeoff between training cost, labeled
t r ai n, and restart performances on the test set, for the two models, respectively la-
beled | ogndp and ke, at different values of the censoring fraction c. We also plot the
cost of the universal strategy, labeled U, on the test set (the performance on the train-
ing set is similar, as both are composed of 50 randomly picked problem instances). For
the test time, we can appreciate some degradation of performance only for very heavy
censoring (¢ = 0.8, 0.9), for which the advantage in training time is negligible anyway.
Note that this does not mean that the accuracy of the model is unaffected: to highlight
this apparent contradiction, we also plotted, in left column, the value of a X2 statistic
of the parametric model | Ogndpﬁ While for the uncensored estimate this is near or
below the 95% acceptance threshold (indicated by the white bars in the plot), the value
of the x? test degrades rapidly even for low values of c.

* As we are also conducting experiments with parallel portfolios of heterogeneous algorithms,
and thus we need a common measure of time, we modified the original code of Satz-Rand
adding a counter, that is incremented at every loop in the code. The resulting time measure was
consistent with the number of backtracks. All runtimes reported are in millions of loop cycles.

3Tt is interesting to see that the Weibull distribution, reported in [I1] as having a good fit on
satisfiable problems near the sat-unsat phase transition, has instead a very poor fit in this case.

® Measured as in [11], dividing the uncensored data into m bins (on a logarithmic scale), and
comparing the number of samples o; in each bin to the one e; predicted by the fitted distri-
bution, according to the formula x* = Y, [(0; — e;)/e;]*. A high value indicates a poor fit:
the model passes the test with confidence o if x? is lower than the 1 — « quantile of the x>
distribution with m — k degrees of freedom, k being the number of parameters in the model.
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In Fig. Bl to [@ we display, on the top row, the average of the resulting censoring
threshold ¢, for different censoring fractions c. This, along with the training cost, allows
to appreciate the tail behavior of Satz-Rand on the different problem set. On problem set
1, most runtimes have a similar value, and the remaining few are very large. ¢, is greatly
reduced by a modest ¢ = 0.1, but further censoring does not decrease it much: the same
obviously applies to training cost. On problem set 8, runtime values are spread along
two orders of magnitude. Increasing ¢ has a more gradual impact on ¢., and on training
cost. This situation varies gradually for intermediate problem sets. Problem 0 is less
interesting, as all runs of Satz-Rand end in a similar time, and heavy tailed behavior
is not observed. The resulting plots are similar to problem 1, without the heavy tail
effects. In the second row, we display the CDF F' estimated by dpl ogn, on a single
run, for different censoring levels (¢ = 0.1, ¢ = 0.5, ¢ = 0.9), compared with a better
approximation of the real I of the set, the empirical Kaplan-Meier CDF evaluated on
200 uncensored runs for each problem (labeled r eal ). To further investigate the tail
behavior of Satz-Rand RTD, in the third row we display the log-log plot of its survival
function 1 — F(x), where a Pareto tail (o< t~%) is displayed as a straight line. In both
cases, one can visually appreciate the degradation of the model, induced by censored
sampling, especially for values of ¢ larger than ¢., which are not seen by the model. So
why the performance of the restart strategy is not affected? The fourth row of Figg. Bl
to [6] seems to suggest an answer. It plots the expected cost () of a uniform restart
strategy, against the restart threshold 7', evaluated using dpl ogn at different levels of
censoring. The comparison term r eal is the actual performance of a restart strategy
T, evaluated a-posteriori on the same run: averaging this on multiple runs, one would
obtain an estimate of the real F(¢tr) for the problem set. We can see that the estimated
and real cost differ greatly, but have a similar minimum: this allows T to be efficient
also with a poor F', obtained from a heavily censored runtime sample.

Fig. [/ plots the CDF F' obtained with the non-parametric Kaplan-Meier estimator.
This simple model proved similar in performance to dpl ogn, also in the few cases
where this latter failed to converge (see again Figg. [Tl ).

For what concerns the universal restart strategy U, its performance on the test set is
consistently worse. Its advantage on the training set was predictable, as in our simple
scheme 20 copies of Satz-Rand are run in parallel on each training problem, and obvi-
ously decreases with c: on sets 7, 8, training cost is actually lower for ¢ = 0.8,0.9. We
expect to further reduce training cost, again with a low impact on test performance, by
simply running less parallel copies.

6 Discussion

There is only an apparent contradiction between the rapid degradation of the model,
following the increase in censored data, and the stability of the performance of the
estimated optimal restart strategy. Traditional statistical tests are in fact intended to
measure the fit of a pdf along the whole spectrum of possible values. The formula for
the restart performance (@) is instead based on the cumulative distribution function,
which is the integral of the pdf; and on its further integration up to 7', which is usually
small. This means that the actual shape of a large portion of the distribution is irrelevant,
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Fig. 1. Problems 1 to 4. Left: the trade-off between training cost (t r ai n) and test performances
of the parametric mixture lognormal-double Pareto (I ogndp), and the non-parametric Kaplan-
Meier estimator (kme), for different censoring fractions c. U labels the performance ¢y of the
universal strategy on the test set. Right: log,, of the x? statistics for | ogndp (black), compared
to log,, of the acceptance threshold (white).
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Fig. 3. Problems 1 (left column) and 2 (right column). From top to bottom: average censoring
threshold ¢. for different fractions of censoring; CDF; tail of the survival function; estimated
expected cost of restart for different censoring levels (¢ = 0.1, ¢ = 0.5, ¢ = 0.9), compared with
real cost, evaluated a posteriori. Last three rows refer to a single run. Note the similar minima in
last row.
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Fig. 4. Problems 3 (left column) and 4 (right column).From top to bottom: average censoring
threshold ¢. for different fractions of censoring; CDF; tail of the survival function; estimated
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as long as its mass does not vary; while for values lower than 7', the integration involved
in the CDF acts as a “denoising” filter, making (3)) more robust to loss of fit of the model.

From a more practical point of view, our experiments show that even a sub-optimal
restart strategy can have a relevant advantage over the universal. This advantage can
be obtained for an additional training effort, which can be greatly reduced by censored
sampling. On a larger test set, this initial training effort would pay off quite rapidly.
Note also that there is no reason to stop the training process, as it is relatively cheap
compared to problem solving, and each restart can also be interpreted as a censored
sample.

We expect analogous results with any heavy-tailed randomized algorithm. This mo-
tivates us to further investigate methods to merge training and exploitation of models of
algorithm performance, as in [22]. Current research is aimed at a companion analysis
of the effect of censoring in the case of algorithm portfolios, and the combination of
universal and estimated optimal restart strategies, the latter based on censored and un-
censored samples gathered on a sequence of problems, the former limiting cost in the
initial phase, when the model is still unreliable, in a life-long learning fashion.
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Abstract. Efficient constraint propagation is crucial to any constraint
solver. We show that watched literals, already a great success in the sat-
isfiability community, can be used to provide highly efficient implemen-
tations of constraint propagators. We describe three important aspects
of watched literals as we apply them to constraints, and how they are
implemented in the MINION constraint solver. We show three successful
applications of to constraint propagators: the sum of Boolean variables;
GAC for the ‘element’ constraint; and GAC for the ‘table’ constraint.

1 Introduction

Efficient constraint propagation is the bedrock of any implementation of con-
straint programming. We show that watched literals can be used to provide
faster implementations of constraint propagators. Watched literals are one of the
main reasons for the dramatic improvements seen in SAT solvers in this decade
[12]. They allow the key progagation algorithm, unit propagation, to run much
faster than previous implementations. Used as triggers to fire constraint prop-
agations, watched literals have three features different to triggers as normally
used. Watched literals only cause propagation when a given variable-value pair
is deleted; their triggering conditions can be changed dynamically during search;
and they remain stable on backtracking so do not use memory for restoration.
These features can be used separately, and we report on doing so.

We first identify what we consider to be the two key benefits of watched
literals: the reduction of work when no propagation is possible, and the reduc-
tion in work on backtracking. We detail the three aspects of watched literals
mentioned above. Then we report implementations of three different constraints
using watched literals. The first is a slight generalisation of the SAT clause,
and so it is no surprise that this allows us to improve the speed of propagating
SAT clauses in a constraint solver. In fact, our results show that SAT clauses
propagate almost as fast as in a state-of-the-art SAT solver. Next, we show that
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watched literals are ideally suited to implementing generalised arc consistency
(GAQ) for the ‘Element’ constraint. Using classical triggers, it is hard to achieve
GAC efficiently. Our third example is to implement GAC for the ‘Table’ con-
straint, i.e. an arbitrary constraint specified by an explicit list of allowed tuples,
based on GAC-2001/3.1 [4]. By using watched literals, we automatically convert
this from being a constraint-based to a support-based algorithm. Furthermore,
by the nature of watched literals, we do not need to restore the state of support
data structures on backtracking.

We report on how we provide the infrastructure to allow watched literals to
work in a practical constraint solver. All our implementation and experimenta-
tion is based on the MINION constraint solver [7]. MINION’s design principles
are to reduce user choice to allow greater optimisation; and to maintain a low
memory profile, especially for state information that needs to be restored on
backtracking. We have shown that this does lead to exceptionally fast runtimes
[7]. Thus, the run-time improvements we report here are compared to the state
of the art. Watched literals have been incorporated into MINION. Since MINION
is open source, our implementations are available for use and research [l

2 DMotivation and Terminology

Conventionally, constraints are triggered by a particular variable’s domain being
changed in one of three ways: by being assigned, by having any value in its
domain removed, or by having either its lower or upper bound removed. We call
these kinds of triggers classical. A watched literal can trigger on the removal
of any given variable-value pair in the problem. We use the word “literal” for a
variable-value pair. This is completely consistent with its usage in SAT, where
a literal is a variable together with a polarity. A literal trigger is one which
causes its constraint to act when the given value is removed from that variable.
Literal triggers can be found in the cc(FD) language, in which constraints can be
attached directly to individual domain elements [9]. We use the word ‘literal’ is
to avoid a clash with the classical ‘domain trigger’, which will fire when any value
of its variable is removed. After a watched literal is triggered, its constraint can
move the trigger to another literal, delete it, or add a new watched literal. We
say that a dynamic trigger is one which can be moved in this fashion. Dynamic
triggers are a valid concept on non-literal triggers. We can have dynamic triggers
which fire on domain removal, bounds removal, or variable assignment, and these
are implemented in MINION. By contrast, a static trigger is one whose firin,

conditions are guaranteed to remain fixed during the lifetime of a constraint

Watched literals have to remain valid on backtracking, so that we can avoid
storing their state information in backtrackable memory. A trigger with this
property is a backtrack-stable trigger, or just ‘stable trigger’ for short[§ We

! http://minion.sourceforge.net. We used revision 138 in this paper.

2 Under this definition a classical bounds trigger is static although the exact domain
removals that trigger it will change.

3 We thank Steve Linton for suggesting this name.
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explain this concept in more detail below. For brevity and to emphasise the
historical linkage with the SAT concept, we say that a watched trigger is a
dynamic and backtrack-stable one. Thus a watched literal is just a dynamic,
stable, literal trigger.

It might be helpful to think of a dynamic trigger being a generalisation of a
classical bounds trigger. A bounds trigger fires, say, on the value 2, but after it
propagates it will fire on the new lower bound, perhaps 7. For a dynamic trigger,
the constraint itself decides where the new trigger will be, rather than being fixed
at the new lower bound. It can move the trigger to another value of the same
variable, to any value of any other variable in the constraint. It can move some
or all dynamic triggers associated with a constraint to different places. It can
even add or delete dynamic triggers.

We see the key advantage of watched literals and dynamic triggers as the
flexibility it gives constraint propagators to avoid unnecessary work. In many
situations where a constraint cannot propagate, it causes no work at all. To
enable this, each constraint using dynamic triggers must provide what we call
the propagation guarantee: that its intended level of consistency is satisfied
unless at least one of its dynamic triggers fires. For a watched literal, when a
domain value is deleted, we only need to wake up constraints which are watching
that literal (i.e. that value of its variable.) The advantage extends to, for example,
dynamic assignment triggers. A constraint on ten variables may be able to set
up dynamic assignment triggers on just two of them: this constraint will cause
no work when of the other eight are assigned.

Watched triggers (but not dynamic triggers) have another significant advan-
tage because they are backtrack-stable. This lets us reduce memory management
overheads greatly. Conventionally, on backtracking, we ensure that the state of
all propagators are exactly as they were when we left that node going forwards,
necessitating some data structures and maintenance to support this[ Backtrack-
stability lets us lift this restriction. It is enough to ensure that when we backtrack,
all constraints are in a state which lets them provide the propagation guarantee.
It is perfectly acceptable for a constraint’s set of watched triggers to be com-
pletely different on returning to a node to the set when we left the node, as long
as both sets provide the propagation guarantee in that search state. The ideal
way to achieve this is for constraints to define sets of watched triggers which do
not need to be changed on backtracking, i.e. backtrack-stable triggers. Where
we can do this perfectly, the constraint needs put nothing into backtrackable
memory. This means that no copying is done on backtracking, so once again we
have reduced the cost associated with the constraint to zero.

Defining backtrack-stable triggers can require nonintuitive thinking, but some
general rules apply and we will see examples in the detailed descriptions to
follow. Many cases are simple, because the notion of support monotonic in many
constraints: i.e. if a set of values supports some literal, they still support it as
we restore values to domains on backtracking. However, more subtle cases arise,

4 This is not always true. For example, Régin describes how versions of the MAC
algorithms can be modified to avoid state restoration upon backtracking [13].
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as in GAC for the table constraint in Section Bl When we fail to find support
for a value and so the constraint forces its deletion, the natural thing to do is
to remove the watch on the literal. This is correct for dynamic triggers but not
for watched triggers. When we backtrack, the value we have just deleted will be
restored to its domain, as will the literal whose deletion caused its removal. If
we delete the trigger, we will lose the propagation guarantee on backtracking.
Instead, we leave the watched literal in place.

There is one general disadvantage that should be mentioned with watched
triggers, although not with dynamic triggers. Because triggers may move ar-
bitrarily between leaving a node and returning to it, it is often not possible
to use a propagation algorithm which is optimal in the worst case in terms of
propagation work performed down a single branch. An example is our variant of
GAC-2001/3.1 below. This has to be set against the great potential for efficiency
gains we have outlined, so we do not think this will often be a major disadvan-
tage. The same problem arises in SAT but watched literals are very widely used,
and we will see experimentally that our non-optimal watched version of GAC
outperforms an optimal but unwatched one.

3 Watched Literals for Sum of Booleans

The first constraint we consider is the sum of an array of Boolean variables B
being greater than or equal to a constant value ¢. Where ¢ = 1, this is just a SAT
clause and our method is exactly the standard use of watched literals in SAT
[12]. As such it serves as a good introduction to watched literals for constraint
programming. Our approach is only novel in being incorporated in a constraint
solver: watched literals for the (more general) weighted sum of a Boolean array
was reported by Chai and Kuehlmann [5].

We watch ¢ + 1 different literals in the domain of ¢ + 1 different variables in
B. In each case we watch the value 1. If, at initialisation, we can find only ¢
such literals we immediately set them all to be 1, and if we cannot find even
that many we fail: in neither case is any more work on this constraint required.
In general, the watched literals are B[i1] = 1, B[is] = 1,..., Blic11] = 1. The
watched literals, on their own, more than satisfy the constraint, so all other
literals could be set to 0 without any propagation happening.

When one of the values being watched is removed, we have some BJ[i;] = 0. In
this case, we have to find a new value i’ so that B[i}] still has 1 in its domain and
is not one of the other k literals currently being watched. In the worst case, we
have to scan each unwatched variable in the array to see if it has 1 in its domain.
If we find such a literal, we simply stop watching B[i;] = 1 and start watching
Bli%] = 1: we call this moving the watch from one literal to the other. From the
propagation guarantee, we cannot propagate until one of these literals is deleted.
On backtracking, we can only make the constraint looser by enlarging domains,
so the watched literals are backtrack-stable. The more interesting case is if we
cannot find any other literal to watch. In this case, we know there are at most ¢
literals with 1 in their domain, and all must be set to 1 to satisfy the constraint.
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GAC Propagator for Sum of Booleans > B[l.n] >c

OneRemovedFromWatchedVar(7)
Triggered by DOMAINREMOVALOF BJi] =1
A0l j :=Last
A02 repeat j:=j+1modn—c—1
A03 until (j = Last) or (1 € Domain(B[UnWatched]j]])
A04 if (] #* Last) then // We found a new literal to watch, so update data structures
A04.1 MovEWATCHFROM B[] = 1 To B[UnWatched[j]] = 1;
A04.2 UnWatched[j] := 4; Last := j

A05 else // No new literal found to watch, so at most ¢ 1's possible in B
A05.1  foreach k such that WATCHED[B[k| = 1]
A05.2 if (k # i) then ASSIGNVARIABLE(B[k] = 1)

Fig. 1. Propagator for the Boolean Sum constraint. UnWatched is an array of integers.
Its values are all different and represent the set of unwatched literals: in general it will
not remain sorted during search. Last points to the array element in UnWatched that
was set to be watched the last time we updated this constraint. Neither UnWatched nor
Last needs to be restored on backtracking: therefore both reside in non-backtrackable
memory. ASSIGNVARIABLE sets a variable to a value and triggers necessary propagations
while MOVEWATCHFROMT O updates the watched literal store.

So we can immediately set all of them to be 1. This will either cause immediate
failure (if another one of the watched literals can no longer be 1) or guarantees
to satisfy the constraint. However, we continue to watch all the ¢ + 1 literals
we were watching previously. All watched literals are now set and will cause no
propagation, so there is no cost in leaving them in place. Pseudocode for this
is shown in Fig. [[l As mentioned above, it is essential to leave the watches in
place so that they will be correct on backtracking. In the cases studied in this
paper it is always correct to leave watches in place when a constraint is either
satisfied or unsatisfied. The last time the constraint was fired, the propagation
guarantee held and the set of watched triggers were backtrack-stable. Therefore,
if we backtrack past the current point in search, we return to a state where we
know a set of backtrack-stable triggers satisfied the propagation guarantee.
Our first set of experiments are on SAT problems. These are encoded into a
constraint problem with a Boolean variable for each SAT variable and a Boolean
sum greater than 1 for each clause. In no way can MINION compete with spe-
cialist SAT solvers because it does not have specialised heuristics or techniques
such as nogood learning. However, these experiments demonstrate the value of
incorporating watched literals into a constraint solver for this kind of constraint.
We compare MINION using its sum-> constraint using classical triggers against
our new implementation using watched literals. For reference we also compare
these against the same model encoded into ILOG Solver 5.3 (a more recent ver-
sion was not available to us) and a state-of-the-art SAT solver, MiniSAT [6]. We
ran on two sets of SAT benchmarks from SATLib [I0], uniformly unsatisfiable
random instances with 150 variables, and the QG benchmark set. Results are
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Table 1. Experiments with Random SAT instances (mean of 100) and QG SAT in-
stances. Bold indicates which of the three constraint solvers searched most nodes per
second — nodes searched in each case were identical. Italics in the Solver column indicate
timeouts after 1 hour. The number of SAT variables in QGi.n is n>.

Classical Watched ILOG Solver 5.3 MiniSat
Problem Time(s) Nodes Nds./s Time(s) Nds./s Time(s) Nds./s Time(s) Decisions Dec./s
Random 96.20 621,798.1 63,360 100.0 62,180 462.9 13,225 0.0858 3,5677.1 41,614

QG1.7 8.13 58 7 7.83 7277 21 0.14 121 864
QG1.8  628.47 188,270 300 101.89 1,848 3604.09 27 0.75 7,951 10,601
QG2.7 8.16 32 4 7.89 4 220 14 0.125 54 432
QG2.8 1,137.31 340,747 300 165.16 2,063 3604.09 25 10.328 48,933 4,737
QGC3.8 1.08 150 139 1.06 141 0.36 415 0.046 283 6,152
QG3.9 18.42 82,404 4,474  14.09 5,847 107.63 766  6.703 55,003 8,205
QG4.8 1.06 909 855 1.03 882 0.92 987 0.078 1,003 12,859
QG4.9 1.56 461 295 152 304  0.94 491 0.046 28 608
QG5.9 2.83 187 66 2.75 68 1.30 143 0.62 26 419
QG5.10 5.44 1,453 267 463 314 10.84 134 0.093 74 795
QG5.11 6.77 506 75 6.20 82 7.97 63 0.14 79 564
QG5.12  269.84 139,581 517  76.33 1,829 2132.67 65 0.296 1,440 4,864
QGH5.13 4,847.28 1,798,176 371 1,125.83 1,597 3602.88 48 6.156 30,776 4,999
QGC6.9 2.19 28 13 2.13 13 0.53 51  0.046 16 348
QG6.10 3.53 313 89 3.33 94 2.05 153 0.109 458 4,202
QG6.11 7.58 2,522 333 5.66 446  21.03 120 0.296 2,632 8,892
QG6.12  50.09 26,847 536 20.95 1,281 358.88 75 4.484 22,519 5,022
QG7.9 2.19 8 4 2.14 4 050 14 0.046 8 174
QG7.10 3.81 816 214 3.47 235  4.58 178  0.093 124 1,333
QG7.11  16.64 11,616 698 8.16 1,424 104.94 111 0.187 1,866 9,979
QG7.12  277.41 159,907 576  70.53 2,267 2370.37 68 0.593 5,731 9,664
QG7.13  786.55 312,108 397 180.66 1,728 3602.19 52 0.265 1,307 4,932

shown in Table[[l We ran experiments on a variety of machines for this paper,
but any comparison between methods on an identical instance were run on a sin-
gle machine for consistency to enable valid comparisons. Our SAT experiments
were run under Windows (XP SP2), with a Pentium 4 3GHz and 2GB of RAM,
compilation being done using g++ 3.4.4 under cygwin.

On random instances, watched literals are a slight overhead, presumably be-
cause all clauses have only 3 literals. Both versions of MINION outperform Solver
on random instances. MiniSAT easily outperforms both versions of MINION. Al-
though MINION does search more nodes per second than MiniSAT, its very small
runtimes may make these figures unduly affected by setup times. For the struc-
tured QG benchmarks, we see that in all cases the watched literal propagator
outperforms the classical version by up to 6 times in run time. ILOG Solver
does outperform MINION on a number of instances, but only on easy instances:
we suspect that this is because of MINION’s larger initialisation costs. MINION
searches faster on all instances where either solver takes even 10 seconds. On
hard instances MINION can search many times faster than Solver, up to 82 times
in the case of QG2.8. MINION is again outclassed easily by MiniSAT. However, on
instances where it takes 10 seconds, MINION, is never as much as 6 times slower
than MiniSAT in terms of decisions per second. Certainly MINION is not a com-
petitive SAT solver. However, the efficiency with which it propagates clauses does
suggest that it is ideally suited for solving hybrid instances containing significant
numbers of SAT clauses together with more expressive constraints.
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4 Element Constraint

The “Element” constraint is a great addition to the expressivity of a constraint
language. It allows one to use an integer variable for the index of an array [g].
Suppose that A is an array of n integer variables and that Index and Result are
two more integer variables. The Element constraint is that A[Index] = Result.
Although the constraint is implemented in constraint toolkits such as ILOG
Solver, Gecode [14], and Choco [I1], we are not aware of a literature on how
to propagate it. This may be because, using classical triggers, some aspects of
Element are hard to propagate efficiently enough to repay the overheads[] In
contrast, using watched literals, establishing and maintaining GAC is straight-
forward to implement and efficient. In particular, where little propagation occurs
little overhead is incurred. We start by establishing the exact definition of GAC:

Theorem 1. The domains of variables in an Element constraint are Generalised
Arc Consistent if and only if all of the following hold:

Dom(Index) = {i} = Dom(A[i]) C Dom(Result) (1)
i € Dom(Index) => Dom(A[i]) N Dom(Result) # () (2)
Dom(Result) C U Dom/(A[i)) (3)

i€ Dom(Index)

Proof: (If) Suppose all the conditions hold. By (@) there is a value to support
each value of Index. If Dom(Indez) is a singleton then () and (@) show that
Dom(A[Index]) = Dom(Result), and any value of one variable is supported by
the same value of the other. If |Dom(Index)| > 1, every value for each A[i] is
unconstrained since it is supported if Index # i. Also, [B]) ensures that each value
j of Result is supported by a pair Index = i, Ali] = j. (Only If) Suppose the
domains of Index, Result, and each A[i], are GAC. If Dom(Index) = {i} then
certainly any value in Dom(A[:]) must be in Dom(Result). If i € Dom(Index)
then there must be at least one value in the domain of both Dom(Al[i]) and
Dom(Result). Finally, for any value v € Dom(Result) there must be an index
i € Dom(Index) such that v € Dom(A[i]). QED

This proof shows the close link between the conditions and the support for
each value of each variable in the constraint. We make this explicit, by describing
support for each value of A[i], Index and Result. Notice that each kind of
support involves at most two other variables, instead of a tuple involving all
variables in the constraint. There are three cases, corresponding exactly to (),

@) and @) above.

Support for Afi] = j: either |Dom(Index)| > 1 or j € Dom(Result).
Support for Index = i: any j such that j € Dom(A[i]) and j € Dom(Result).
Support for Result = j: any i such that i € Dom(Index) and j € Dom/(Ali]).

We now describe how we proceed if the support is lost, i.e. when values are
removed which were supporting a variable-value pair in one of the cases above.

5 Choco and Gecode achieve GAC on Element, but we believe Solver 5.3 does not.
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1. There are two cases where we might have lost support for Afi] = j. The
support in either case is independent of i, depending only on the values of
Index or Result respectively.

(a) If Index is assigned to i (i.e. its domain is the singleton {i}) then we
have to remove all values from Dom(A[i]) not in the domain of Result.
This can be achieved by a classical trigger on the assignment of Index.

(b) If a value j is removed from the domain of Result, and Index has already
been assigned to i, then we remove j from the domain of Dom(A[i]).
There are a number of ways to achieve this: in our pseudocode and
implementation we use a classical domain reduction trigger on Result.

2. If the value j is removed from either Dom/(A[i]) or Dom(Result), we try to
find another value j’ in the domain of both. If we succeed, this is the new
support for Index = 4. If not, then we remove 4 from the domain of Indez.
We implement this by watching the literals Afi] = j and Result = j. If we
find j” then we move the watched literals to be on Afi] = j’ and Result = j'.
If we do not find a new support, we leave the watched literals in place, so
that they will be correct when j returns to the domain on backtracking.

3. If the value i is removed from Dom(Indezx), or j is removed from Dom(A[i]),
we try to find another pair of values ', ;" with i € Dom(Index) and j €
Dom(Ali]). These will be the new support for Result = j, or else we insist
that Result # j. We implement this by watching Index = i and Ali] = j,
moving these to Index =i’ A[i'] = j’ if possible. If not, we again leave the
watches in place.

We find this development very natural. We started from the definition of domains
being GAC, moved to what is needed to support each value of each domain, and
finally showed how new supports could be sought when old supports are lost.
This last stage can be implemented in MINION. Pseudocode for this implemen-
tation is in Fig. 2] where the four constituent functions correspond exactly with
the four cases above. We have not discussed initialisation because it is a straight-
forward variant on the pseudocode of Fig. 2l Finding the initial watched values
is essentially the same as finding new ones from old, and values are removed if
we cannot find initial supports for them.

We have not compared our approach empirically with existing classical im-
plementations, but we argue that watched literals have the potential to be much
faster. For each ¢ in Dom(Index) we are watching two things, and for each j
in Dom(Result) we are watching two things. If the array is size 500 and each
domain is of size 100, we therefore have 1,200 literals to watch in addition to
the conventional triggers on Index and Result. Yet in total in A[i], Index, and
Result, there are 500,600 domain elements, so we watch less than 0.25% of all
domain elements. This argument also shows why it is important that we do not
need to restore trigger data on backtracking when using watched literals. If we
did have to, we would have to restore the values of 1,200 triggers on backtrack-
ing, an overhead which would outweigh the benefits we have gained. The only
genuine efficiency loss compared to conventional methods happens when we fail
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GAC for Element Constraint: A[Index] = Result

SupportLostForArrayValue-a (%)
Triggered by ASSIGNMENTOF Index =i
// Remove from domain of A[Index] any values not in domain of Result
ao1 foreach k in the current domain of A[i]
A0L.1 if & & Domain(Result) then
A01.2 REMOVEFROMDOMAIN(A[4],k)

SupportLostForArrayValue-b()
Triggered by ANYDOMAINREMOVALOF Result
// If Index is assigned to i then Dom(A[i]) C Dom(Result)
B01 if VARIABLEISASSIGNED(Index) then

BO2 foreach k in the current domain of A[i]
B02.1 if & & Domain(Result) then
B02.2 REMOVEFROMDOMAIN(A[i],k)

SupportLostForIndexValue(i, j)
Triggered by REMOVALOF A[i] = j or REMOVALOF Result = j
// Previously we supported Index = i because j € Domain(Al[i]) N Domain(Result)
// Now we must find a replacement for j or insist that Index # i
co1 foreach k in the current domain of A[i]

//See caption for details of how we step through domains

Co2 if k£ in the current domain of Result then

Co2.1 MovEWATCHFROM A[i] = j To A[i] = k;

C02.2 MoVvEWATCHFROM Result = 7 TO Result = k;

C03.3 return // We are finished, leave function
co4 endforeach // We failed to find a new support so Index # i

Cco5 REMOVEFROMDOMAIN(Index i)

SupportLostForResultValue(s, j)
Triggered by REMOVALOF Index = i or REMOVALOF A[i] = j
// Previously we supported Result = j because i € Domain(Index) and j € Domain(A[i])
// Now we must find a replacement pair for (i, j) or insist that Result # j
Do1 foreach k in the current domain of Index

D02 if j in the current domain of A[k] then

D02.1 MoveEWATCHFROM A[i] = j To Alk] = j;

D02.2 MovEWATCHFROM Index =1t To Index = k;

D03.3 return

D04 endforeach // We failed to find a new support so Result # j

D05 REMOVEFROMDOMAIN(Result,j)

Fig. 2. Propagator for the Element constraint. Note that we mix types of triggers
freely. The first function triggers when a variable is assigned, and the second triggers
on a domain removal. The final two functions both trigger when one of two literals
being watched is removed. At line C01 search the domain starting from j, and looping
back to j if we reach the end of the domain. A similar approach is taken at D01.
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to find new support, for example in line CO1 in Fig. Bl We have to search the
whole domain instead of just the remaining part of the domain.

To compare with our watched literal implementation, we wrote two other
propagators using classical triggers. Both are triggered any time any literal is
removed from a variable, and are told the literal removed. One of these accom-
plishes GAC, by looking at all literals which could have lost support by the
removal of this literal, and checking if support for them still exists[ This has
the advantage of being very space efficient, using no memory which must be
backtracked at all, at the cost of extra computation at each node. The second,
non-GAC implementation, checks only each time any variable is assigned, and
performs only those checks which are possible in O(1) time.

Langford’s Problem is problem 24 in CSPLib: L(k,n) requires finding a list
of length k * n, which contains k sets of the numbers 1 to n, such that for all
m € {1,2,...,n} there is a gap of size m between adjacent occurrences of m.
For example, 41312432 is a solution to L(4,2). We modelled L(2,n) in MINION
using two vectors of variables, V' and P, each of size 2n. Each variable in V'
has domain {1,2,...,n}, and V represents the result. For each i € {1,2,...}
the 2" and 2i + 1°¢ variables in P are the first and second positions of i in V.
Each variable in P has domain {0,1,...,2n — 1}, indexing matrices from 0. We
write =e1en to distinguish the usage of the element constraint from indexing of
a vector by a constant. Where i ranges from 1 to n, the constraints are:

V[PI[2 *i]] =ecten ¢
VIP[2%i + 1] =eten i
P2xi] = i+ P[2xi+1]

We found all solutions to Langford’s problem up to n = 8 using this model.
Experiments for increasing values of n were performed for our three propagators
for element presented in this paper. These were run under Mac OS X (10.4.6)
running on a 1.2Ghz PowerPC G4 with 768MB RAM compiled with g++ 4.0.1.
Results are presented in Table 2l Performing GAC on the element constraints
improves solving time by an order of magnitude. The watched GAC propagator
is over twice as fast as the non-watched GAC propagator, and in terms of nodes
searched per second is only slightly slower than the non-GAC propagator. We
also performed experiments on constraint encodings of Quasigroup construction
problems, shown in Table Bl Experiments were performed under Windows as
described earlier, and under Linux (Fedora Core 4) with a Pentium 4 3.4 GHz
dual processor with 8GB RAM, with compilation by g++ 4.0.2. On QG3, GAC
performs no additional propagation, but remarkably our GAC algorithm using
watched literals is faster than the non-GAC algorithm. We suggest this is because
of the benefit of watched literals avoiding unnecessary work. On QG7, we get
significant search reductions, but here speed per node is greatly reduced by the
extra work and the overheads are not repaid. In both cases the watched literal
GAC propagator is much faster than the classical version.

5 This approach is similar to the GAC algorithm in Choco, as seen in its source code.



192 I.P. Gent, C. Jefferson, and 1. Miguel

Table 2. Comparison of propagators in MINION on Langford’s problem

Non-GAC Classical-GAC Watched-GAC
Solutions Time(s) Nodes Nodes/s Time(s) Nodes Time(s) Nodes Nodes/s
L(4,2) 2 <0.1 378 - <0.1 46 <0.1 46 -
L(5,2) 0 0.1 6,956 - <0.1 694 <0.1 694 -
L(6,2) 0 2.3 169,275 73,000 0.6 15,388 0.3 15,388 59,000
L(7,2) 52 76.8 4,912,580 64,000 16.7 413,573 7.5 413,573 55,000
L(8,2) 300 3,276.9 176,320,552 54,000 635.7 13,471,366 267.2 13,471,366 50,000

Table 3. Propagators in Minion on Quasigroup Existence Problems. (QG3.10 was not
solved in an hour by any propagator.) QG3 ran under Windows, QG7 under Linux.

Non-GAC Classical-GAC Watched-GAC

Problem Time(s) Nodes Nodes/s Time(s) Nodes Time(s) Nodes Nodes/s
QG3.6 0.016 51 - 0.031 51 0.031 31 -
QG3.7 0.031 11 - 0.047 11 0.016 11 -
QG3.8 7.031 105,414 14,992 43.453 105414 6.453 105,414 16,335
QG3.9 0.047 26 - 0.141 26 0.031 26 -
QG3.11 0.078 132 - 0.375 132 0.078 132 -
QG7.7 <0.1 844 - 0.03 311 0.02 311 -
QG7.8 0.08 12,450 155,625 0.5 4,628 0.33 4,628 14,024
QG7.9 <0.1 233 - 0.02 83 0.01 83

QG7.10 205.56 31,383,717 152,674 840.33 3,408,114 329.8 3,408,114 10,333.9

5 Watched-GAC for the Table Constraint

The ‘Table constraint’ provides generalised arc consistency for any user-defined
constraint, given by a list of acceptable tuples of the variables involved in the
constraint. This can be very useful where critical parts of a problem have no
natural expression in primitive constraints, but which need to be propagated
effectively. The table constraint can be implemented using any GAC algorithm,
provided it is suitably adapted to work correctly in a backtracking environment.
We base our algorithm on GAC-2001/3.1 [4].

This section shows the third significant benefit of using watched literals. We
have already seen it greatly speed up propagation of SAT-like constraints and
enable the simple and efficient implementation of GAC for the element con-
straint. Here, we show that we can convert an easy-to-implement but coarse-
grained GAC algorithm into a fine-grained algorithm where the required data
structure maintenance is provided entirely by an already-implemented central
infrastructure. GAC-2001/3.1 was presented as a coarse-grained algorithm, i.e.
it is a constraint-oriented propagation algorithm [4]. By using watched literals,
we convert it into a fine-grained algorithm, i.e. “the deletion of a value in the do-
main of a variable will be propagated only to the affected values in the domains
of other variables” [4]. The watched literal infrastructure provides the services
to make this happen automatically, so we need only minimal adaptations to a
non-watched version of the algorithm. This is enormously much more straight-
forward than the complicated data structures which need to be implemented
to enable classical fine-grained GAC algorithms such as AC-6, AC-7, or GAC-
Schema [3I2IT] to work correctly and efficiently on backtracking. The penalty is
that our version of GAC-2001/3.1 is no longer time-optimal in the worst case.



Watched Literals for Constraint Propagation in Minion 193
GAC Propagators for Table Constraint (X1,X2,...,Xn) € Table

Global Variables: tupleList, Last

Setup(inputTupleList,Vars)
A01 tupleList = inputTupleList

A02 foreach v € vars

A02.1 foreach i € Dom(v)

A02.1.1 Last(v,1) = tupleList[0]

A02.1.2 if SUPPORTED(Last(v,1))

A02.1.2.1 Last(v,i) = FindNextSupportingTuple (v,,T)
A02.2 if Last(v,i) # nil

A02.2.1 REMOVEFROMDOMAIN(v, %)

A02.3 else

A02.3.1 foreach v’ € vars

A02.3.1.1 ATTACHNEWTRIGGERTO(v', Last(v', 1))

SupportingTupleLost (i, j)
BOO Triggered by DOMAINREMOVALOF some X, = [ in Last(X;,j)
// Xi = j was supported by the tuple Last(X;, j)
// We must find new supporting tuple, or set X; # j
BO1 7 = FindNextSupportingTuple (4, j, Last(X;, j));

BO2 if 7 # nil

B02.1  then

B02.2 fork=1ton

B02.2.1 MOVEWATCHFROM Last(X;, j)[k] To 7[k]

B02.3 Last(X;,j) =7

B02.4 else // We failed to find a new support so X; # j
B02.5 REMOVEFROMDOMAIN(X,5)

FindNextSupportingTuple (3, j, T)
co1 if (check = 7+ 1; check < sizeof (TupleList); check = check + 1)

C02.1 if (SUPPORTED (tupleList[check]))

C02.1.1 return tupleList[check]

Co3 if (check = 0; check < T; check = check + 1)
C04.1 if (SUPPORTED (tupleList[check]))

C04.1.1 return tupleList[check]

Co5 return nil

Fig. 3. Propagator for the Table constraint. We write 7[k] for the variable-value pair
at position k in the tuple.

Pseudocode for Watched-GAC is given in Figure Bl Each literal is associated
with a set of triggers. These are initially attached to the literals which provide
the first support for the literal that can be found. During search, if any of these
literals are deleted, the trigger is activated, and either a new support is found, or
if no support can be found the literal is deleted. As with earlier examples, there
is no need to backtrack these supports. If a new support is found, that support
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Table 4. Comparison of propagators for the table constraint in Minion on the Prime
Queen Attacking problem. For size 7, the problem was not solved to optimality in
reasonable time. The time given is to reach the same sub-optimal value.

Dynamic Watched
Problem Time(s) Nodes Nodes/s Time(s) Nodes/s
4 0.21 3,373 16,062 0.1 33,730
5 0.17 954 5,612 0.07 13,629
6 69.94 268,113 3,833 21.01 12,761
7 7,146.25 10,354,130 1,449 4637.11 2,233

will also be valid after backtracking. If a new support cannot be found, then we
leave the triggers where they are. When search backtracks past this search node,
the deleted literal will be restored, as will the literals in the old support. They
must have all been present at the end of the previous node, else they would have
been moved then.

This does introduce one problem when compared with GAC 2001. In GAC
2001, the tuple supporting each literal at a node is restored when backtracking
to that node. This allows every tuple to be checked at most once down any
branch. The watched implementation of GAC-2001 does not have this property,
because the supporting tuple can change when search continues beneath a node,
and it is not restored on backtracking. Therefore when checking for support, it is
necessary to scan through all tuples. The current implementation always begin
searching from the current support, which means that at any particular node
each possible tuple will be checked at most twice, as after one pass through the
tuples there must be no support, which may require one more pass through to
prove. Also, this behaviour could be repeated at several nodes down a branch.
We also implemented GAC for the table constraint using dynamic (i.e. non-
watched) triggers. We no longer have to loop in searching for support, therefore
we retain optimality down a branch, but the penalty is the overhead of storing
dynamic triggers and support information in backtrackable memory.

The prime queen attacking problem (number 29 at www.csplib.org) is to put a
queen and the numbers 1, ... n? on the cells of an an n x n chess board such that
any number ¢ is reachable via a knight’s move from the cell containing ¢ — 1. The
number of primes not attacked by the queen should be minimised (the queen
does not attack its own cell). To model this problem, we use a vector V of n?
variables, each with domain 0..(n? — 1) to indicate the cell to which each value is
assigned. To constrain consecutive values to be placed a knight’s move apart, we
use a binary table constraint between each adjacent pair of elements of V. We
also introduce a variable to represent the cell to which the queen is assigned, also
with domain 0..(n? — 1). For each prime value between 2 and n?, we introduce
a 0/1 variable. A ternary table constraint ensures that this 0/1 variable is set
to 1 iff the queen is attacking the corresponding value. We maximise the sum of
these 0/1 variables. Experiments, shown in Tabled for the table constraint were
performed under Linux as described earlier. They show that the watched table
constraint is faster than the dynamic one: i.e. the overhead of additional search
are less than the overhead of restoring dynamic data structures. The limited
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range of experiments, and the lack of comparison against other techniques, means
that we cannot draw extensive conclusions. We do conclude that watched literals
provide a realistic and relatively straightforward way to implement GAC-table.

6 Implementing Watched Literals in Minion

We report briefly on our infrastructure for watched literals in MINION. This
infrastructure is used by each of the propagators in this paper and is available
for future propagators to be implemented. Since the intention is to use watched
literals to make propagation and search faster in practical constraint solvers, it
is important that implementation is done in a space and time-efficient manner.
Our implementation respects two primary goals. These are that the maintenance
of watched literals requires constant space after initialisation, and that key data
access and update operations are fast. The key operations are finding the location
of literals being watched when a value is removed, and changing which literals are
being watched. We also provide infrastructure for non-stable dynamic triggers:
it is almost identical except that triggers are stored in backtrackable memory.

In MiINION, watched literals can be created and destroyed at any time, but
each constraint has to declare at initialisation the maximum number of watched
literals it will need at any one time. Each watched trigger is associated with a
variable and constraint and also with a unique identifier within its constraint,
while a watched literal also stores the value being watched. The constraint is
responsible for maintaining any other information it needs for the trigger. For
example the table constraint requires the current supporting tuple associated
with a watched literal: this is stored in an array indexed by the trigger identifier.

A watched trigger consists of four values. These are: the identifier of the
trigger; a pointer to the constraint associated with this trigger; and two pointers
which are used to splice the trigger in and out of doubly linked lists. Once search
begins, no trigger is ever moved or copied to another place in memory. Instead
the pointers are used to change which list the trigger is in. Every literal in the
CSP has a doubly linked list which contains the list of watches currently attached
to it. Note that this requires O(nd) space if we have n variables each of domain
size d. Each variable also has a list for watched triggers for domain, bounds,
and assignment triggers. When a literal is deleted, the solver moves through
this list, triggering each constraint in turn. Thus, no work is done for these
literals with no watches currently associated with them, unlike in a traditional
solver where each constraint the literal is in would have to be notified. This
is one of the key features behind watched literals. When a constraint moves a
watched trigger t, in the general case we execute t.next.prev = t.prev and
t.prev.next = t.next. Thus a watched trigger movement is achieved in O(1),
and the space used by the trigger is free to be reused for its new location, with its
pointers updated accordingly. Constraints are free to move their watched literals
from watching one literal to a different one. This needs to be a fast operation,
so we need random access to their location in the list associated with a variable
value pair. This again is achieved by a pointer.
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There are further complications. (We plan to report more details at the Minion
website, minion.sourceforge.net.) Constraints can leave triggers on variable-value
pairs which have been removed, so we cannot just assume the trigger list will
be emptied. Second, while a list of triggers is being processed, constraints may
delete or move some of the triggers on it, or even move other triggers from other
literals onto this list. This complicates the process of propagating all constraints
attached to a literal, as the obvious methods have problems when triggers are
removed from the list while the constraints are being triggered. While we raise
the issue as an important implementation issue, we do not discuss our solution
in detail as being of too low a level to be of general interest.

Our infrastructure for dynamic and watched triggers makes it possible to
adapt MINION to add constraints dynamically, although this has not yet been
implemented. A new constraint set up with dynamic triggers will automatically
be retracted on backtracking past it, while a constraint using watched triggers
will persist for the rest of search. This would enable techniques such as learning
nogoods during search, a technique that has proved vital in SAT.

7 Further Work and Conclusions

We have demonstrated the utility of watched literals in constraint solving. In
particular, we have shown how three propagators, Sum of Booleans, Element,
and Table can benefit from their use. It is important to emphasise, however,
that watched literals do not render classical propagation triggering mechanisms
useless. Classical triggers have a lower overhead than watched literals and so are
more efficient when their use is appropriate. Many are still used in Minion.

A natural and important piece of future work is to explore the integration of
nogood learning into Minion. Learning is also a crucial component of a modern
SAT solver, and there is every reason to believe that it can also be of great ben-
efit to constraint solving. Minion’s ability to manage large numbers of nogoods
efficiently is clearly a substantial advantage in pursuing this goal.
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Abstract. We propose a branch and prune algorithm that is able to
compute inner and outer approximations of the solution set of an exis-
tentially quantified constraint where existential parameters are shared
between several equations. While other techniques that handle such con-
straints need some preliminary formal simplification of the problem or
only work on simpler special cases, our algorithm is the first pure numer-
ical algorithm that can approximate the solution set of such constraints
in the general case. Hence this new algorithm allows computing inner
approximations that were out of reach until today.

1 Introduction

Many problems in computer science amount to characterizing an inner and an
outer approximation of a set defined by nonlinear constraints where quantifiers
may be involved. We address here the case where existential quantifiers are in-
volved (which actually corresponds to the projection of a manifold defined by
equalities). When these constraints are polynomial, symbolic methods have been
shown to be able to solve the problem (see e.g., [1]). However, these techniques
are restricted to very small systems. When the constraints are defined by inequal-
ities, interval methods make it possible to characterize the solution set (see e.g.,
[2]). When equality constraints are involved, the problem is much more difficult
and no general method seems to be available to compute an inner approximation
of a set defined by nonlinear equalities. Some works were already proposed to
deal with some specific subclasses of these problems: [3, 4] are restricted to linear
systems, [5] is restricted to cases where the different constraints do not share any
existentially quantified parameters and [6] is more general but still suffers from
strong restrictions.

The paper is dedicated to the approximation of the graph of an existentially
quantified constraint ¢(z1,- -, zy,) defined by

(3v1 €y1) -+ Gy, € ¥n,)
fl(xla'"axnmay17"'7yny) :O/\"'/\fWL(xla'"axnmay17"'7yny) :O>a
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where yy, for k € [1..n,] are some bounded and nonempty intervals. Using vec-
torial notations, this constraint is written cyy (z) and defined by

cry(r) <= (Fyey)(flz,y) =0), (1)

where € R™ and y € R™ and y is a bounded and nonempty box of dimension
ny and f : R™ x R"™ — IR™. The graph of ¢sy is denoted by X(f,y) :=
{x € R"* | ¢y (z)}. It is likely to have a non-zero volume if n,, > m, i.e. if there
are at least as many existentially quantified variables as equations. Therefore,
both inner and outer approximations are relevant. Many practical problems can
be formulated as the characterization of such a set. Let us quote two of them:

— Control. Most dynamical systems can be described by the following state
equation @(t) = f(2(t), u(t)) A g(z(t), y(t),u(t)) = 0. where the vector u is
the input vector, x is the state vector and y is the output vector. The feasible
output set O is the set of all ¥ such that one can find a control u such that
g(t) converges to §. As proved in [7], O satisfies

0 = {y | 3,3z, f(z,4) = 0 A g(z,5,a) = 0}, (2)

and its characterization is therefore an instance of the problem we propose
to solve.

— Robotic. The geometric model of a robot can often be described by the
relation f(u,z) = 0, where u is the articulation vector and x is the coordinate
vector of the tool (see e.g., [8]). For serial robots, the relation becomes z =
g(u) and for parallel robots, it is u = g(z). However for more general robots,
neither u nor x can be isolated in the relation. The workspace W of the robot
is defined by

W={z|Ju€u, f(z,u) =0}, (3)

where u is the box of all feasible configuration vectors for the robot. Charac-
terizing the workspace of a general robot can thus be cast into is a projection-
equality problem.

2 Interval Analysis

The modern interval analysis was born in the 60’s with [9]. Since, it has been
widely developed and is today one central tool in the resolution of constraints act-
ing over continuous domains (see [10] and extensive references). We now present
the main concepts of interval analysis that will be used in the sequel.

Intervals are denoted by boldface symbols. The set of intervals is denoted by
IR and contains, by convention, the empty set. The union between intervals is
not an interval in general. The join between intervals (also called interval hull) is
introduced to correct this bad behavior of the union. Let E be a set of intervals.
The join of E, denoted by VFE, is the smallest interval that contains each interval
of E. When E contains only two elements, i.e. F = {x,y}, the join of E is also
denoted by x Vy.
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The elementary functions are extended to intervals in the following way: let o €
{+,—, %, /}thenxoy = {zoy |z € x,y € y}. Due to the monotony properties of
these simple functions, formal expressions for the interval arithmetic are available.
E.g. [a,b] 4 [¢,d] = [a + ¢, b+ d]. Also, continuous one variable functions f(z) are
extended to intervals using the same definition: f(x) = {f(z) | « € x}, which is an
interval because f is continuous. When one represents numbers using finite preci-
sion, the previous operations cannot be computed in general. The outer rounding
is then used so as to keep valid the interpretations. For example, [1, 2] 4 [2, 3] could
be equal to [2.999, 5.001] when rounded with a three decimal accuracy.

When one considers more complicated functions that are compounded of ele-
mentary functions, he will compute the interval evaluation of the function: this
consists of replacing all real operations by their interval counterpart. A very
basic result from interval analysis proves that the interval evaluation computes
intervals that contain the range of the function. For example, x X (y — x) D

{z(y—2) |z ex,y €y}

This will be useful to use some vectorial notations. The variables z1, ..., x, are
denoted by the vector = (x1, ..., z,). The domains of the variables z1, . . ., x,, are
then denoted by the n-dimensional box x = (x1, . .., X, ), meaning that the domain
of x, is x. It will also be useful to denote the vector (1,...,%n, Y1, -, Yn,) by

(x,y) and therefore the box (X1,...,Xn,,¥1,--.,¥n,) by (X,¥).

3 General Description of the Algorithm

In the sequel, we consider two initial boxes x!"*